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PREFACE 


T HE writing of this book was undertaken with 
the object of providing a text-book on the 
elements of the theory of the Spherical Har¬ 
monics, with applications to mathematical physics, so 
far as this could be done without employing the method 
of contour integration. Subsequently it was thought 
advantageous to include discussions on similar lines of 
Fourier Series and Bessel Functions, with correspond¬ 
ing applications. 

The first chapter contains an elementary account 
of the theory of Fourier Series, while the second and 
third deal with the applications of Fourier Series to 
Conduction of Heat and Vibrations of Strings. The 
four following chapters form the central part of the book. 
In Chapter IV. the Spherical Harmonics are defined, 
and a summary is given of the elementary properties of 
the Hypergeometric Function. Chapters V., VI., and 
VII. are devoted respectively to the Legendre Coef¬ 
ficients, the Legendre Functions, and the Associated 
Legendre Functions. 

In Chapters VIII., IX., and X. the Spherical 
Harmonics are employed to obtain expressions for 
the gravitational and electrostatic potentials of bodies 
bounded by circles, spheres, and spheroids; Chapters 
XI. and XII. include similar discussions for bodies 
bounded by ellipsoids of revolution and eccentric 
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spheres. A short account of Clerk Maxwell’s theory 
of the Spherical Harmonics will be found in Chapter 
XIII. The remaining three chapters deal with the 
Bessel Functions and their applications to Vibrations 
of Membranes and Conduction of Heat. 

At all stages of the work, as in the course of many 
previous undertakings, I have been indebted to Pro¬ 
fessor G. A. Gibson, LL. D., for important criticisms 
and valuable suggestions. To him my warmest thanks 
are due. 1 have also to thank my colleague, Mr. 
William Arthur, M.A., for the great care with which 
he has read through all the proof sheets. 

Among the books that proved useful to me, special 
mention should be made of the following : Wangerin’s 
Theorie des Potentials und der Kugelfwiktionen; Cars- 
law’s Conduction of Heat; Schafheitlin's Thcorie der 
Besselschen Funktionen; and Lamb’s Dynamical Theory 
of Sound. I have also made use of lectures by Professor 
E. W. Hobson, F.R.S. 

THOMAS M. Mac ROBERT 


Glasgow 

September, 1927 
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CHAPTER I 

FOURIER SERIES 


§ i. Fourier’s Hxpansion. In the course of his researches on 
the Conduction of Heat, Fourier was led (1807-11) to the 
discovery of the theorem that a function f(x) can usually be 
expressed in the form 


f{x) = a 0 + 


2 


(a n cos nx + b n sin nx), 


(0 


where - n 55 x rr. 

If it is assumed, for the time being, that the series in (1) 
can be integrated term by term between the limits - n and tt, 
the coefficients can be determined as follows. First of all, 
integrate both sides of the equation (1) over the range ( - n, n ); 
this gives 


00 

| f(x')dx = «„ j d x + |«„| cos nx dx+ b n ^ sin nx dx^ 


= 27 Ta 0 , 


since 


J cosnx dx = 0, | sinnx dx = 0- 


In the next place, multiply (1) by cos mx, where m is a 
positive integer, and integrate. When m and n are unequal 



cos nx cos mx dx 
sin nx cos mx dx = 


{cos (n + ni)x + 
(sin (n+ m)x + 


cos (« - m)x)dx = 0, 
sin (n - m)x}dx= 0, 


so that 


1 
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| f( x ) cos inx fa = a m J cos 2 mx dx + b m ^ sinwce cos nix dx 
= (l +cos2 tnx)dx-h £b m j sin 2 mx dx 


— ra„. 


Again, multiply (i) by sin mx, and integrate ; then, since, 
when m and n are unequal, 

J jsin nx sin mx fa' = ij {cos (n - m)x - cos (« + m)x}dx = 0, 
/(*) sin Vlx fa = a rn j cos mx sin mx dx + b m ^ sin 2 mx dx 

= \b m J (i - cos 2 mx) dx = nrb m . 

Thus 

= 2 n\-J^ dx ' 

Um = 7^l- f KX) C0S " >X dX ' l ’ m = S(*) S ' n WX dx (2) 

so that (1) can be written 

" 2ir\- J { - V ) d y + ~ 2 { cos nx j J[y) cos tty dy 

+ sin nx j f(j) sin ny dyj (3) 

= + ,r 2 \-/w cosn( j - x )fa . (4) 

« — l 

The series on the right of (3) is a Fourier Series. In 
determining the coefficients the following assumptions have 
been made:— 

,(i) T1 ? at an expansion for f(x) in a series of sines and 
cosines of integral multiples of x is possible ; 

(ii) that the series can be integrated term by term 
Thus it is still necessary to prove that the series does give 
the values of f(x) for the range - rr g * g an d to determine 
what restrictions on f(x) are required in order that the theorem 
may be valid. 

It should be noted that the series is periodic, of period 
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2 it; so that, if it gives the values of f(x) for values of x 
between - tt and n, it will not, in general, give the values of 
f{x) for values of x outside these limits : indeed, it could only 
do so if fix) were itself periodic, with a period 27r. 

If the function f(x) is even ; that is, if, for - w < x <£ 7r, 
/( - x) = f[x), then all the coefficients b m will vanish. For, 
from (2), 

■nb, n = | fix) sin mx dx + j fix) sin mx dx 
= | /( - x) sin mx dx + j f(x) sin mx dx 

= - [ f(x) sin mx dx + [ fix) sin mx dx = 0 . 

Jo Jo 

Thus, for an even function, equation (3) becomes 

ff) = l\ 0 f(?Xr + ~ ^ cos nxj°f(y) cos my dy. (5) 

tt = I 

Again, if f(x) is odd; that is, if /(- x) = - f(x) for 
- 7r g x g tt, then, from (2), 

1 f" 1 f 

a m = _/iy) cos my dy + fiy) cos my dy 

if 1 f 

= - - J /(>0 cos my d y + "1/00 cos my d y = 

and similarly = 0 , so that every a m is zero. Hence, for 
an odd function, (3) becomes 


03 

f{x) = - sin nx rj f(y) sin ny dy . 


( 6 ) 


The following examples will illustrate the method of evalu¬ 
ating the coefficients in a Fourier Series. 

Example 1. Find the Fourier Series for the function f{x), where 
f{x) <= 0 for - it u x I. 0 , and f{x) = x for OSrSir. 

From (2) 


«o = — f xdx = iir, 
2jtJ ,1 


a m 


if 

TT J 0 


x cos mx 


dx= T r sin mx + £“! 5 T|' = 


trL 


b m = - f ”x sin mx dx = If - 
trJ q irL 


m m l Jo 

cos mx sin 


m 


iin mx ~)» 

Jo 


0 , if m is even, 

E-f, if m is odd, 
tm i 

(- t )"- 1 
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Hence 

/w 


Jir 


2 /COS J 
7 T V I 2 

♦(* 


JT COS XX COS XX 

+ - 

3 - 5 2 


sm 2rr sin 3* 
_ 3 



When jt = 0 , it follows from the formula 



that the value of the series is zero, which is also the value of f(x). On the 
other hand, when x = ± w, the series has the value £*, while/( - it) = 0 
and /(v) — tt ; so that the value of the series is the mean of these two 
values of fix). 

Example 2 (Even Function). Let f{x) = - x for - it <, x s 0 , 
and fix) — x for 0 £ x £ w ; then 


«o 


1 f'arfr, 
IT J 0 




T 

tJ i) 


x cos m i 


/fa, 


so that these constants have twice the values of the corresponding con¬ 
stants in ex. t, while b m = 0 ; thus 


/(X) = Jrr 


4 /cos x cos 3* cos 5* 
w\ ’i*~ + 3 a + 5 a 



If ar = 0 , the series and f{x) have both the value zero, while, if 
x - ± 7 T, the series and fix) are both equal to n. 

Example 3 ( Odd Function). Let the function/(*) be given by 

r - I, - n -2 X < 0, 

f{x) = \ 0, * -= 0, 

^ I, 0 < x n. 


Then a m = 0 and 


2f - f°> ‘ f 

1 sin «r.r ilx = 4 

wJo I—> 

\rmr 


0, if m is even, 
if m is odd ; 


thus 


,. , 4/sinar sin xx sin car \ 

f { x) =?( __ + - - + -f- + • • •)■ 


n\ I 


When x = 0 , the series and the function have each the value zero ; 
on the other hand, /(- ir) = - i and /(w) = i, while for x = ± w the 
series has the value zero, the mean of these two values. 


The graph of the sum of n terms of the Fourier Series for 
a function fix) approximates to the graph of fix), the greater the 
value of n the closer being the approximation. In Figures I 
and 2 are shown the graphs of the functions y = f(x) in examples 
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2 and 3, with, in each case, the graph of the sum of the first 
three terms of the corresponding Fourier Series. 



-$n O " * 

Fig. i. 



§ 2. Validity of the Expansion. The simplest method of 
establishing the validity of the Fourier Expansion is to take 
the sum of the first (« + i) terms of the series in (4), and 
show that, as n tends to infinity, this sum tends to f(x). Let 
S„ + , denote this sum ; then 

tl 

s„ +, = /0')\k + ^ cosf t>’ - ■*)} d y 
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Here put y - x — 2 u; then 

c 1 r 1 ” , ..a sin (2« + o« 

n + 1 rr)_y±y f{X+ 2U) -- * U 


i rsrJ' 

—I 2 f(x+2u) 

7 tJ 0 


sin (2« + i)m 


sin u 


du 


i 


sin ( 2 n + i )u , 
+ 2u) --— du 


sin u 


i c" —~ 

= Z S /(X+2U) 
v in 


sin( 2 «+ l)» 


sin u 
+ * 


du 


i f Tr + * sin (2n + I )u 

+ J/ /(X - 2U) sin u - du ' ( 7 ) 


on replacing u by - u in the second integral. 

The problem now is to determine the limits to which these 
integrals tend when n tends to infinity. The integrals can be 
expressed in the forms known as Dirichlet’s Integrals, which 
will be discussed in the next section. It will be assumed that 
the function f(x) satisfies the lollowing conditions, known as 
Dirichlet's Conditions : 

(i) The function must be continuous at all points of the 
interval under consideration, except that it may have a finite 
number of finite discontinuities, like the discontinuity at x = 0 
in ex. 3 of § I ; 

(ii) There must only be a finite number of turning points of 
the function in the interval; an example of such a point is 

given in ex. 2 of § i at x - 0 . The function sin 1 has an infinite 

x 

number of maxima and minima near x = 0, and does not there¬ 
fore satisfy the required conditions. 

It is possible to extend these conditions to include wider 
classes of functions, but these extensions are not required for 
the purposes of the present volume. 

Since the number of discontinuities is finite, each discontin¬ 
uity will be isolated ; that is, at a discontinuity x = c a definite 
positive quantity tj can be found such that, in the interval 
(c - 7 ], c + tj), f(x) is continuous except at x = c. The in¬ 
terval (c - rj, c + rf) is called the neighbourhood of c. 
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If the function f{x) has an isolated finite discontinuity at 
X =* c, f{x) tends to a definite 
limit as x tends to c through i 
values greater than c , and the 
value of this limit is denoted 
by /(c+0): similarly, f{x) 
tends to a definite limit 
f{c - 0 ) when x tends to c 
through values less than c. 

In Fig. 3, OM = c, AP 2 and 
PjQ are parts of the curve 
y = fix), MP, = f{c + 0 ), _ 
and MP 2 = ff - 0 ). 

§ 3. Dirichlet’s Inte¬ 
grals. Consider the integral 


P* 


M 

Fig. 3. 


4 >(u) sin mu du, 


( 8 ) 


where m is any positive number, and $(/<) satisfies the Dirichlet’s 
Conditions of the previous article. The limits a and b and the 
function may involve a parameter: for instance, x is a 

parameter in the integrals in (7). 

Now let a v a., . . a v be the values of u in the interval 
(«, b) for which ^>(//) has either a turning value or a discontinu¬ 
ity ; then, in each of the p + 1 intervals (a, a x ), ( a v a 2 ) . . . , 
ia p , b), 4>(u) is monotonic; that is, as u increases 4 >(u) either 
never decreases or never increases in the interval. The second 
theorem of mean value can therefore be applied to the integral 
(8) in each of these intervals ; so that 


r*> + 1 

<£(«) 

J “r 

ft p.i, + , 

= f{a r ) J sin mu du + <j>{a r + ,)J ^ sin mu du 


sin mu du 
rf 


,, .cos ma, - co sm£ , r , cos »;f - cos nta r + , 

= <K*r) - -- + #>r + 1 )--- Lfcl , 

tn m 


where + thus 
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J »r + i 

<j>(u) sin mu du 

a r 


m 

ni 


<f>( a r) 


2 

4 * — 
m 


<j>(u r + ]) 


where G is a positive number which is greater than \<f>(u)\ for 
all values of u in the interval ( a, b). If a parameter x is involved, 
G is chosen so that the inequality holds for all values of x under 
consideration. 

Hence 


j j" 6 (u) sin ntu du 


< 


40 * + J ) G 


m 


( 9 ) 


where, if a parameter x is involved, the greatest value that^,. 
can have for any value ofx under consideration is taken. 

Accordingly, since G and p are finite and independent of x, 
when m tends to infinity the integral (8) tends uniformly to 
zero. 

In the same way it can be shown that the integral 


J cos mu du 

tends uniformly to zero when m tends to infinity. 
Next, it can be shown that the integral 

rb 


(IO) 


i: 


,, , sin mu , 
©(a) -- du. 


00 


where 0 < a < b, tends uniformly to zero as m tends to in¬ 
finity. For 

r +, «„) “if? * .*4 

Ja r U J a , U 

. f tt,+I sin mu , 

+ <t>(a r + l )\ - du 

J( u 

// sin« , + i s ; n u 

- ^ ar) \ «. r -IT du + ^ + 4-e U du: 

and, since the integral 


I' 


sin u 


du 
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is convergent, and each of the quantities a T , £, a T + 1 is not less 
than the positive quantity a, a definite positive quantity M 
(independent of x ) can be found such that, for m M, 

sin u j . I f ma ' + i sin u , 

- du < e, du < e, 

ma r U | J mf U 

where e is any assigned positive quantity. Hence 

\r-+'M*£Zdu < e I <f>(a r ) I + *\4>{a r + l )\ 

I J®, u 

< 2eG, 

, I c b . sin mu , . . . . „ 

and J <j>(u) - du <2(/ + i)tG. 

I J a u 

Thus the integral (11) converges uniformly to zero as m 
tends to infinity. 

Lastly, it can be shown that the integral 


r #u) du, 

Jo K 


• (12) 


where a is positive, tends to the value Ttf>( + 0) when m tends 
to infinity; if is continuous at u = 0, this limit is iir<£(0). 
Let k be a positive number such that 0 < k < a ; then, 

f* ,, , sin mu j f* > sin mu , f“ ,, . sinww , 

I (Mu) - du = | d>(u) - du + 1 <p(u ) -- du. 

Jo u Jo u J t u 

Since the second integral is of the type (11) it tends uniformly 
to zero as m tends to infinity. Now, choose k so small that 
<f>{u) is monotonic in the interval (0, k ); then, by the second 
theorem of mean value 

f <f>(u) du = <f>( + 0) C S>n>>!U - du 

Jo « Jo » 

+ m) - 

where 0 jg f <; k : thus 

f* f(u) du = <£( + 0) [”* sin " du 

Jo u J 0 U 

+ \m - <&+°)s{^-"- du 03) 
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When tn tends to infinity, the first integral on the right of this 
equation tends to while the second is numerically not greater 
than * it. But k can be chosen so small that, for any assigned 
positive quantity e, 

I m - <K + 0)|<e • ■ • (14) 


Therefore, when m tends to infinity, the integral (12) tends 
to the limit £7r<£( + 0 ). 

When there is a parameter x, it may happen that it is not 
possible to determine a fixed k so that inequality (14) should 
hold for all values of x under consideration ; in that case, while 
the first integral can always be made to approach indefinitely 
near \tt, it may not do so uniformly. This point will be dealt 
with more fully in the following section. 

§ 4 . Summation of the Fourier Series. Returning now 
to the summation (7), let us assume, to begin with, that the 
function f(x) is continuous at all points of the interval (/, q), 
where - ir <fq < tt. The first integral in (7) can be 

written in the form 


* u sin (2» + 1) u , 

fix + 2 u) . - du . . (15) 

J ' ' sin u u v J/ 


which is of the form (12) with m =2 n + 1 and 


<K U ) = /(* + 2U ) ■ 

sin 11 


Then, for any assigned e, a k can be found such that the in¬ 
equality (14) holds for all points x of the interval ( f> , q). It is 
then possible to choose a positive quantity M so that, when 
tn M, the first integral in (13) differs from \tt by less than 
any assigned small positive quantity. Thus the integral on the 
left of (13) tends uniformly to iir<f>(+ 0) when in tends to in¬ 
finity; therefore (15) tends uniformly to \tt/{x + 0) when m 
tends to infinity. 

In the same way it can be shown that the second integral 


* The reader may verify this statement by drawing the curve y = sin xjx : 
the successive waves have the same breadth tt and diminish in amplitude, the 
greatest ordinate being y = r when x — 0: thus if- u. t ,u s , - u t ... be the 
areas between the ordinates at x ~ 0 , tt, 2 w, 377 , . .,, tt > « 1 > > u, . . . . 
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in (7) tends uniformly to ^nf(x - 0) for all values of x in the 
interval (/, q). Thus S„ + 1 tends uniformly to 

\\f(* + 0) +/(x - 0)}, 


and this is equal to f(x), since the function is contj nuous a t the 
point x. 

Point of Discontinuity. At a point of discontinuity of f(x) 
it is, of course, impossible to include x in an interval of con¬ 
tinuity (p, q), and, in consequence, the convergence to the limit 
of one of the integrals in (7) ceases to be uniform. From 
equation (13), however, it follows that, though the convergence 
is not uniform, 

Lim S n + 1 = \\f(x + 0 ) + f(x - 0 ); . (16) 

ft —> 00 

An illustration of a discontinuity of this type w ill be found 
in ex. 3 of § 1. 

lYaAr i. These resaits are m acuwuknte che wel!- 
known theorem that the sum of a uniformly convergent series, 
the terms of which are continuous functions of t^e variable, is 
itself a continuous function. 

When x = 7r, (7) becomes 


c i f' v sin(2« + i)u , 

S„ + , = - \ Air - 2u) \ -— du 

ttJ u sin u 

ir 

1 f 1 f, „ N sin ( 2 n + i)u , 

=> - 1 f(rr - 2 u) - — du 

n-J 0 smu 

+ 1 [ V( -tt + 2u) S ‘- n ( 2H ±]> du, 

ttJ v sin« 


as can be seen by dividing the range (0, tt) into the two parts 
(0, ±tt), (-Jit, 7r), and in the second substituting - n _ u for « in 
the integral: hence, as before 

Lim S, l + 1 = il/(w - 0 ) +/(- tt + 0 )} . (17) 


If/( - tt) = /(tt), the sum of the series is f(± n ). For the 
interval (tt 3 n) the function fix) can be defined by means of 
the equation /( x) = /( - 2 -jt + .r): the point tt can then be 
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included in an interval of continuity of the function, and, con¬ 
sequently, the convergence is uniform. When /(w) and/( - ir) 
are unequal, the points n and — it are to be counted among 
the points of discontinuity. 

The value of the series when x = - n is also given by (17). 
Note 2. From the formulae (2) and (9) it follows that the 
coefficients a n , b n in the series (1) are less in absolute magnitude 
C 

than —, where C is a definite constant; thus, while the series 

fl 

is convergent, it is not usually absolutely convergent. 

Note 3. If the function f(x) is continuous, and has equal 
values when x = ± rr, and if it has a derivative fix) which 
satisfies Dirichlet's Conditions (§ 2), then, from (2), by partial 
integration 

ir , cos nxl" if’ , , 

K - - -[/(.*) - „ J_, + 

fix') cos nx dx, 

and similarly 

1 f” 

= - nH \ f(x) sin nx ax, 

so that, from (9), 

C C 

I <*n I < n > and | b„ | < 

In this case the series will be absolutely and uniformly 
convergent, and fix) can be obtained by differentiating the 
series for fix). 

§ 5. Sine Series and Cosine Series. The validity of the 
series (5) and (6) for the range - n ^ x ^ n follows from that 
of (4) for the cases fix ) even and f\x) odd respectively, since 
iS) and (6) are then merely particular cases of (4). It can 
easily be shown, however, that (5) and (6) still hold for the 
more restricted range 0 g .r g w, when f(x) is any function 
satisfying Dirichlet’s Conditions. 

hor instance, if fx) is not an even function, let a function 
F(,r) be defined as follows : 

F (x) = fix), Ogjrgw, 

F (x) =/(-*), - 
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Then ¥(x) is an even function, and, for the range - Trg/gir, 
its value is given by (5). But, for the range 0 ^,x<Ln, 
F(x) = fix ); hence, for this range, f{x) is given by (5). 

Note. In this case F(*) is continuous at x = 0 , and there¬ 
fore the actual value of /( 0 ) is given by the series. Also, 
F( _ = F(tt), so that the value of /( tt) is given by the series. 

Again, when fix) is not an odd function, let F(;r) be defined 
by the equations 

F (x) = f{x), 0 < x <tt. 

Fix) - - /(- x), - 7r ^.x <1 0, 

Then F(x) is an odd function, for which the expansion (6) is 
valid, and this expansion holds for fix) for the range 0 < x<^n. 
When x — 0 and when x = -tt the series is zero, so that it will 
not represent the function at these points unless fi 0) and f{ti) 
are zero. 

Note. For the cosine series the equivalent of the conditions 
of Note 3 of last section is that, in the range 0 g x gi tt, fx) 
must be continuous, and fix) must satisfy Dirichlet’s Con¬ 
ditions. For the sine series, in addition, fix) must vanish when 
x = 0 and when x = n. 

§ 6 . Other Forms of Fourier Series. Fourier expan¬ 
sions are sometimes required for other ranges of;r than those 
discussed above. For example, the expansion for the range 
0 ^x sS 277 can be deduced from that of (3) by writing 

F(y) = fix), 

where y = x - n ; then, for - jr g v < it, 


X 

F(y) = <z 0 + ^ (tf„ cos ny + b n sin ny), 

« -» I 

where, by (2), 

* - Ll'jw - U 

-.-LCfiyyty, 

2 tt) 0 

and, similarly, 

I C 2 ” ( — 1Y* f 2,r 

a„ - - J f{x) cos n(x - ir) dx = --— 1 fix) cos nx dx, 

rrjo 77 Jo 

b n => - f fix) sin n(.v - tt) dx = — - - f fix) sin nx dx. 

77 Jo 77 Jo 
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Hence, for 0 g x g 2 tt, 

ao 

fix) = a 0 + ^ {a„ cos - tt) + sin «(•*■ - «■)} 

ft « I 

eo n 

= _L j*/(y)tfy + l - ^ { cos nx \'/^ C ° S V dy 

n — I 

+ sin «;rj /(/) sin «/ (18) 

= — f ”/(/)^ + 1 'S f /(>’) cos n{y - x)dy . (i 9 ) 

2w J» n k'TT 

Again, for the range - /<.*<;/, let F( v) = f( x )> w here 
y =, tmt// ; then, if - -n s£_y St rr, 

50 

F(y) = « 0 + K cos #y + sin ny\ 

where « 0 = 

and, similarly, 

a n = ’I ; /(x) cos W J X <&', <*„ = j /C*') sin n ~*dx (20) 
Hence, with these values of the coefficients, 

co 

„ . V? / #irr , 1 • ntrx\ 

f(x) = a 0 + 2 ^ («„ cos — + b n sin --'j 

ti — I 

- if./w* + 7 2 {'_/«»»* 00 

n — i 

where - / gi-g/. 

The reader should notice that in these expansions the 
coefficient can be at once determined by multiplying by the 
cosine or sine in the term and integrating over the range 
under consideration. 

As in the previous section it can be shown that the cosine 
series and the sine series corresponding to (21) are 

/(■*■) = jj/OW + 7 cos *7 j/( J ) cos ”? ^ ( 22 ) 
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and fix) «= ~ sin dy, . (23) 

n — 1 

where 0 5S x gi /. 

Also, from (18), for the range 0 g * 2/, it can be deduced 

that 

oO 

,, , nitx . « 7 r^r\ 

7W = *0 + ^,( a n COS -J- + Sin -J J, 

n am r 

1 f 2 ‘ 

where rt « = 2/j 0 f{*) dx 

I f 21 nrrx 1 f - 1 nnx 

^ J o ff) cos rfr, -= A/(.r) sin y- dx ; 

or 

/«>) = y o /(tXt + / 5 jo/O0 cosW7r ^r( 2 4) 

« — ; 

The reader can easily verify that, for any range a <T ;tr g b, 
the expansion becomes 

= b~~a\,A V)dy + % {/O') cos ""fer 4* 

( 25 ) 

while the cosine and sine series for this range are 

/w - V- + 2 c “ (4 -1) f /») “ s (S) *>< 


M » 1 

Example t. Show that the cosine and sine series for f(x) = x in the 
interval Osrj U are 


... w 4 1 cos jr cost* cos 54- \ 

?(_ T + * ...).0s» 

(«) * - »(*!£ - + sur.... 
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Since the first expansion holds when x = 0 , it can be employed to obtain 
the formula 

7T a I I I 

— ~ — 4 - 4 * — 4 " . ♦ . . 

# i 2 3 s 5 s 

Example 2. If tn is neither zero nor an integer, show that 


.... 2 . / sin 

(i) sinzH* = - sinwtir —— 

' IT \i 2 - 


m 2 


m? 3 2 - tn 2 




where - n < x < n ; 

2 


.... 2 . /i m cos x m cos 2 x m cos %x \ 

(n) cos tnx = - sin m-n ( ——t- —------ + - -— - - ... , 

n \2m l 2 - tn 2 2 2 -m 2 3 2 -m 2 J 

where - n s x s v. 

From (ii), by putting x = 0 and x = n, deduce that 




- + 


sm wjjt m m 2 - i 2 tn 2 - 2 s tn 2 - 3 2 ' ' ’ 

... , I 2«z 2« 

(IV) ir cot m-n = — h- -j- + . 

« »Z 2 ~ l 2 OT 2 - 2 s 

Example 3. Show that, if tn is not zero, and - 77 < x ■" v, 


, sinh wi»r 2»i sinh *» 

cosh mx — -+ -- 

ttlTT TT 


>4 cosn-r 

»”,„ 2 


wz J + n‘ 


Deduce that 


(') 


sinh m-n tn 


- 

>2 


, 2 m 

(- I)"—-; 

m“ 4 - 


(ii) tt coth wzrr = — + > —~— . 

m m l + n‘ 


§ 7. Fourier’s Double Integral. From the integrals 
(ii) and (12) it follows that, when m tends to infinity, the 
integral 



(28) 


tends to zero if 0 < a < b, and to ^rr<^( + 0) if 0 = a < b, 
provided that satisfies Dirichlet’s Conditions (8 2). Also 
if « < i < 0, 3 


i: 


4 (u) i l 1^ du 



sin mu , 

- du 

u 


( 29 ) 
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and, from (28), when m tends to infinity this tends to zero, 
while, if a < b = 0, it tends to - 0). Also, if a ■< 0 < b, 


J J>(«) 


stn mu 


du 


f° ., . sin mu , r ,, , 
= <f>(u) - du + 1 (j>(u) 

}a U Jo 


sin mu 


du , 


and, from (28) and (29), when m tends to infinity this tends to 

0) -f </>(- 0)}. 

Here replace <j>(u) by f[x + u), and these results can be 
written 

f)!/(-»'+ f) )+/(-*'- U)l. 

1 f /(r+ u) *i«2 du. yif *'!!; ”,"iff; 

'->* TrJ* u M/0r~O), if ,r<£-0, 

l(), if 0<rt<V; or a<fh<fQ. 

Now let it be assumed that the integral 


(3o) 


f” , sin mu , 

1 fix + //) d* . 

J _ r. u 


■ (30 


converges uniformly for all values of m ; that is, that corres¬ 
ponding to any positive quantity e, however small, a positive 
quantity K can be found such that, for all values of m , 

<in mtj I 

<e, 


, sin mu , 
u) ——- du 


11* —~J — t{u < € ' aml I /(- r+1 

provided that £ r~- K : then, from (30), 

Lim T /(.r+ it) s ’ n mU du - VJ{x + Q) +f(x- 0 )\. (32) 

W—>» 7rj - ac // 

In (32) write r for .r 4 - «, and it becomes 


Lim 1 f /(a) (X 7 40 = i!/(x + 0) +/(w - 0)}. ( 33 ) 

«**-► a? TT J — 00 

r m 

= 1 cos /3 (a - x) d $; 

J ll 


Now 

sin m (a - x 

0L - X 

so that, from ( 33 ), 


${f(x + 0) + f{x - 0)| = Lim 1 I /(a) dr I cos,8(a - x) d$ 

m —> x TT J _ ao J 0 


(34) 


= Lim 1 f rf/jf /(a) cos /3(a - J') dr ( 35 ) 
ffi —> 50 ^ J 0 J — x 

= 1 f" /(a) cos/?(a - X) dr , . ( 36 ) 

^ J 0 J — X) 


2 



SPHERICAL HARMONICS 


[CH. I. 


provided that it is allowable to change the order of integration. 
The integral (36) is known as Fourier's Double Integral. Of 
course, when / (x) is continuous, the value of the integral is fix). 

When fix) is even, the second integral in (36) may be 
written 

J oo r 00 

/(a) cos / 9 (a - x) da + I f(a) cos /?(a 4 x) da. 

0 Jo 


= 2 _/(a) cos a /3 cos xf 3 da; 

0 

so that (36) becomes 

-[ cosx /3 d{! f f(a) cos afi da — i{/(x 4 - 0 ) +/(x - 0 )j. (37) 

rtj 0 Jo 

Similarly, if f{x) is odd, (36) becomes 
-[ slnxfidp f /(a) sin a /3 da=*$\f(x+ 0 )+f(x- 0 )}. (38) 

J 0 Jo 

For positive values of x the formula (37) is still valid, even 
when fix) is not even. This can be deduced from (36) by 
substituting/( - x) for fix') in that formula when x is negative. 
Similarly (38) still holds for positive values of x even when f{x) 
is not odd ; to prove this, substitute - /( - x) f ox /{x ) in (36) 
when x is negative. 

If in -(37) we replace the inner integral by ^/^)<jK/ 3 ) we 
obtain the theorem that, ifx is positive and if 
| /(«) cosa'k da = yj Q)</>(*), 

then J </>(°0 cosa-a da = yj • (39) 

Similarly, from (38) it follows that, if x is positive and if 
| f{d) sin xa da = yj (■*)> 

then | 4 >{a) sin^ra da = ■ • (40) 

It will now be shown that, if the integral 
[ f(x)dx 

J — 00 


■ ( 39 ) 
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is absolutely convergent, all the steps in the proof just given 
are valid. For then a positive quantity K can be found such 
that, if k jg K, 

I f7<* +») du I s 3 r i/c*+»>u 

I J* ' U I Jt u 

< !/(-*• + u )\ du <. (40) 

and similarly 

I f -i , \ sin mu , e 

f(x + u) — — du <-, 

I « X’ 

for all values of /«. Thus the integral (31) converges uni¬ 
formly, and consequently (32), (33), and (34) are valid. 

Now 

f f(jd)dcL f cos P(a - x) dp - f dp [ /(a) cos P(x - .r) do1 
Jo Jfl JnJo 

fk rm rm rk 

= I /( <x)dx\ cos /?(a - x) dfi - /(a) cos /?(a - jr) dx 

Jo Jo Jo Jo 

r<*> rm rm rx 0 

+ /(a)r£xj cos /3(a - x) dp - I r//3 J ^ /(a) cos jS(« - .r) dx, 


and, no matter how large in and k are, the first two integrals 
cancel. From (40), the absolute value of the third integral 
is less than e/k ; also, for the fourth integral, 


I pm poo 

J dp j /(a) cos P(a - x) dx 
if K is chosen so large that 


rm Too 

- ju^j J/ (a),rfa 

< e. 



dx < - , 
m 


for k Si K. Thus, no matter how large in is, K can be chosen 
so large that 

I poo rm pm p*> 

j /(a)(faj cos jS(a - x) dp - I dp\ /(a) cos P(x - x) dx 

<' G + ‘) <2e - 

and therefore, since the integrals are independent of k, 

| /(<x)t/aJ" 4 cos P(x - x) dp = | <//?j /(a) cos / 3 (a - x) dx. 
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Similarly 

i* 2 0 em era e o 

I f(d)dx I cos $(a - x) df$ = dft I f(x) cos / 5 (a - x) da. 
J-« Jo Jo J-°° 

and therefore (35) and consequently (36) are valid. 


Examples. 


1. If - a < x < it, show that 
2 sinh it 


2 smh 7r /, cos * cos 2* cos 3* 

** = + 2 ^i~ 3 3 +i +- - - 

* 3 sin 3 r _ \ 

1 3 s Vi ■ • 


1 . sin x 

'P'TT 


2 sm 2* 

d r + 


2. If f(x) = 77 + 2- for - it -t x < 0 , and f(x) = -n - a for - w, 

show that, for - tt x i w, 

4 /cos 2- cos 32 cos 52 \ 

+ + - 3 . +- 5 ,~ + ---)- 

3. Prove that 

/sinjt sin 2* sin 3 j \ „ 

(l) 7 t - X « 2 + -- - + --- + • • • J , 0 < * £ 7 f, 

... , /sin x sin 3* sin U \ 

• ■). <J<2 <TT. 


sm 32- sin 52 

+ - - - + 

3 5 

/sin 2x sin ax sin 6* 

V 2 4 6 


4. Show that, if 0 < 2 w, 


2 4 /COS 22 - C05 42 COS 62 N 

srar =- + —-+ + . . 

rr rrVl-3 3-5 5-7 




5. Prove that, if 0 < x < n, 

4/2 sin 2x 4 sin 4.1 6 sin 6.1 


cos* 


4 /2 sin 

7 T \ I - 


+ - — 4 ---f* 

3 3 - 5 5-7 




6. If f{x) = 0 for 0 < x < |tt, and f(x)= i for %-n < 2 < 3*, show 
that, for 0 < * < 377, 


2 / . 2 X 

/(*) = i - ;( sin y + 


I . 62- I . 1 ox 

- sin — + - sin-+ 

3 3 5 3 


7 . If 0 <, x £ ir, show that 


(i) x(rr - x) = ^sin 2- + sin 32 + j t sin 52 + 

... . n 1 COS 22 C0S42T COS 62 

(11) x(n - X) = -p;- 




2 ‘ 


3 a 


8 . If 0 g x & it, show that 

(i) $(w - x) sin 2r = J + J cos 2r - 


ri' 052 *-^ 0053 * 


3.5 


cos 42 - 
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, . , 4 r 2 sin 2X 4 sm 42 6 sin 6* A 

(11) 4(-r-^)smjr= Jtt sin x + -1—- a — r + , r - T + ~i~i~ 

9. If f{x) = sin x for 0 < x < rr/2 and /(*•) = - sin x for w/2 < x < », 
show that 

4/2 sin 24 r 4 sin 4.r 6 sin 6 x 


/<*» ■ t(^ 


3-5 5 


no* \ 

~7 ' /' 


,, sinhAr . „ , . sinh A(2a - x) , 

10. If /(*) = — for 0 rs««, and /(.r) = - <°r 


cosh Aa 
a < x £ 2a, prove that 


2A 

/W - a Z 


Htt Httx 

sin — sin —- 
2 2a 


»*i A" + 


O’ 


II 


", Or + aiU)« 

. If/(ar) = e c 1 "here r is positive, and if 


show that 


fit) - A A,1 + A n ros”^ r , 


2 f *> mx 

A» - ^ j e * cos l d\. 


Deduce that 


, v>OC 

*) = + 2 X ' * 


'<*>* 2/ l 


d 2 cos - 


! 7 T.V^ 

/ r 


12. Show that, when n tends to infinity, the mtegial 

, f .1 sm n 1 //> 

\ »\ 

J 0 cos 1 ^ t 

tends to ^'(ir/2). 

[Use the Fiesnel Integral f sin i' J 1/1 — *\'(”/z)-] 

* il 

13. I 5 y integrating each side of the equation 

n 

sin wt sin [n + i)t 


and taking the limit when n tends to infinity, show that, if 
0 < a < jS < it, 


cos 2 ra - cos 2 rfi 


= log sin /3 - log sin a, 
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and that, if 0 < x < n, 

as 

2 cos rx . / . x\ 

— = - log ( 2 S,n ii- 

r — i 

14. By writing/ (jr) = cos * in Fourier’s Double Integral, show that 
r=°x s sin ax dx ir 


where a > 0. 


{ “>sin irr _ 
0 x* + 4 


-e~ a cos a. 


IS if 


I CO 

f (x) sin A x dx — c — kX sin A, 

0 


show that f(x) 


= _L_f 

2v/"l 


(i - x)i (1 + x)* 

e 4 - e 4 


}■ 


16. If 


I ® sin o 

f(x) cos ax dx - —-, find f(x). 
a a 

[Ans. : f(x) a I if 0 <j<i ; f(x) — 0 if * > i.] 
fao sinx 

17. If J /(a) sin xa da ~ ——show that the function f(x) is given by 

fix') = J(e - 1 + 1 - e - 1 “ *), if 0 5 * 5 1, 
f{x) = \(e ~ z + 1 - e~ x ~ 1 ), if 1 < x. 

18. Prove that the integral 

p® (sin u - u cos u) sin u sin xu 


r 

j 0 


u 3 


is equal to 0(2* - x?) if 0 ^ x £ 2 and is zero if .r > 2. 


19. Show that, if 0 < 1. the integral 

sin nx 


( CL 

cos cx , 

0 - p 


dx 


tends to r(^) sin^~ as n tends to infinity. 



CHAPTER II 


CONDUCTION OF HEAT 

§ I. Definitions. If one part of a solid body is at a higher 
temperature than another part, heat passes through the body 
from the hotter to the colder part, and this process is known as 
Conduction of Heat. Conduction should be distinguished from 
Convection and Radiation. Convection takes place in liquids 
and gases, and the transference of heat is due to the movements 
of the particles of the fluid among themselves, the hotter and 
colder particles mingling with one another. In Radiation heat 
is transferred from the hotter to the colder body by a process 
which takes place in an intervening medium ; it is thus, for 
instance, that the earth receives its warmth from the sun. 

Conductivity. Consider a slab of solid material bounded 
by two parallel planes, and let one plane be maintained at a 
constant temperature v, and the other at a lower constant 
temperature v 0 . It is assumed that the faces of the slab are 
so large compared with its thickness that, for practical purposes, 
they may be regarded as infinite in extent. Heat passes from 
the first to the second face, and after an interval of time the 
temperature at ail points of the slab ceases to vary with the 
time. If Q denote the amount of heat which then passes in 
time t across an area S of a section of the slab parallel to the 
faces, it is found, as a result of experiment, that 

Q = ... (i) 

d 

where d is the thickness of the slab and K is a constant de¬ 
pending on the material of which the slab is formed. This 
constant is known as the Thermal Conductivity of the substance. 
As a matter of fact, the value of K varies slightly with the 
temperature, but at ordinary temperatures this variation is so 
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minute that it may be neglected in the Mathematical Theory 
of Conduction. 

In some bodies (heterogeneous bodies) the value of K varies 
from point to point, but it will here be assumed that the bodies 
dealt with are homogeneous, so that K is constant throughout. 
It will also be assumed that the bodies are isotropic, that is, 
that heat can spread with equal ease in all directions; in 
crystalline and non-isotropic bodies the rate of conduction may 
vary with the direction. On the assumption, then, that the 
bodies dealt with are homogeneous and isotropic, the mathe¬ 
matical theory will be developed from the fundamental 
hypothesis made in equation (1). 

The numerical value of K will depend on the units of 
measurement adopted, and it will also depend on the definition 
of the unit of heat employed. The unit of heat will here be 
taken as that quantity which will raise unit mass of water 
through one degree centigrade. The dimensions of Q/(v - ?'„) 
will then be simply [M], and consequently the dimensions of 
K are 


[K] = 


[M] 

[I-][T]' 


In the C.G.S. system of units the unit of heat is the Calory , 
the quantity of heat which will raise one gramme of water 
through one degree centigrade. 

Specific Heat. It will also be found necessary to make use 
of the expression “ Specific Heat.” The specific heat of a body 
is defined as the amount of heat required to raise unit mass of 
the body through one degree centigrade. It will be assumed 
for the purposes of the present volume that the specific heat 
is independent of the temperature, volume, and pressure. 

Isothermal Surfaces. The temperature v at any point 
(x, y, a) of the body under consideration is a function of the 
co-ordinates of the point and also of the time t. A surface 
described in the body so that every point on it at the instant t 
has the same temperature is called an Isothermal Surface. 
Obviously, no two isothermal surfaces can intersect, as a point 
cannot have two temperatures at once; thus the solid may be 
regarded as divided up into thin shells by its isothermals. At 
the time t heat is flowing from one isothermal to another, the 
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direction of flow being along the normals to the surfaces, since 
no transference of heat can take place along surfaces of equal 
temperature. 

Let the temperature of the isothermal through P (x, y, z) a t 
time /-be v,v + 8 v the temperature of a neighbouring isothermal, 
and 8« the distance between the two surfaces measured along 
the normal at P to the surface through P. If the thickness 
S» of the shell is very small, in the neighbourhood of P the 
shell may be regarded as a thin slab ; and therefore, from (i), 
the quantity of heat which passes through the isothermal at P 
per unit of area per unit of time in the direction of the normal 
n is 

K{v - 0 + 8z/)J = _ 8w . 

8 « ’ 

which, when 8» tends to zero, tends to 



Ihis may be taken, in place of (l), as the fundamental 
hypothesis in the Mathematical Theory of the Conduction of 
Heat 


§ 2. Flow of Heat across any Surface. It will now be 


shown that the formula (2) 
gives the rate of flow of heat 
per unit area, at time /, not 
only across an isothermal 
surface, but across any sur¬ 
face in the solid. 

Let P be the point 
(*', y, z) in the solid, and con¬ 
sider a small tetrahedron 
PABC, in which the faces 
PBC, PCA, PAB are parallel 
to the planes x =0 ,y = 0, 
c = 0 respectively. Denote 
the area of the triangle ABC 
by d, and let p be the length 



and (A, p, p) the direction- 


F10. 4. 


cosines of the perpendicular 

from P to ABC ; the volume of the tetrahedron is then | pA. 
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Let /be the rate of flow of heat per unit area outwards across 
ABC, and let f m f y , f t be the rates of flow of heat inwards per 
unit area across PBC, PCA, PAB respectively. Then, since 
the areas of these triangles are XA, p.A, vA respectively, the rate 
at which the tetrahedron is gaining heat is 

f% XA + fy fiA 4- f t vA — f A. 

But if c is the specific heat and p the density of the material, 
(this is equal to 

^ ’ 

so that 

~Xfx + + »'/*-/= \P C ? ^ 

Now let the volume, and consequently p tend to zero ; then 
/becomes the rate of flow per unit area at P across a surface 
whose normal n has direction-cosines (A, p, v), and is called the 
flux at P in the direction n. Similarly,/*, f y ,f t become the 
fluxes at P in the directions of the x, y, z axes respectively. 
Equation (3) then reduces to 

V* + pf v + vf t = / . • • ( 4 ) 

If the axes are chosen so that the flow of heat at P is 
parallel to the 2-axis, 

fx -/„ = 0 , / = - K^, 

and therefore / = vf t — - Kv 5 -. 

is 

tj . iV . iv iV 

But — = A— + p— + v—, 

in 2tr iy is 

and, since the isothermal surface is parallel to the (x, y) plane 

— = — = 0 ; hence 
ix iy 

iv iv 
— = v -, 
iz 

so that 

/ = - K~. 
in 


( 5 ) 
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In particular 


/, - - Kg, 


J — iv—, 


A - - K 


<)z> 

t>2 


§ 3. The Equation of Conduction. In proving the 
differential equation of conduction of heat use will be made of 
the following well-known theorem, by means of which a surface 
integral can be expressed in terms of volume integrals. 

Greens Theorem. Let U and V be two functions, which, 
with their first and second derivatives, are uniform and con¬ 
tinuous at all points of a space £ bounded by a surface S : 
then, if n is the normal to the surface, measured outwards, 

ffiAs - f[((" 8V + ™ sv : +" 

J J in J J J V t>-r iy iy As As / 

+ IIJuv-WZ 1 , (6) 

where V 2 V denotes the expression 

D 2 V l S a V L W 

1? + + 5 ?' 


and the surface and volume integrals are taken over 5 and 
throughout £ respectively. 

For, since a line drawn parallel to the .r-axis meets the 
surface in an even number of points, on integrating by parts 
with regard to x we obtain 


1 H 


suav 

Ar Ar 


dxdyds 




-Ill 


Ar 7 j 

IT A-V , . . 
U dxdydz, 
Ar ; J 


t 5 V\ 

Ar / ; 


+ 


dydz 


where f U 


i)V\ 


Ar 


)r 


is the value of ( U—'l at the rth intersection 

\ Ar/ 


of the line with the surface Hence, if (A, p, v ) are the direction- 
cosines of n, since dyds is - XdS if r is odd, but MS if r is even, 



‘ >u 


Ar Ar 




\dS - 



Ar” 
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Similarly 

Iff 


\v ~6y 

au av 


On adding these three equations, equation (6) is obtained, 
since 

,av , av av aV 

bx by bz bn 

From this result the equation of conduction can be deduced 
as follows. Let Z be any volume of the solid, bounded by the 
surface S; then the amount of heat flowing into the solid per 
unit of time is 


if- - n 


dS, 
a n 


and this is equal to the gain of heat 


111 


cp — dL 
<> t 


by the solid per unit of time ; hence 

Iff- - 

Now, if U = i and V = v, equation (6) becomes 

\&* ~ til™*- 


so that 


m* - m 


But this identity is true no matter how small the volume Z may 
be: thus, at all points of the solid 


a^ 

a/ 


= kSJ"v 


ftrv a*w t>‘ 2 v\ , x 

"(a? + ay* + a?) ' ' (7) 


where k = —. Equation (7) is the Equation of Conduction , and 

the constant k is called the Diffusivity or the Thermometric 
Conductivity of the substance. 



CH. II.] 


CONDUCTION OF HEAT 


2 9 


§ 4. Initial and Boundary Conditions. The value of v 
obtained as a solution of (7) for a given solid must be a con¬ 
tinuous function oix,y, z , and t , and this must also be true of 
its first derivative with regard to t and of its first and second 
derivatives with regard to x , y, and s. 

In order that v may be completely determined, there must 
be given certain boundary or surface conditions, and also the 
initial conditions; that is, the values of v throughout the body 
when t — 0. 

If the initial distribution of temperature is a continuous 
function, v must converge to this value when t tends to zero. 
If the initial distribution is discontinuous at a finite number of 
points or surfaces, these discontinuities will disappear very 
rapidly ; when t tends to zero, v must converge to this initial 
value at all points where the initial distribution is continuous. 

There are several possible types of Boundary or Surface 
Conditions. 

(i) At the surface of a body placed in a medium heat is 
usually lost or gained by radiation and by convection. Let v 0 
be the temperature of the medium, and v that of a small area 
8S of the surface: then it can be assumed, as a result of ex¬ 
periment, that the amount of heat i>assing off the area in time 
8r is 

<*’ - T,) 8SS/ - 

where e is a constant called the Iimissivity of the surface. As 
a matter of fact, it is found that c does vary considerably with 
the temperature of the surface, so that, in experiments on con¬ 
duction it is best to cut down the loss of heat by radiation as 
far as possible by treating the surface with a suitable material. 

Now the amount of heat that passes through the area 8S in 
time 8/ is 

- K~’SS&, 

D n 

and therefore 

- = < v ~ »«> 
in 

Thus the surface condition is 

+ h{y - v Q ) = 0, 

in 


( 8 ) 
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where A = ej K, and the differentiation is along the outward- 
drawn normal. If (A, p, v) are the direction-cosines of this 
normal, (8) may be written 

+ Mr- + v—- + K v ~ v,,) = 0 . . (8') 

oy ^2 

(ii) If the surface be maintained at a constant temperature 
v 0 , the surface condition is simply 

v = iv ( 9 ) 

(iii) If the surface be made impermeable to heat, so that no 
heat passes across it, the surface condition is 


or 


bv 

bn 


= 0, 


\bv bv bv 

A — + U— + V - - 

by bz 


(IO) 

(I o') 


at the boundary. 

(iv) If two solid bodies are in contact, then if v and v are 
their temperatures at their common boundary, 


nf. K -r; 

bn bn 


(I0 


where K and K' are the conductivities of the respective bodies, 
and the normal n is measured in the same direction for both. 
As a rule the additional equation 

v ~ v . . . . ( 12 ) 

will also hold at the common boundary. 

It may be that one of the above boundary conditions holds 
over one part of the surface, and another over another part. 

§ 5. Uniqueness of the Solution, If a solution of (7) 
can be found which satisfies the conditions stated in § 4, that 
solution will be unique. The following proof of this theorem 
bv 

holds when v or — is given at all points of the boundary. 

Suppose that there are two possible solutions V, and V„ 
and let v = Vj - V 2 ; then v satisfies (7), it has the value 

zero when t = 0, and either v or — is zero at each point of the 
boundary. 
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Now let 

j * 

the integral being taken throughout the body; then 


by ( 7 ). 
b 7 


57 = jlK> = 

Now, in (6), let U = v, V = v, and it gives 


-If 


7>v 

w—- k 
b« 


© 


t \b.r 


/biA 2 

Vbiv 


+ 


©> 


But, on the boundary, either v = 0 or -- => 0 , so that the first 

oft 

of these integrals is zero : hence 

g - - 'imr+0 *(g)> 

Thus, since the integrand cannot be negative, ^ is either 

negative or zero : but, when t = 0 , v = 0 , so that J = 0 ; there¬ 
fore, when / * 0, 

J ^0. 

On the other hand, since 


j = Jj jVwr, 

J cannot be negative, and therefore J, and consequently v, must 
vanish for all values of t. Hence, finally, V\ and V a are 
identically equal, which proves the theorem. 

§ 6. Infinite Slab with Parallel Faces. Consider a slab 
of homogeneous material bounded by the planes x = 0, x = l; 
let the temperature be the same for all sections of the slab 
parallel to these two faces, so that it is a function of x alone: 
the problem may therefore be regarded as being one-dimensional. 
The faces are kept at zero temperature and the initial tempera¬ 
ture is v = f{x). Thus the problem is reduced to the solution 
of the equation 

bf i'V 

— - *^5, if/> 0, 0<x</, . . (13) 

with v = 0, when x = 0 and when x = /, 

and v = fix), when t - 0. 
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In (13) put v = TX, where T and X are functions of t and 
x alone, and divide by kTX ; the equation then becomes 

dT tPX 
1 dt dx? 

K T = IT’ 


in which the left-hand side is independent of x , and the right- 
hand side of t; thus each side is independent of t and x , and 
has therefore a constant value, C say. Accordingly 


whence 

and 


d T 
dt 


«CT, g " CX - 


T = <* CI , X = e± x ' l{L) , 


A and B being arbitrary constants. 

When x = 0 , v = 0 , and consequently 
A + B = 0 , 

so that 

V = Ac* C, |cs'iCu _ * 1 _ 


Now, in order that v may be zero when x — l and may re¬ 
main finite when t tends to infinity, J C must be imaginary, 
making C negative, and *J(C) / must be of the form imr, where 
n is an integer ; hence 


v = C n e 


WTX 

sm / , 


where C„ is an arbitrary constant, and the most general solution 
obtained in this way is 


v 




TITTX 

sin , 


provided that the constants are chosen so that the series is 
convergent. 

1 Now, if f{x) satisfies Dirichlet’s Conditions (§ 2), the sine 
series for f{x) for 0 < x < / is 


m = 


. ni tv 
C„ sin y, 



where 
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v 



0 l * 


. mrx[ x , nuy 

sin ~T )/( y } sm ~T dy 


( 14 ) 


satisfies the conditions of the problem, provided that the series 
is convergent, and that it can be differentiated with regard to t 
and x. 

Now, if / t where r is positive, since (Ch. I., § 4, .Note 2), 

I C n I <-, 


where C is a definite constant, the series (14) and all the series 
derived from it by differentiating with regard to x and t are 
uniformly convergent in x and l for The 

value of v given by (14) may therefore be differentiated with 
regard to t and x , and is consequently a solution of (13). Also, 
when t tends to zero v tends to fix') for all values of x for which 
f{x) is continuous. 

Finite Rod. This solution also holds for a finite rod of 
length / and of uniform cross-section, with v ~ 0 at x - 0 and 
at x - l, and with v = f(x) when t — 0, provided that there is 
no radiation at the surface of the rod. 

Ends at Fixed Temperatures. If in the slab or rod the ends, 
instead of being at temperature zero, have fixed temperatures 
v x and v v the equations to be satisfied are 

Tt = lf/ > 0, °< x < ! > 

v = v v when x = 0, (15) 

v = when x = /, 
v = fix), when t = 0. 


Here let v = v x + (v. t - v x )j + u ; 

then u satisfies the equation 

hu . 

i>t = lU > 0 ’ °< x <*> 

u = 0, when x = 0 and when x = /, 
x 

« = fix) - v x - (z\ - V x )j, when / = o, 


with 

and 


3 
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and this is of the same type as (13). Thus, from (r4), 


,C n e 




ttTTX 


sin ■ 


2 f l f mry 

where C n = 7JJ/O) - v l - (v, - sin dy 

2 f * mry 2 

- 7J/0) sin ~J~ dy + —(v, cos tin - v,). 

Hence the solution of (15) is 


x 2 

*'-»! + Os " ©1)7 + “ ^ 


2 

77 " 


cos «7T - z/, 


ttTTX 


sin 


+ 


. mrx - 
sin— j- e 


n***, rl 

' /O') si 

J 0 


mry 

T 


sm —>— dy. (16) 


§ 7. Radiation at the Surface of a Rod of Small Cross- 
Section. It is assumed that the cross-section of the rod is 
uniform throughout, and that the temperature is the same at 
each point of the same cross-section : a is the area and p the 
perimeter of a cross-section, and x is the distance of a point P 
on the rod from one end. At time t the amount of heat per sec. 

lv 

passing through the cross-section at P is - K— a, and the 

uX 

amount through the cross-section with abscissa x + 8x, where 

f'bv \ 

Sx is small, is - + — 2 oxJa; hence the total amount 

entering the small volume between these sections is 

K^W 

dx 2 

If the temperature of the surrounding medium is zero, the 
rate at which the surface of the volume is losing heat by radia¬ 
tion is 

evphx 

per second, so that the total heat gained by the volume per 
second is 

ir ***'*-_ 
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Now the rate at which the volume is gaining heat is 

bv s 
cp-crbx ; 


therefore 

bv 

K b‘ 2 v 

ep 

■ —v , 


bt 

ep bx ' 1 

cpcr 


bV 

-V O 

tov 

- hz\ 

or 


= K -, - 


bt 

tor 



(17) 


where k = K/rp and h = ef>,{cpa ); k, of course, as in § 3, is the 
Diffusivity. 

If the temperature of the surrounding medium is v 0 , equation 
(17) becomes 


bV 

St 



Wv - v„). . 


(18) 


When the surface is impervious to heat, e and h are zero, and 
equation (17) is then the same as (13J. Even when there is 
radiation, equation (17) can be reduced to the same form as (13) 
by the transformation 

t < - ue ~ h ' } 

which gives = k* . . . (19) 

t / bX“ 

The corresponding transformation for (18) is 
v = t\, + ue ~ hl . 

If the cross-section of the rod is very small, these results, 
and also those of § 6, hold even if the rod is curved, x being 
then measured along the rod. 

Rod with Ends at Temperature Zero. Let the conditions 
to be satisfied be 

= /*; - hv, if / > 0, 0 < 4 < 4 

bt ;u~ 

v => 0, when x — 0 and when x — 4 (20) 

v = f{x ), when t = 0. 


Then, if v = uc~ ht , u satisfies the equation and conditions 
(13), and therefore, from (14) the solution is 



(21) 


V 
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§ 8 . Fourier’s Ring. The first problem to which Fourier 
applied his theory was that of the conduction of heat in a circular 
ring of small uniform cross-section. The appropriate differential 
equations are then the same as those of sections 6 and 7, but 
the solution must be such that the value of v for any value of x 
will be equal to its value for x + nl, where n is any integer and 
/ is the length of the ring. 

Case I. No Radiation. Suppose that the radius of the 
ring is unity, and let there be no radiation at the surface. Then, 
if the initial temperature is f{x), the conditions to be satisfied 
are 

7 >v tfv n 

— = K. -if / > 0 , - IT S J S IT, 

7>t 5.r- 

v — fix), if i = 0 , - 7 t rS x rS 77-, (22) 

V x — V x , 2n „, ^ f* 0 - 

As in §6 it can be shown that the differential equation has 
a solution of the form 

v = e ~ ' CJ '(A cos Cx + B sin Cx), 


and, since v has a period 2 -n, C must be an integer. The most 
general solution obtained in this way is 

00 

v = A c + e ~ ‘ ,in (A n cos nx + B„ sin nx). 

n ~ 1 

When t is zero, this becomes 

co 

fix') = A 0 + (A„ cos nx 4- B„ sin nx), 

n — 1 

and consequently 

A 0 = f f{y)dy, 

2wJ_ w 

I rir j r*r 

A n = - I /O) cos ny dy, B n = - 1 f(y) sin ny dy. 

“ft J — IT 77J_ir 

Hence, finally, 

00 

»* — f f(y)dy + - ^ e ~ * nH [ f(y) cosn(y-x) dy. (23) 

2 irJ _ „ IT „ 
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The convergence of the series can be discussed in the same 

manner as that of the series in (14). 

Case II. Steady Temperature. Suppose that the section of 

the ring at x = ± n is maintained at a temperature V until 

the flow of heat has become constant, and that radiation is taking 

place into a medium at temperature zero. The equations to be 

satisfied are, from (17), 

d 2 v , „ It 

= A where p - n <x< tt, . (24) 

v = V, at x — ± 7 t, 

and = 0, at x = 0, 

dx 


the last equation being required owing to the symmetry of the 
distribution of temperature about the diameter through the points 
x = 0 and x ~ it. 

The general solution of (24) is 

v = Ae** + B,’ - 

dv 

and, since ^ = 0 when x - 0, A and B must be equal; hence 

v — 2 A cosh jix. 


Also, since v = V when x — ± 7r, 

V = 2A COsh jXTT. 

Therefore the solution of the problem is 
v _ v cos ^ h- 1 ' 

COsh fiTT 


( 25 ) 


Case III. Cooling due to Radiation. Suppose the ring to 
have been heated to the condition discussed in Case II., and 
that the source of heat is then removed, and the ring allowed 
to cool. The temperature of the surrounding medium is assumed 
to be zero, and the moment at which the source of heat is re¬ 
moved is taken to be t = 0 . The equations to be satisfied are 

- hv, if t > 0, - 7T g .T ^ 7T, . (26) 

it tur 


v 


t’x 

A 


= V COS ^', if/- 0, - 

COSh [ATT 

= z> x + .*, 1Tr , if t^> 0, 


S 7T , 



where 
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in (26) put v = ue ~ ht ; then the equations to be satisfied by 
u are 

r- = K~, if / > 0, - 77 ^>X g 77, 

It 

U = V -l h *** , if / = 0 , - 77 IT, 

cosh fA7T 

u x — u x + mm ^ ^ 0- 

Now (Ch. I., § 6, ex. 3), 

cosh/ur _ 2/i. tanh ^,77 C 1 ''Cf _ ,y» cosw - r ] 

cosh jj.TT ~ 77 (2/7- y? + « 2 }’ 


and the value of u can be deduced from the solution in Case 1 . ; 
hence 




tanh 


[ATT e 


W' 


+ 


30 

2 ' 


cos nx 


(27) 


§ 9. Duhamel’s Theorem. If the surface temperature 
varies with the time, the solution of the equation of conduction 
can be obtained by means of the following theorems — 

Theorem I. Let the initial temperature of a body be zero, 
and the surface temperature <f>(x, y, z, /); then, if the solution 
for the case in which the initial temperature is zero and the 
surface temperature is <f>(x, y, z, A), where A is a constant, be 


v = F(x, y, z, A, t), 

the solution for the case in which the surface temperature is 
<K*> y . i) is 

f'a 

V = J ^FC*-, y, z, A, / - A>/A. 

For, suppose that the surface temperature has been zero 
from t = 0 to / = A, where A <Ct, and (f>(x , y, z , A) from t «= A 
to t =* t \ then, since the initial temperature is zero, the tempera¬ 
ture of the body at time A will be zero, and this can be taken as 
the initial time. The solution in this case is therefore 


v = F(a-, y, z, A, t - A), t > A. 

Again, if the surface temperature has been zero from t - 0 
to t = A + 8A, where A + 3 A < /, and cf^x, y, z. A) from 
t — A + SA to t — t, the temperature at time t will be 
v - Sv = F(x, y, z. A, t - A - SA), t > A + SA. 
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Now, if the second of these solutions be subtracted from the 
first, we see that, if the surface temperature has been zero from 
t = 0 to t =» A, <ffx, y , z, A) from t = A to t = A + SA, and zero 
from t = A + SA to t = t, and the initial temperature is zero, 
the temperature at time t will be 

8 z> = F (x,y, z,\t - A) - F(x,y, 2, A, l - A - SA), 
or, if SA tends to zero, 

^ = C* - ! A / > ^ 1 f — ^)> f y A. 

Hence the solution at time t due to initial temperature zero 
and surface temperature cf>(x, y, 2, t) is 

v = J y, A, / - A)rfA. 

When the surface temperature <f>(i) is the same at all points 
of the boundary, this theorem can be stated in the following 
somewhat simpler form : — 

Theorem II. If the solution when the initial temperature 
is zero and the surface temperature is unity is 

v = FO'. }'< “• 0. 

the solution when the initial temperature is zero and the surface 
temperature is is 

V - |V(A)^F>, y, z, t - AyA. 

The proof, which is on the same lines as that of Theorem I., 
is left as an exercise to the reader. 

Similar theorems hold for radiation into a medium whose 
temperature is y, 2, t) or 

For the more general problem in which v = fix, y, z) 
initially and v = v, 2, i) on the boundary, put 

v «= u + w, 

where u = f(x,y, 2) initially and u = 0 on the boundary, while 
w = 0 initially and w = y, 2, /) on the boundary; 
Duhamel’s Theorem is then employed to obtain w. 

§ 10. Finite Rod with Variable End Temperatures. 
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First of all, suppose that there is no radiation at the surface. 
Then the equations to be satisfied are 


and 


hv 

fi - if/>0, 0<^r</, 

v — when x = 0, 

v = 4 >If), when x = /, 
v — fix), when t — 0, 


Now, let v — u -+■ w, where 


and 


~bu ~d ! U 

ft = K ff' 't*> 0 , 0 <x</, 

u = 0, when x = 0 and when x — I, 
u = fix) when / = 0, 
t>w yu> 

ft = K fcr > lf / > 0 O <A 

w = <f>i(t), when x — 0, 
w = </>.,(/), when x = /, 
iv — 0, when t - 0. 


. nrry 
sin : dy, 


From (13) and (14) it follows that 
2 V . hit. rC l 

“ - , 2 ,‘ s ,n - r J /<.v) 

ft «« I 

and from (15) and (16) that 

F (x, A, t) = ^(A)/i sin”^} 




(- 0 % 


Tl'lT* 


nnx '| 
v sin —- 1. 


Thus 


w 




X)dX 


2kT> ' 

~F ■ 

2 KIT 

l 1 


_ - nrrx 

ne (* sin 


l J, 


f t 

i* K dx 


(28) 


- 1 ) n ne * 1* 1 sin VA. 
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Hence, finally, if 0 < x < l, 
v - ? ^j?e ~‘ T‘ sin^Q /(y) si n^-dy 

H «* I 

+ - (- x)U(A)!^A] (29) 

Finite Rod with Ends at Fixed Temperatures and Radiation 
at the Surface. The equations satisfied by the temperature v 
are 

S = **• if '>°- "<*<*' 

v = 7 /,, when .r = 0, 
v = 79, when ,r = /, 
z/ = _/"(.r), when t — 0, 0 < l. 

Here let v — ue ~ kt , and u will satisfy 

; = v if /> 0 ,°<^<4 

u = 7’,^', when ,r = 0, 
u = r> 2 e A, ) when .v = /, 
u = /(.r), when / = 0, 0 < x < /. 

These equations are of the same form as (28), and therefore, 
employing the formula (29), we find that 


v = 2 e~ kl 


■***< nnx 
sin -y 


[?l/w si 


nnv , 
sin -7 ay 


t’i - (- O'^f .K, 

+ w,or "*«v + 7-?ri 


- *1 


(30) 


where 0 < x < /. 

§ u. Steady Temperature in an Infinite Rectangular 
Solid. Consider the solid bounded by the planes „r = 0, x = n, 
which are kept at zero temperature, and the plane y = 0, 
which is kept at steady temperature v = fix). 1 he equations 
to be satisfied are 


^ = 0, if 0 < .r < 7T, 0 < y, 

v = 0, when x = 0 and when x = 7r, 
v = f(x), when y = 0, 0 <0< 77, 
Lim v <- 0 . 

y— 


(30 



42 SPHERICAL HARMONICS [ch. II. 


1 ° ( 3 1 ) put v = XY, where X and Y are functions of x and 
y alone; then, dividing by XY, we get 

d*X cPY_ 
dx‘ l _ dy ■ 

~ T"’ 

and, as in § 6, we can show that each of these fractions is equal 
to a constant C : thus 


d*X 
dx* 


CX, 




= CY, 


so that X = 

and Y = e ± 

Since v and therefore X vanish when x =±= 0 , B = 


- A : 


thus v = e - * s/lC)y sin {^/(C)*} 

is a solution, and, since it must vanish when x = n, ^/(C) must 
be an integer, n say. Also, since v tends to zero when y tends 
to infinity, we must, when n is positive, take the upper sign in 
the expression for Y. Thus the solution is 


v = e ~ n v sin nx, 

and the most general solution obtained in this way is 

oo . 

v = A- n e~ ny sin nx, 

n *= i 

where A„ is arbitrary, subject to the condition that the series 
must be convergent. 

Now, when y = 0 , 

Jj 

v = fix) = ^ A n sin nx. 

n * i 

Hence A n = ? \/(y) sin ny dy, 

77 J u 

and therefore the solution is 

oo 

v = —sin nx f f(y) sin ny dy, 0 g x g 7r, 0 g y. (32) 

n ^ i J 0 

The convergence of the series can be discussed in the same 
way as that of the series in (14). 
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§ 12. Rectangular Parallelepiped: Steady Temperature. 

Consider the solid bounded by the planes x = 0, x = a, y = 0, 
y a. b, ,e *=■ 0 , z ** c \ the boundary conditions are 


v 

v 


v v when x = 0 , 


v v when x — a, 

with the other faces at zero temperature. Also, since the tem¬ 
perature is steady, the equation of conduction is 


tfv i' J V yv n 

tiy* 


(33) 


Here let v => XYZ, where X, Y, Z are functions of x, y, z 
alone ; then, substituting in ( 33 ), and dividing by XYZ, we find 
that 

</-X J -Y d-Z 


±1 + in + ±1 = 0 . 

XYZ 


(34) 


Now, since the second and third of these terms are inde¬ 
pendent of x, so also is the first. It is therefore constant in 
value, and we may write 

d’K 


dx~ 


= c,x. 


Similarly 


where, from ( 34 ), 


( ^ Y = C..Y, d - 7 = C 3 Z, 

dy- ' dc- 


C1 + C» + Cj 


u. 


(35) 


Solving the equation for Y, we find that 


Y - Ae"'^ + Be 


_ s' 


but, since Y •= 0 when y — 0, B - - A ; hence 
y _ '(tv> _ e - v'fCtivt. 

Again, Y = U when y = Ik and therefore must be of the 
form itmrjb, where >>i is an integer: hence 

V/J7T 


Y -- C sin 


b - 
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Similarly it can be shown that ^/C s = inirjc, where n is an 
integer, and that 


„ „ tlTTS 

Z = D sin-. 

c 


Equation (35) then becomes 


r 2/'^ , n \ 
Cl = " \ ^ + ?)' 


so that Q must be real and positive. Let C 2 = and the 
equation for X becomes 

** - /-'X 
dx* ~ 1 X ’ 

and has the solution 

X = Ee lx + Ee~ l *. 

The most general solution obtained in this way is 

nv 
b 


, ?>i 7 ty urtz 

v = sm h sm -- , (36) 


where 


(»r n\ 

' * ”‘U + r)' 


Now, when x ~ 0 , v — v v and when x — a, v - v. 2 ; hence, 
from (36), 


co 00 


^1 {E m t n ^mi, nj ^ifl ^ 5 in ~ 


nvrry . fine 
c 


( 37 ) 


1 ” 1 n ■= 1 

30 00 


= v 


, „ . nmy mrz 

e la + b la \ sm sin (38) 


m = 1 h — 1 


2 

» — 1 

But, if 0 <y<b, 0 < c < c, 

1 • ^ 

£ -r a sin ^ T r — b 
A / TTZ . 377^ 57 TiT \ 

1 = n\ Sm T + i sm -r + * s,n ~ + ■ • 
and therefore, on multiplying, we find that 


4/ . n y i^y 5it y 

1 = ^( Sin f + i sin ^ + r sm+ ...), 


CD CO 

16 1 I . (2/ + 1)77 y . (20 4- i)« 

2 p +1 2 q~+ I Sm b " Sln c 




22 

~ 0 <7 -0 
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On comparing (37) and (38) with this equation, we see that 
E m> „ and F m , „ both vanish unless m and n are both odd, and 
that, when m = 2 p + 1, n - 2q + 1 

n id I I 

t'l TT 1 2 p + I 2 q +~i’ 

E m .„ + F mn r' a 16 1 1 

?' 2 2 p + 1 2 q + r 


On solving these equations, it is found that 

P _ 16 1 1 v i ~ v x e~ l<l 

m ' " 77 s 2 /> + 1 2 y + I 2 sinh (/a) ’ 

p __ 16 1 1 - v l 

m ” ir 2 2/ + 1 + 1 2 sinh(/a)’ 

Thus (36) becomes 


16 v l sinh l(n - x) + v, sinh (lx) 


p ** 0 q -* U 


sinh (/«) 

(2/+1)71-7 (2,7+1)777 

sin , sin -- 

h c 


2 p + 1 


2 q + 1 


where 


l- = (2/^. r 1) (2? + 1)’ 

77* c 


( 39 ) 


§ 13. Rectangular Parallelepiped: Variable Tempera¬ 
ture. Suppose that all the faces of the solid considered in the 
last section are at temjxnaturc zero, and let there be no radia¬ 
tion at the surfaces , then 


and 


iv v h'v\ 

= Kj 4 * - + -7 )» 

1>t \t>t‘ ?r &sv 

v = 0, when x ~ 0 , y = 0, z = 0, 
x — a, y = b, z = c, 

v — f[x, y, z) \v hen / = 0 


( 40 ) 

(40 

( 42 ) 


By putting v = TXYZ, where T, X, Y, Z are functions of 
t, x , y, z alone, it can be show n, in the same manner as in the 
previous section, that 




, i-n.i nnrv ftrrz 
sin sin —sin —> 
a b c 
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where /, m, n are integers, satisfies (40) and (41). The most 
general solution obtained in this way is 


00 co 05 


■222 

1 i«“i 

and, when t - 0, this gives 


_ . l-TTX . >«rry . M7T.S 

A, 6 ’ sin— sin -j- sin--, 


30 30 CC 

S'v 'sr 


Ittx . invy . nvz 


> sin - 
b c 


y> %) > m > n ^ 

l -= 1 m — r n *= 1 

If we assume that an expansion of the Fourier type is valid 
in this case, it follows that 


A 8 rrr^ r\ ■ ■ n!7Tr ) ■ nn! = 

= aj JJ/& ^ ^ Sm a sin OT s,n r d ^' 

f(x,y s) = 1 , 

- (I - COS /w)( I - COS W7r)( I - cos »rr), 


In particular, if fix, y, r) = 1, 
8 


H m t n 


Imnv J 


and 




- Kfrt 


r = 0 


fWrl)' (ag-t ')« , (tf + l)» | , 

1 a 3 * 3 c« I 


. (2\p + iW (27 + 1 )itj/ . (2 r + 1 )rra 

sin-sin — - sin- 

a 0 c . . 

X -----:-, (43) 


(2/ + l)(2* + I)(2 r + 0 


where 0 g^x ^ a, 0 ^y ^b, 0 z sS c. 

§ 14. Infinite Rod: No Radiation. In the case of an in¬ 
finite rod, with no radiation at the surface, the equations to be 
satisfied are 

tiv hrv 

to = k^s, if t > 0, - 00 < x < x . . (44) 

v — fix'), when t = 0, - 00 < x < 00 . . (45) 


In the same manner as in § 6, it can be shown that a solu¬ 
tion of (44) is 

v = <?‘ c ‘± 

where C is a constant. As the solution must be finite for all 
values of x, *f C must be imaginary; thus C is negative, so that, 
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when t tends to infinity, v tends to zero. Two solutions then 
are 

e~ Kfft cos fix, e~' $H sin fix, 
where fi is an arbitrary constant. It follows that 


cos fi(x - ct'jdfi 


_( j — a) 3 


or* 

is also a solution, where a is arbitrary; hence, if </.(*) is any 
function, another solution is 

j r -£> (i —a) 3 

- J{t )J ,/' 4 ‘ 7 ' / ' (a>/a - 

Here put a - x = 2 «/(*:/) fi, and the solution becomes 

J — CO 

Now, when t tends to zero, this integral tends to 

e-*d£ =■ 2 v /(k7t) i/j(x). 


2 s /(K)'f>(x)^ 


Hence, in order that v may have the value f(x) when t = 0 , 

we must take ——t fix) as the value of ${x ): thus the solution 

2 s/( KTr Y 

of (44) and (45) is 


f e ~ p f\ x + ~+/( Kt )£\d£ 

V —» 

_* r 

2 v /(Kirr)J_ 


_ (j - «)> 

<? s*< f[x)dx. 


Since ’ 


i e ~ K!, ' t cosy(x - x) dy 
0 


- W(a) 


\ - '■* - ,|J 
e **’ , 


(46) can be written 

= 1 [ f(x)dx f cosy(a - *)* ~rfy, 

wjJo 


( 46 ) 

( 47 ) 

( 48 ) 


Gibson’s Calculus, p. 469. 
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a form which is suggested by Fourier's Integral 

/(■*) = -f /(«) cos_y(a - x) da. 

n J o J —no 

§ 15. Infinite Solid. For an infinite solid with variable 
temperature, the equations to be satisfied are 

~ - kV 2 ^, if/> 0 , . . . ( 49 ) 

01 

and v = fix, y, 2) for / = 0. . . (50) 

As in the previous section, it can be shown that 
v = -1 I J e '4 «< ' </i(a, fl, y)dix.df 3 dy 


satisfies (49); transforming this as before, we find that 

4*00 /-X) 

£ - (P + 

— cc J —oc J — 00 

X ijj\x + 2 ^ fit). y 4 - 2 T)J(xt), s 4 - 2ljfit)\ d^drjdl, 

and, in order that (50) may be satisfied, tfifi, y, 2) must be 
replaced by 


1 

(4ktt)1 


/(*> y< -)• 


Hence the required solution is 

1 px p® p» 

"-i.! I i 

x /{* + 2$ s /fil),y + 2 ^*/fit), x; 4 - d£dr)d£ 

y p<*> poo p® (*~a)3 + (y —0)2-f (x —y)2 

- st^LLL* - T ~“' /( “' *** 

(50 


Semi-infinite Solid. Let the solid be bounded by the 
plane x = 0, and lie on the side of this plane for which x is 
positive. It will be assumed that v = 0 when x = 0 , and that 
v = fix) when t = 0 . The solution can be derived from that 
of the infinite solid by assuming that, for negative values of 
x, v = - /(- x), when t =9 0 : from these initial conditions it 
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will necessarily follow that v = 0 when x = 0. Then, from 
(46), 

(* - «)* 


I rf” ( * - "I 8 f0 (I - n)2 

" " iToSSjU/ “ /( «y* + ] _/ ' I - A - “)!*] 

= 27h). /( t" f x • • (52) 

By means of (47) this can be transformed into 

1 r* f® 

w = -I /(«>& {cosy(ot - x) - cosy (a + x)\e ~ dv 

ttJ f» J (t 

2 f» 

= 1 /(a>/a sin ay sinxy c _ '*■' </p; . • (53) 

rr J 0 J ij 

solution suggested by Fourier’s Integral— 

f{x) = f/i'| /{%) sin ay sinxy dx. 


Example. If a quantity of heat Q is instantaneously generated at 
time / = 0 at a point in a homogeneous infinite solid whose temperature 
is zero, and if the point is taken as the origin, show that, at time 1 , 

O - 

8 pc(itK/) - 

where r 5 = x 3 + y- + X-. 

As shown above, v is a solution of the equation (49), and, when 
t =- 0 , v is infinite at the origin and zero elsewhere. Also, if we integrate 
throughout the solid, we find that the total quantity of heat at time / is 


f Vpi'inddr = ^ f r 1 K 'r'dr ; 

J I* 2(irk/') 3 ''4 


and, on integration by parts, this becomes 

Q 


f - _9_e - 5* rT + Q-L. f e ~ *= Q 
L \/ (itk/) Ju y / (4» ; f) 


Examples. 


1 . A bar of length l is heated so that both ends remain at zero tempera¬ 
ture. If one end is taken as the origin, and the initial temperature 
is v = cx(l - x)IP, show that the temperature at x at time t is 


v 



t 


cos nn 
In' 


-k'™, 

, J* 


sin 


n-nx 

~T' 


4 
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2. la the case of an infinite tod with no radiation at the surface, the 
initial temperature is given by v = (- i) n V between x => nc and 
x ■= (« + i)c, where n is zero or any positive or negative integer. 
Show that, if /> 0 , 


... t v 2 

* p **0 


sin (2/ + I)— 
ip + i l 


-*{2P + 

c* 


3. A uniform bar of length a is heated so that three successive portions 
of length are respectively at temperatures V], V a , V„; if there 
be no radiation, either at the side or at the ends, show that, when 
the origin is taken at one end, 


.- V. + Vi+V^ 


cc 


Vj - V s . tin V- - V, . 2 n 
- sin — + —* - sin — 

n 3 n 3 


-'}■ 


MSrta 

- *—r' n*x 

a cos _, 
a 


where 0 s. x ■> a. 

4. One end of a finite rod is kept for a long time at temperature v 6 , there 
being surface radiation into a medium at zero temperature. A part 
whose extremities are distant b and b + l from this end is then cut 
off from the rod and kept from loss or gain of heat. Show that 
the temperature at time t at a point distant x from the end of the 
part is 


•ZV 



+ 


5 ! 'ft-* 



n =* 1 


- e - pi COS tin 



*1 r‘ 


cos 


tlnx 

~T' 


where p 2 = h \*. 

5. An infinite plate is bounded by the planes ,i = 0 , r — /, which are 
kept at temperature zero, and by the plane/ = 0, which is kept at 
steady temperature v = c. Show that, at any point of the plate 


v = 



sinh ^ j 


6. A solid is bounded by the planes x — 0 , x = <z, / = 0 , y = b. If the 
planes x=0, x = a, y = b are maintained at temperature zero, 
and the plane / = 0 at steady temperature v — 4>(x), show that, at 
any point of the solid, 


v 



sinh "(b - y) 
a 

■ , n-nb 
sinh 


- n7TXC a , f x < 
sin - \ j>(z) sin 
a Jo 


ftTTZ 

a 


dz. 


a 



CH. II.] 


CONDUCTION OF HEAT 


5i 


7. If in the solid of ex. 6 the faces x = 0 , x = a, y = 0 are kept at 
temperature zero, and the face y = b at steady temperature 
z/ = f(x), show that, at any point of the solid 


v 



sinh 


tiny 


stnh 


tmb 


. nnx r 11 , . 

sin — l f(z) sin 


a J 


tlnZ , 

- dz. 

a 


8. If in the solid of ex. 6 the faces .1 = 0 , x = a are kept at temperature 

zero, the plane y = 0 at steady temperature v = $(x), and the 
plane y - b at steady temperature v — /(a), show that, at afiy 
point of the solid v — v, -r 7’* where and v« are the values of 
v found in exs. 6 and 7. 

9. If in the solid of ex. 6, all the fates arc kept at temperature zero, and 

v — /(x,y) initially, show that, when /> 0, 


V ~ab4 A* 


mnx tiny 


sin *in # 
a 0 


, «W.-1W 


m -= 1 n 1 



CHAPTER III 


TRANSVERSE VIBRATIONS OF STRETCHED 
STRINGS 


§ i. The Differential Equation. It was in connection with 
the discussion of the vibrations of a stretched string that the 
question of the expansion of an arbitrary function in a series of 
sines and cosines first arose, though it was not till Fourier took 
up the subject in connection with the conduction of heat that 
such an expansion was definitely shown to be possible. 

The string is supposed to be of uniform line-density p, and 
to be stretched with a tension P. The co-ordinate axes are 
taken to be rectangular, with the .r-axis along the equilibrium 
position of the string. It is assumed that, in any disturbance of 
the string from its equilibrium position, the square of the inclina¬ 
tion of any part to its initial direction may be neglected; that 
is, if ( x , y, z) are the co-ordinates of any point on the string, the 


i>y dz 

squares and higher powers of * — and — are negligible. 


At any 


particular moment the string lies along a curve in space, and y 
and z may be regarded as functions of x, so that 


ds 

dx 


- V{* + + 


/<h'\ a ds 

or, since ( — j and ( — J are to be neglected, ^ = I. Hence, 

if it be assumed that the string as a whole does not move parallel 
to the jr-axis, the length of any part of it remains unaltered. It 
follows that the tension P may be regarded as a constant, and 
also that the particles of the string may be assumed to vibrate 
in planes parallel to the (y , z) plane. 

* These derivatives are written as partial derivatives because y and t are 
functions of < as well as of x. 


52 



CH. in.] VIBRATIONS OF STRETCHED STRINGS 53 

Now, consider a small element of the string'of length 8 s, 
with x and x + 8 x as the x-co-ordinates of its end-points. The 
forces acting on the element are the tensions at its ends, and 
any impressed forces Yp8s and Zpbs parallel to the y and 0-axes 
respectively. At the end-point whose abscissa is x, the y and 0 

components of the tension are - and - P^ 5 , or, since the 

3 .r Is 

squares of and are to be neglected, - P^ and - 

7 >x 3 * lx lx 

Similarly, at the end-point whose abscissa is jr + 8 x, the corre¬ 
sponding components are 



Sir being taken so small that its square and higher powers may 
be neglected. Thus the y and 0 forces due to tension acting on 

the element are P -8x and P “8x respectively. Hence the 
lx 3 in¬ 

equations of motion are 


and 

or 


and 


p 8x?2, - ?5Sn + Y pbx 
r If tir* 

p8x^, = ?*'% + Zp5.r, 

cV- lx 1 


(0 


where f = P Ip. 

It is evident from these equations that the dependent variables 
y and 0 are completely independent of each other. In what 
follows it will be assumed that the vibrations take place in the 
(n, y) plane, so that equation (1) only requires to be considered. 
As a rule, the impressed force Y will be zero, and equation (1) 
becomes 

3V »3'V 

It 1 tU~ 


( 2 ) 
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The vibrations of the string are then described as Free 
Vibrations, while, if Y does not vanish, they are said to be 
Forced. 

Kinetic and Potential Energies. The kinetic energy of the 
string is 

T = ip^pdx, . . . (3) 

bv 

where y denotes —. The potential energy may be obtained by 

Of 

either of the two following methods. 

Firstly, suppose that the string is brought from its equilibrium 
position into the configuration under consideration by lateral 
pressure, the alteration being brought about by steps such that, 
if y is the final ordinate of any point, its ordinate at an inter¬ 
mediate position is ky, where 0 < k < I, and k is constant for 
all values of x. In this intermediate position the force which 
must be applied to any element 8,r to balance the tensions at its 
ends will be 



where 8 x is so small that its square may be neglected, and this, 
when small quantities of higher order are omitted, may be 

equated to - P ky"8x, where y" denotes 1 . Thus, since the 

tU'~ 

displacement when k is increased by Sk is ySk, the work done 
in bringing the element into its final position is 

- I ’yy'Sx f kdk = - i Vyy'Sx, 

Jo 

and consequently the potential energy of the string is 

V = - §P jyy"dx . . (4) 


The second method of obtaining V is to equate it to the work 
done in lengthening the string against the tension. For any 
element &r of the string this is equal to 


P 



or, approximately, 
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and therefore the potential energy is 

Ms)’* 

or, if terms of higher orders of smallness be omitted, 

V = 1 P| y'dx . . . . (5) 

The equivalence of the formulae (4) and (5) can be established 
by integrating by parts in (4); this expression then becomes 

- i p b'/] + JPj/Wr, 

and, since y vanishes at the ends of the disturbed portion of the 
string, the value of the first term is zero. 

§ 2. Solutions of the Equation. The general solution of 
equation (2) is 

y = f(ct - x ) + F (ct + x), . . (6) 

where/and F are arbitrary functions. 

In the case of the function f{ct - x), when t is increased by 
r and x by ct, the value of the function is unaltered. Thus the 
equation 

y = Act - x) . . . . (7). 

represents a wave-form moving with velocity c towards the right. 
For any values of x and t, y is called the amplitude of the wave. 
Similarly 

y = F (ct + x) . . . . (8) 

can be shown to represent a wave-form moving with velocity c 
towards the left. 

Unlimited String. If the string is unlimited in length in 
both directions, and if the initial conditions are 

y = <K x )> y = , / / (- r )- / = °> 

for all values of x, where $(x) and are arbitrary given 
functions, it can easily be verified that (6) becomes 

y = .1 \ 4 >{x - ct) + <f>{x + <*)} + - f ( 9 ) 

- c Jx— ct 

Semi-infinite String■ If the string is fixed at the origin, 
and extends to infinity in the direction of x positive, then, when 
x is zero, y vanishes for all values of t. Thus, from (6), 

/(ct) + F/0 = 0, 



56 SPHERICAL HARMONICS [ch. in. 

for all values of/; so that, if z is any variable quantity, 

F(*) - - /(4 

Hence the solution is of the form 

y = f(ct - x) - f(ct + x), . . (io) 

and consequently involves only one arbitrary function. 

Finite String Fixed at Both Ends. Let the string be fixed 
at x — 0 and x — l\ then, when x = /, from (io), 

0 = f{ct - l) - f(ct + /), 

for all values of /; so that, if z be written for ct - l, 

/(-) - /(- + 2 /). . . . (II) 

Thus f(z) is a periodic function of period 2/, and consequently 
the solution is of the form (io), subject to this proviso. The 
solution is then periodic also in t, of period 2 Ijc : this period, it 
may be noted, is the time that a wave would take to travel twice 
the length of the string; so that a disturbance passing a point 
on the string will, after two successive reflections at the endsiof 
the string, pass the point again in the same direction and with 
the same amplitude and sign. 

It is with the vibrations of finite strings fixed at both ends 
that we are concerned in the theory of sound, in stringed 
musical instruments the strings are stretched with considerable 
tension between two points which limit the range of vibration. 
At one at least of these points the string passes ov er a bridge 
which rests on a sounding-board. The vibrations of the string 
are communicated, by means of the bridge, to the sounding- 
board, and from it to the surrounding air, the direct effects of 
the vibrations of the string on the air being negligible. The 
string may be caused to vibrate by three different methods: by 
plucking, as is done in playing the harp, by bowing, as in the 
case of the violin or violoncello, and by striking with a hammer, 
as in the case of the piano. Each of these cases will be con¬ 
sidered separately. 

§ 3. Normal Modes of a Finite String. A second 
method of solving equation (2) is as follows. Let y =* JX, 
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where J and X are respectively functions of t and x alone ; then, 
substituting in (2) and dividing by c 1 JX, we find that 

d' 1 ] d*X 
dt 1 dx 1 

7T = "3T ' ■ • ■ (I2) 


Now the function on the left of this equation is independent of 
x, and, in consequence, so is also the function on the right. 
It must therefore have a constant value, K say, so that 


d*X 

dx 2 


= KX 


(13) 


The solution of this equation is 

X = A^ ,K + B*-W K , 

where A and B are arbitrary constants. But, when x is zero, 
y vanishes for all values of t, and, in consequence, X must also 
vanish. Thus A 4- B = 0 , so that 

X = A(W K - e~ x -J K ). 

But, when jr = /, X = 0 : hence ,/K must be imaginary 
and equal to inir\l, where n is an integer : therefore 

mix 

X = A2 1 sin—-. 

Now, from (12) and (13), with this value of K, 
d "J wVr, . 
dt 2 “ /- ’ 


so that 


, ., mu / . v ■ nnct 

J = C„ cos - + D„ sm ---, 


where C„ and D n are arbitrary constants: hence one solution 
of (2) is 


y 


. iwrf ,. mrct\ 
= U, n cos + D„sin-—j 


. n ttx , v 

sin - . . (14) 


Since 

UTTCt it TTX 

2 cos —— sin 

P *> 


. . nvct . it ttx 

and 2 sin -j- sm - - 


= sin ’ J(ct + x) - sin ^ {ct - x), 
= cos - x) - cos --{ct + x), 
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we see that the solution (14) is of the type given by (10) and 
(11). By expanding the latter solution in a Fourier sine series 
it can be deduced that it can be expressed in the form 
» 

«7 ret r~. . nvd\ . n-nx 

y = ( C » s ~ + D » sin -J-) sin -j-> ■ 05) 

n = 1 

which is the most general solution obtained from (14). If the 
string starts from rest, since y - 0 initially, every D n must 
vanish. If, on the other hand, it starts from the equilibrium 
position with given velocities, every C n must vanish. 

The solution (14) may also be written 

V = K„ sin - ^ cos r+ L n J, . . (16) 



where K„ 2 = C„ 2 + D„ 2 and tan E„ = - D„/C„. Here y 
varies as a simple harmonic function of the time, and the mode 
of vibration is called a Normal Mode. When the string vibrates 
in a normal mode, it gives a simple musical note, and the notes 
usually given by the string are combinations of the notes given 
by its normal modes of vibration. 

The gravest, or fundamental mode, which determines the 
pitch of the note sounded, corresponds to n = 1. For this 
mode, at any time t the graph of y is in the form of a half¬ 
period sine curve, and it oscillates between two extreme positions 
such as those shown in Fig. 5. The frequency of this mode is 



and consequently varies inversely as the length, inversely as the 
square root of the density, and directly as the square root of the 
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tension. The frequency of a note determines its pitch, the 
height of the note increasing with its frequency. Thus the note 
can be raised by tightening the string, and so increasing the 
tension, as is done in tuning the piano or the violin. It can also 
be raised by shortening the length; this the violin-player, in 
forming different notes on the same string, brings about by 
pressing with the tips of his fingers on different points of the 
string. The effect of line-density on pitch is also shown in the 
violin, in which the lower strings have the greater density. In 
the piano, in order to avoid having the lower strings of too great 
length, the density effect is increased by winding wires round 
the strings. 

If, in (16), n = 2, the graph o (y at any time is a complete 
sine-curve, and oscillates between extreme positions such as 
those shown in Fig. 6. The middle point x = \l is always at 



rest, and this point is called a Xode, the end-points also being 
nodes. For the n th mode there are // - 1 nodes, as well as 
the two end nodes. Midway between the nodes are the points 
of maximum amplitude, known as Loops. When the string is 
vibrating in the //th mode, each part of the string between two 
nodes is vibrating in the fundamental mode of a string of 
length I n. 

The note given by the fundamental mode is called the 
Fundamental Tone , and those given by the other modes are 
known as Overtones or Harmonics, the harmonic of order n 
corresponding to the «th mode. I he harmonic of order 2 is 
an octave higher than the fundamental tone: those of orders 
3, 4, 5, 6 also harmonise with it; while the harmonics of higher 
orders are usually so faint that they have no perceptible effect on 
the note sounded. 
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The kinetic energy of the normal mode (14) is 

_ f J »Vd / . mrct WffCA 2 

T * " C n sm ~ 7 ” + D » cos ~J~) ' 

while the potential energy is 

f* tv’tt / mrct mrct \ 2 

V = |PJ /*«&• = -^-P(c n cos — + D„ sin —j j ; ( 19 ) 

and therefore, since c~ = P/p, the total energy is 

■ T + V = ^P(C; + Dl). . • (20) 


Similarly, from (15) it follows that the whole energy of the 
string is 

00 

t + v - + D -)- • • (2i) 

n — 1 

so that the energy of the string is the sum of the energies of the 
normal modes. The loudness of any tone or overtone depends 
on the energy of the corresponding mode. 

§ 4. Vibrations of a Harp String. In the case of the 
harp and other instruments, the string is set in vibration by 
plucking. If it is pulled through a distance b at a point 



distant a from the origin, and then released, its initial form will 
consist of the two straight lines OB and BL (Fig. 7), whose 
equations are 

b -i 

y = -jt, for 0 < .r £ «, 

b I 

y — 1 _ JJ - x), for a g x ^ ll 

Now, from (15), since the string is initially at rest, 


and 


(22) 
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(X 

VT' ^ w-rrrf - ftirX 

y = Cncos - /' sin -7-* 


and, when / = 0, 


Hence, from (22), 


. mrx 
C„sm / . 


2 ( a l> • , 

I -x sin —- ax + 


h ,. . ■ n-nx , 

(/ - .v) sin __ ax 


Thus, finally, 


2 hr . t/iTir 

sin . 

n it <•/(/ - <7) 1 


2 <V J _ 


[ . «iw ■ iivx^nvct / ,n 

sin— sin — cos (,23) 

I n- l l 1 


where 0 ^ r ^ /, 0 £■ I 

It will be noticed that the harmonic of order n will be absent 

if s {n n ™ a = 0; that is, if the string is plucked at one of its 

nodes. For instance, if the string is plucked at its mid-point, 
all the harmonics of even order will be absent. 

Since (23) can be written in the form 

h{- XT' 1 . fma ■ hit, - 

1/ - - , sm , sm (.1 - ct) 

■jra{l - a) ^n- l l 


I rvna ■ iitt 

. _ sm sin— 
n 1 l L 


jU- + ct), 


it is dear that the motion of the string is the resultant of two 
equal waves, moving in opposite directions with velocity r. 
Initially each wave is given by 


hi- ■wr - ' i . t/na ■ »ttX 
v = _>1, sin—r-sin —, • D 4 ; 

y n‘a(l - a) ** 1 1 

n = I 

so that its ordinate at any point is half of that given by (22> 
Also, since (24) is an odd function of*, its graph for values ol 
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x outside the range 0 g x g l is of the form shown in Fig. 8, 
where AC = -JAB and L' is the point ( - /, 0 ). If now this 
figure be moved from left to right with velocity c, and a figure 
initially coincident with it from right to left with the same 
velocity, and if the ordinates of these figures at time t be added, 
the resulting figure will give the position of the string at time t. 



It is easily seen that the form of the string at any moment will 
consist of three portions, one a straight line parallel to OB, one 
a straight line parallel to BL, and between these a straight line 
whose gradient is the mean of the gradients of OB and BL. 
If the parallelogram OBLB' (Fig. 9) be completed, the figure 
of the string at any time is obtained by moving a line PQ 



whose gradient is the mean of the gradients of OB and BL 
parallel to itself with uniform velocity from B to B', and then 
back from B' to B, the whole time taken for the double move¬ 
ment being the period of the fundamental mode of the string, 
namely, 2 l(c. Then, at any moment, the position of the string 
is that of OPQL. Any particle of the string moves backwards 
and forwards with uniform velocity between two extreme posi¬ 
tions, in which, as a rule, it remains fixed for certain intervals. 
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From (23) and (21) it is dear that, apart from a trigono¬ 
metrical factor which lies between 0 and 1, the intensities of 
the various harmonics will vary as 1 jn 2 , so that the effect of the 
higher harmonics will be negligible. 

§ 5. Vibrations of a Violin String. When a violin is 
being played, the frictional force exerted by the bow apparently 
drags the string with it until the string suddenly slips back ; 
after brief intervals this process is repeated, the cycle taking 
place in the period of vibration of the string. The bow in this 
way supplies the string with energy to compensate for the loss 
of energy by dissipation, but the vibrations seem to be of the 
nature of free vibrations. The motion of any point of the string 
has been investigated experimentally, and it has been found 
that the point, for a time, moves with constant velocity, and 
then suddenly changes to a second constant velocity, which 



continues during the remainder of the period of vibration. 
Since the acceleration of the point is in general zero, it follows 
from (2) that the curvature of the string is zero; thus the form 
of the string at any instant is composed of straight lines, and 
all the conditions of the problem are satisfied if the string is in ’ 
the form OBL (Fig. 10), where B is a variable point. Let B 
be the point (a, /I); then the equations of the lines OB and 
BL are 

j, = £*-, a - ?i = - x ) ~ *)> 

and the difference of the velocities on the two sides of B is 


A - A 


// 3 d 

«(/ - a)’ 


( 25 ) 


since the coefficients of /3 cancel 

In a short interval of time 8 1 a length a8/ of the string is 
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passed over by the moving point B, so that a mass piBt of the 
string has its velocity increased by the amount (25). This 
increase in momentum is caused by the transverse force 


i>; - pj; 


_ P /jS 
a(/ - «) 


acting for the time S/. Hence 


or 


//3a 
a(/ - 


-~piS( 

a" = 


P/j 3 

a(/ - a) 
P/p = r . 


8 / 


(26) 


Thus the point B travels from left to right or from right to 
left with constant velocity c. 

Let it be assumed that B starts from O, and moves from 
left to right with fi positive. Then the particle whose abscissa 
is x moves, for a time x 'c, with constant velocity 


or, since a. ~ c, 


i: - .); 


Now, since y t and l - x are constant for the particle, 


d ( M _ c 

d*\l - a/ 


where C is a constant; therefore 

/3 = Ca(/ - a) + D. 

But, since @ vanishes with a, D is zero; hence 

j8 = Ca(/ - a) . . . (27) 

It follows that B lies on an arc of a parabola passing through 
O and L, and with its axis bisecting OL at right angles. When 
fi is negative, B lies on a similar arc below OL. Thus, in the 
period of vibration, B moves (Fig. 11) along the upper arc from 
O to L, and then along the lower arc from L to O, the velocity 
of A being constant and equal to ± c. If the maximum dis- 
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placement of B is j 9 0 , then C = 4pJP, and the equations of the 
arcs are 

j 3 = ^a(/ “ a ) anc * £ = - - «) • (28) 

The equations of OB and BL are then, when B lies on the 
upper arc, 

4 Po,, 1 4A) ,, \ 

y-i = -^r(/ - oi)x and y, = ^-a(/ - x). 

Initially, the string is in its equilibrium position, so that 
y = 0,and 

y = A = 4 JV - x). . . . (29) 



Fig. 11. 


00 

T . . tiiTci ■ n-nx 
> D„ sin —- sin —, 

n — 1 

00 

tnrc mrct . nnx 
D,i 7 cos — sin — 

K = X 

where, from (29), when / = 0, 



n » x 


§ 6. Vibrations of a Piano String. If it is assumed that 
the blow of the hammer on the piano string is so sharp that the 
duration of the impact is small compared with the period of 

5 


Hence, from (15), 

y = 

and j V = 
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vibration of the string, the problem may be treated as one in 
which the string vibrates freely with the equilibrium position as 
initial position, and a given initial velocity spread over a small 
length of the string. Let a be the momentum communicated 
to the string by the hammer, and a the abscissa of the point of 
impact: then, from (i5)> 

co _ 

V' r\ mi* ■ nrrct 

y = 2 L( D» sin -J- sin —, 

ft = I 

and, initially, y = 0, except for the points of the interval 
(a - e, a + e) struck by the hammer, in which 


S t-, tiirc . nnx 

d -t 8,n —• 

n = i 

where <r = 2 epy. Thus 

2 C a + ' a 

7j a _« 2 ep 


D „ 


flTTC 


■ nnx , 
sin - (lx 
2 ep l 

2 a . nnt - nna 

— sin —— sin -, 


tilrtp 


and, when e tends to zero, this tends to 


Accordingly 


2cj nna 



y = 



. nna . nnx ■ nnct 
sin sin sin 
l l l 


(30 


In this solution the energies of the various modes are of the 
same order of magnitude, which, of course, is not in agreement 
with what actually happens. Asa matter of fact, the impact is 
by no means instantaneous, but lasts for an interval of time 
which, though short, is comparable with the period of vibration 
of the string. In order to ensure this, the hammers are covered 
with cloth, so that the blow may not be too abrupt. 

The vibration is therefore not a free vibration, but a forced 
vibration, and the differential equation is the equation (i), 
namely, 


7 s 2 y 



Y. 


( 32 ) 
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It is not easy to find a suitable expression for Y, but a fair 
approximation is given by the formula 


Y = 1 ^ T 

' 77 f + T 2 ’ 


• ( 33 ) 


where /1 represents the time integral of the force Y from t — - 00 
to t — + 00 . The graph 
of Y is shown in Fig. 12. 

The formula has the dis¬ 
advantage that there is no 
definite instant at which 
the impact begins or ends ; 
but, by making r small 
enough, the effect of the 
earlier and later parts of 
the blow can be made 
arbitrarily small, so that 
the formula will represent 
the actual conditions fairly well. 

If the blow is spread over the interval (a - e, a + e), 

cc _ 

n • 727TX , * 

^ = 2 Li Cn sm j . • • ■ (34) 

n - 1 

where C n = ? f" + V sin dx 

‘ J a — f ‘ 



4/x€p . ?nra . mre 
r r sm sin - 

p>/TT€ l l 


2 a 

print 


sin - 


rina 


sin 


nne 


l ’ 


( 35 ) 


a being the total impulse communicated by the hammer to 
the string. When n is not large, and e is small, the value of 
this is approximately 

c„ = sill - : . . . (36) 

pi l 

but when n tends to infinity, this is not the case, no matter how 
small e may be ; so that the series (34) converges, though very 
slowly. 
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Now, assume that, 

y = 


rj n sin 


tmx 


(37) 


where 7 j n is a function of the time: then, from (32), (33), and 
(34) 

j'> 999 - n 

■ (38) 


dd + “ 7 ^” 


C n T 

f + r 1 ’ 


The solution of this equation is 


Vn 


/C n r ( ■ nirct f * nirct 

= —VIsin— - I cos—— 


dt 


/ j 


/ /'* + T~ 

. TITTCt f' 

COS J 


sin ■ 


UTTCt dt 


j}> (39) 


/ /* + T' 

where it is unnecessary to add explicitly terms of the type 

A cos -y— + B sin n ™ f , since the lower limits of the integrals 

in (39) are arbitrary. But, since the string was originally at 
rest in the position of equilibrium, we may write 




^1/sin^f 

nidc 1 / J _ 


cos 


nirct dt 

T I s +V 

nirct 

T 


- cos 


r. 


sin 


mrct dt 


l P + T* 


4 


as this makes tj„ and •»)„ both vanish when t = - 00 . Hence 
the value of rj w after the impressed force has ceased to be 
sensible, is given by 



Vn = 

a m to* T) • r 

A cos --- + & sin 

* 7TC-*- 

/’ 


where 

A = 

/C n r f ” . mrct 

__ .. __ 1 ctn 

dt 

= 0, 

1 

8 

i 

<>0 


and * 

B = 

/C n r f® mrct 

dt 


flTTC J It 1 

+ T l = 

tlTTC 


nwCT 

" 7 ”. 


Thus 


Vn 


lC » £ - 

tVTTC 


"4 CT • nirct 
1 sin——, 
l ’ 


Gibson’s Calculus, p. 469. 
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and, from (35) and (37), 



Z— . mra . tine . mrx • mrct 
1 sin—^ sin-^- sin—^ sin 


(40) 


or, from (36), if only the harmonics of comparatively small 
order are taken into account, 


2 a 

p7TC 



I 

- e 
n 


itnCr 

~T~ 


. nna . nnx ■ n-nct 

sin-sin- sin —— 

III 


(40 


§ 7. Vibrations of Membranes. Consider a thin, tightly- 
stretched membrane, of uniform surface-density p, which, in its 
undisturbed position, lies in one plane. It is assumed that, if 
an imaginary line be drawn across the membrane in any direc¬ 
tion, the mutual stresses between the two parts separated by the 
line are perpendicular to the line; and it can be shown that 
this stress is proportional to the length of the line and is in¬ 
dependent of the direction of the line. The stress per unit 
length is called the “tension” of the membrane, and is denoted 
by P. It is also assumed that P is so great that it remains un¬ 
altered during the vibrations of the membrane, and that the 
square of the inclination of any line tangential to the surface of 
the membrane to the plane of equilibrium may be neglected. 

Let the plane of equilibrium be the (x , y) plane; then 
the j-co-ordinate of any particle of the membrane will be the 
displacement of the particle. If now L, M, N, R be particles 
of the membrane whose projections on the ( x , y) plane are 
the points (x, y), (x + Sx, y), (x + Sx, y + 8 y), (x, y + By), 
respectively, the tension across LR is - PS/, and the c-com- 

ponent of this is - P— By, small quantities of higher order 
i)x 

being neglected. Similarly the ^-component of the tension 
across MN is 


'© 


X + &Z 


S * = P Gx 



and so the sum of these forces on the rectangular area LMNR 
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In the same way it can be shown that the sum of the 
^-components of the tensions on LM and NR is 

3*2 

? V/ Xhy ' 


Hence 


/3 2 2 

3 2 2' 

P&vhyjp = 

P (^ 2 + 

V, 


3=2 

„/S"2 

3 2 2' 

or 

a/ 2 


Dj/ 2 , 

where c 1 - 

p/p. 




■ (42) 

It may be shown, as in § I, that the kinetic energy of the 
membrane is 

T - ipfl~*dxdy, . . (43) 

while the potential energy is 

V - 5#©’ + © ! H'- ■ • 


Rectangular Membrane. Consider now a membrane with a 
fixed boundary along the lines x - 0, x = a, y = 0, y — b in 
the plane of equilibrium. Put 2 = TXY in (42), where T, X, 
and Y are respectively functions of t, x, and y alone: then, in 
the same manner as in Chapter II, § 12, it can be shown that 


d 2 T ^ ,. d 2 X „ v n d- Y , v n 

* dP* rK ‘ v ' <fr + ’ 

where p- = r(<f 4- r"). 

Also, as in that section, since 2 = 0 and consequently X = 


0 


when x = 0 and x — a, q — ninja and X = sin ( mnxla ), where 
m is an integer. Similarly r = nnjb and Y = sin ( nnyjb ), 
where n is an integer. Hence one solution of (42) is 


2 = (A cos// + B sin//) sin mjTX _ s j n nTr Z i . (45) 

a b 

where f = d-d 2 (^~ + ",J, . . . (46) 


and the most general solution obtained in this way is 

00 00 a 

2 = ^ ^ (A mi „ cos// + B m , „ sin//) sin sin n ~ y . (47) 

- 1 
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Equation (45) gives a normal mode of vibration for the 
membrane. If the membrane starts from rest, k is initially 
zero, and therefore B vanishes. If, moreover, the initial dis¬ 
placement of the membrane is z - f(x, y), then, from (47), 

s = ^ ^ A m , n cos pt sin-J* sin n ^ y , . (48) 

m “ r n — 1 

where p is given by (46), and, when t — 0, 

/O', y) = ^ ^ A m « sin sin 

W - I » ^ I 

so that 

■ <49) 

Instead of nodal points we have, for the mode (45), Nodal 
Lines at 

_ a 2 a (m - i)a __ b 2b (n - \)b 

m in in n n n 

For combinations of modes the nodal lines are not neces¬ 
sarily straight lines. For instance, in the case of a square 
membrane, with b = a, the vibrations given by 
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SPHERICAL HARMONICS: THE HYPERGEOMETRIC 

FUNCTION 


§ i. The Potential Function. Laplace, in a memoir written 
in 1782 and published in 1785, showed that the gravitational 
force at a point P due to a set of particles of masses yx 2 , fi 3 , 
. . . at the points M ; , M a , M 3 , . . . respectively can be ob¬ 
tained * by differentiating the function 

V = J*l + + 

PM t PM 2 PM 3 + ' 

At a later period this function was named by Green the 
Potential of the system at the point P, and 
this nomenclature is now universally em¬ 
ployed. 

§ 2. The Legendre Coefficients. Le¬ 
gendre, to whom Laplace had communicated 
his potential theorem, investigated the ex¬ 
pansion of a single term of the potential in 
the form of an infinite series, and was thus 
led (1782, or earlier), to the discovery of the 
functions now known as Legendre Coefficients. 

Let a point O (Fig. 13) be taken as 
origin, and denote OP by r, OM by 
POM by 9 , and cos 9 by (i; then 
1 _ 1 

PM \/(P ~ 2 rr jp, + r/)' 



Fio. 13. 


If r < r v f this can be expanded in ascending powers of r in 

the form 


_I_ 

*J(f - 2 rr^t. + r*) 



+ . 


(0 


*Cf. Ch.VIII.ga. 
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tCf. Ch. V, § 1 . 
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where the coefficients P 0 (jt), P 2 ( fa) ... are polynomials 

in ft, known as the Legendre Coefficients. For example, 

PoO) - I. PiO) I 5 2 (m) = P,(m) = fcjM 

2 2 

If 73, i/PM can be expanded in the series 

Tjj - *M' r * Ufa + + ... (2) 

The coefficient P n (/x) is called the Legendre Coefficient of 
degree n or the Legendre Polynomial of degree n. As will be 
shown later, the Legendre coefficients are particular cases of 
Surface Spherical Harmonics. 

§ 3. Laplace’s Coefficients. Laplace, in the memoir 
mentioned above, besides introducing the idea of the potential, 
discussed the spherical harmonics from a more general point of 
view than that of Legendre, with whose work he was already 
acquainted. 

In Fig. 13 let O be the origin, and let the rectangular co¬ 
ordinates of P and M be (x, y, ~) and (.r lt y lt zf If (r, 9 , fa 
and (r v 6 V fa) are the corresponding polar co-ordinates, 

x = r sin 9 cos <f>, x 1 = i\ sin 6 l cos fa, 

y = r sin 9 sin (f >, y x = t\ sin 9 1 sin </>p 

z = r cos 9 , Cj = 73 cos 0 p 



and, if y be the angle POM, 

cos y = cos 6 cos 0 , + sin 9 sin 9 X cos ( <f> - fa )• (3) 

With this value of cos y, i/PM can be expanded in the 
forms 


1 

- 2rt\ cos y + t~) 


2 P «( cos y) r vr+ V ifr < r " (4) 

n = 0 1 


= ^P»(cos y) Jf + J, if r > r x . (5) 

n = 0 


The function P„(cos y) is a function of the two variables 6 
and fa and is called the Laplace's Coefficient of the nth degree. 
When 9 X = 0 it degenerates into the corresponding Legendre 
Coefficient P„(cos 0 ). 

§ 4. Spherical Harmonics. Thomson and Tait, in their 
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well-known Natural Philosophy (1879) defined the spherical 
harmonics as follows. Any solution V„ of Laplace’s Equation 


V^V: 


d a V 

a* 2 


a s v 

+ ay + 


a 2 v 

ac 2 


= 0 


( 6 ) 


which is homogeneous, of degree n, in x, y, z is called a Solid 
Spherical Harmonic of degree n. The degree n may be any 
number, and the function need not be rational. 


Example. Verify that r -1 , 1, ax + by + cz, x* - y " 1 +yz, (z + ix) n 
are solid spherical harmonics of degrees - 1, 0, i, 2, n respectively. 

Kelvins Theorem. If V„ is a solid spherical harmonic of 
degree n, r~ M ~ l V„ is a solid spherical harmonic of degree 
- n - 1. 

In (6) put V = r m V n ; then 

av av„ 

ir ax 

a 2 v a'-v n 


+ mr m ~ TV,, 


q V D ~ V 

a? ~ +2mr "' ~ ' x gf + w ( w - 2 ) ym ~ v v„ + mr™ - 2 v„ 


and therefore, since, by Euler’s Theorem 

av n av n av n 


X - 


ax + y aj/ 


= «v„ 


V-(r m V„) = + m(in +2 n + i)r" 

= m(m + 2n + 1 )r m ~ ■ V „, 


■ a v„ 


since V n satisfies Laplace’s Equation. Hence, in order that 
f^Vn may satisfy Laplace’s Equation, m must be zero or 
- 2 n - 1. Thus r ~ ^ ~ ‘V„ is a solid harmonic. 

Example. 1 and 1 jr are solid harmonics of degrees 0 and - 1, x and 
x/r* of degrees 1 and - 2. 


Laplace’s Equation, when expressed in terms of the cylindrical 
co-ordinates ( u , <f>, z ) by means of the equations x — u cos <f>, 
y = u sin <f> becomes 


V 2 V = ^ + 

hU“ 


I 

U hU 


I yv tfV 

u l Itft + hz- 


( 7 ) 


The further transformation z = r cos 6 , u 
co-ordinates (r, 8 , <p) changes it to the form 


«—r 


a 2 v. 2 av 


2> 2 V cot 6 iV 


r sin 6 to polar 


I D a V 
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If this equation be multiplied by r 2 , it can be written 

a s (rV) i a / . aV\ i a 2 v 

*'■ Ir 2 + sift# a 0 V Sln ^/ + si rfdYp = °- ( 9 ) 


Now let V„ =* r n U n be a solution of this equation, where 
U n is a function of # and </> alone; V„ is, of course, a solid 
spherical harmonic of degree n. If r n U n be substituted for V 
in (9), and the factor t* removed, the equation becomes 


n(n + i)U„ + 


i 

sin # 2># 


( ■ ^ U »\ 


1 aHJ, 

sin 2 # 7 ><f> £ 


= 0, (io) 


or, if fjL be written for cos #, 
rtn + I)U„ + £{(. - + 


- ■ s!U - - 0 
fl* D<f > 2 ~ U ' 


(IO 


Surface Spherical Harmonics. The function U„ obtained 
by dividing V„ by r * 1 is called a Surface Spherical Harmonic of 
degree n. It is equal to V„ when r = i, and is therefore given 
by the value of the corresponding solid spherical harmonic on 
the surface of the sphere w hose centre is the origin and whose 
radius is of unit length (the unit sphere). The necessary and 
sufficient condition that a function U„ of 0 and </> should be a 
surface spherical harmonic of degree n is that it should satisfy 
equation (io). 

It will now be shown that the Laplace’s Coefficient of degree 
n is a surface spherical harmonic of degree n. By differentiat¬ 
ing the function 

T =_ I_ r 

V{(* - -n)' + (y - y O' + (- - -Ol 


with regard to x, y, and z it can be verified that T satisfies 
Laplace’s Equation. Thus if T be expressed in the form 


S P n (cos y )-4, 
% _ 0 r \ l + 1 

and substituted in (9) it is found that 

+ ')P»C=«r> + 


n — 0 


+ 


sin 2 9 lief ) 1 


i> 2 P n (cosy) -| = q 
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As this equation holds for all values of r less than r v the 
coefficients of the different powers of r all vanish identically. 
Accordingly 

*' + ,)P “ (cos> ' ) + Hr»s{”” <, 5T fcS5r) } 

, i i> 2 P„(cosy) _ n 
sin-0 

so that P n (cos y) satisfies (io), and is therefore a surface 
spherical harmonic. 

§ 5 . Legendre’s Equation. The Legendre coefficient 
P„(cos 8 ), being a particular case of P„(cos y) (obtained by 
putting 0, = 0), is a surface spherical harmonic of degree n 
which is independent of <f>. It therefore satisfies the equation 

n(ii + 1V + ——- ^—(sin 8 = 0, 

sin 6 7 ) 6 \ id) 


so that, if p. be written in place of cos 8 , P n (fi) satisfies the 
equation 


+ " {n + 0/ ■ °' 


or (I - /x")~ - 2/x;’- + «(« + i\y = 0. . (12) 

dfA“ dfji 

This is known as Legendre s Equation. 

§ 6. Legendre’s Associated Equation. If in equation 
(11) we put U n = 00, where 0 and 0 are functions of 6 and <j> 
alone, and divide by 00, it becomes 

. 1 d ( „ </ 0 I 1 1 d-<P 

+ ') + S^| + -rrji-iH? - °- 

Now the first two terms in this equation are independent of 

I </ 2 0 

<f>, and therefore so is also the last. Hence the value of ^ 

must be constant. Since the value of 0 when is increased 
by 2 it is usually unaltered, it is convenient to take this constant 
to be - m\ where m is usually an integer. Thus 

d 2 0 

w - - 

0 = A cos m<f> + B sin w<£, 


and 
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where A and B are arbitrary constants. Then © satisfies the 
equation 

^{C 1 - + + 0 - rz-^y = 0, (13) 

which is known as Legendre’s Associated Equation. If © is a 
solution of this equation, any function of the form 
(A cos »i<j> + B sin mj>)@ 

satisfies (11) and is therefore a surface spherical harmonic of 
degree », while 

(A cos m<f> + B sin 
and r - n - cos + g sin 


are solid spherical harmonics of degrees n and - n - 1 re¬ 
spectively. 

§ 7. The Hypergeometric Function. As the Hyper¬ 
geometric Function is frequently employed in connection with 
the theory of the spherical harmonics, an account of some of its 
properties will be given here. 

The function is defined by means of the Hypergeometnc 
Series — 


F(a, p, y, x) = 
a 

+ - 


a . ]8 a(a + I + I) 

T 4- — - x -4- — -- — —-- - 

I • y 1 . 2 . y(y + I ) 

(« + 1 )(« + 2 )/?(/? + J)(§ + 2 ) 

i • 2". 3 • y(y + 0 (y + 2 ) 


+ . 


(H) 


which is absolutely convergent if |.r] <1. If |j*r| = 1, it 
converges absolutely ify-a-/ 3 > 0 . 

Particular cases of the hypergeometric series are : 


(r + x-y 

= F( - n, r, i, - x), 

05 ) 

log (x + X) 

= jrF(i, 1, 2, - x), 

(16) 

sin ~ 1 x 

= xF(i, l X s ), 

07 ) 

tan _ l x 

C U 

I 

H 

II 

(18) 


§ 8. The Hypergeometric Equation. The differential 
equation 

*(l - x]y" + {y - (a + £ + I )x}y' - a/ 3 y = 0 (19) 

is known as Gauss's Equation or the Hypergeometric Equation. 
To find a solution in the form of an infinite series of ascending 
powers of x we put 

y = 4^(c u + opr + c.a 3 + , . .) 


(20) 
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and substitute fory in (19): the left-hand side of (19) is then 
equal to 

« 

(1 -xp+ - 1 ^ (p + n)(p + n~ i)c„x n 
11-0 

QC oc 

+ {y- (a + £ + i]x\xf - (p + - a$ 3 * ^ 

n - 0 n — 0 

or f # }p(p - I) + yp}x “- 1 

. pW + iKp + « + 1)0 + «) + yO + * + I)} IrP + n 

L - c n{(p + n )(j> + n ~ 0 + (P + «)(* + ft + 0 + 

« — 0 

In order, then, that y should satisfy (19), the coefficients of 
all the powers of x in this series must vanish. Now c 0 , being 
the coefficient of the first term, cannot be zero, and therefore, 
in order that the coefficient of x p ~ 1 may vanish, p must satisfy 
the equation 

p(p - 1 + y) = 0. . . • (21) 

As the values of the index p are obtained from this equation, 
it is called the Indidal Equation : its roots are p = 0 and 

p = 1 - y- 

From the coefficients of the other terms we obtain the 
equations 

c n + ,(p + n + l)(p + n + y) = cjp + n + a)(p + n + / 3 ), (22) 

where n — o, I, 2, 3, . . . ; and by means of these equations the 
coefficients can all be expressed in terms of c v . Taking the 
values 0 and 1 - y of p we obtain the two solutions 

Pi = .(23) 

Pi rn Ct) z l -y F(« - y + I, 0 - y + I, 2 - y, x), (24) 

unless y is an integer. If y = 1 the two solutions are identical, 
and if y tends to any other integral value one of the integrals 
usually ceases to exist. 

Example 1. Show that 

sin nx ^ n sin x F ?, f_Z_?^ sin J . . (25) 

cos** = F- ”, sin 3 *j. 


and 


(26) 
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satisfy the e< 

+ n"y = 0. 


The functions sin nx, cos nx satisfy the equation 
d-y 
dx* 


If this equation is transformed by means of the substitution u = sin’*, it 
becomes 

which is Gauss’s Equation with a = $«, /J = - in, y = J. Thus the 
general solution is 

y = AF^, - * j, sin J r) + B sin r F (J~~, f, sin* x^j. 

But sin nx and cos nx are solutions : if y = sin nx , A must be zero, 
since y vanishes with x : hence 


sin nx 
sin x 


^BF(’ t sin’-). 


On making r tend to zero, this gives n = B, from which (25) follows. 

Again, if y = cos ».r, by putting 1 — 0 we see that A = 1 : also, on 

differentiating, and putting x = 0, we find that B = 0 . Thus we deduce 
formula (26). 

Example 2. Show that 

(i) sintij = nsinr cos.r F^t + ”, 1 - ” 2 , sin’ x'j, 

(ii) cosh-z = cos.r F^ 1 -* ”, 1 ~ n ,\, sin 3 r^. 

§ 9. The Four Forms of the Hypergeometric Function. 
In the integral 

1 - f ~ *( 1 -/)»-/’-'(1 - xi) ~ *, dt , 

J 0 

where fi > 0, y - ft >■ 0, assume that |.rj < t, and expand by 
the binomial theorem ; then, integrating term by term, we get 

S x(* + l) . . . (a + r - 1) 

r\ 


I 


r ■« 0 


\v r f (1 - ty-t- l p + r - l dt 

J[) 


^ «(a + 1) ...(«+ r - l) 

- r r -- l P(p + f . y - p). 


r- 0 

and therefore 


- ty-t-Xi - xt) - 'dt = B 09 , y - j8)F(«, P, y, x). 

(27) 
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This equation can be used to define the Hypergeometric 
Function for values of x which do not satisfy the inequality 

W < i- 

Again, if in I we replace t by I - t, we find that 

I <» - ff ~ l (i - x + x/)~ a dt 

J 0 

=» (i dt 

-BO 3 ,y - j 5 )(i - *)-F(«,y - P'V' x *- x )- 

Thus 

F(«, p, y, x) = (i - x) -• F(a, y - p, y, 

In this equation interchange a and , 3 , then 

F(«, p, y, ,t') = (i - •*) ~ * F (p, y - a. y, r j-J- 
and therefore 

F(«,y - p,y >x x _ ,) = (l-^-'F^.y-a.y,^). 

Here replace by y - /!', and ;r by p-y, and the equation 

becomes 

F(a, P‘, y,x') = (l - x ')r-«-^F(y - P',y - a, y,-r'). 
Hence 

F(a, P, y, x) = (I - *)*-•-f»F(y - a, y - P, y, 4') (28) 

-(* - ^)-“F(a. y - P, V^-—) ( 2 9 ) 

= (I - x) -*F(/ 3 , y - a, y, (30) 

and these are the four forms of the hypergeometric function. 

§ 10. The Asymptotic Expansion of the Hyper- 
geometric Function. A formula for the remainder in the 
binomial expansion can be obtained as follows. We have 

[ (I + zt) m ~ l dt = {(I + -o) m - I }l(mz). 
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and therefore 

(I + s) m - i + ntz\ (i + zt) m ~'dt 

Jo 

- I + WJC^-( l - t)( I + 

+ 2(1 — /)(i -t- zty n - hu 

=> 1 + W" + ^ ( 1 >--=[■ - (l - /)-(I + r/) m - 2 j 

+ W(W - - 1 X* - 2 V f 1 3( r - /)-’(1 + ;rr - 
3 • J <> 

and so on. Proceeding thus, we find that 


(r + *)» = 2 . T + r:.. 


V(m + 1) 
r ! F( m - r + 1) 


where R'= I(w + 1) 

3 s ! 1 (»/ - s + 1 ) 


s* f s (I 

1 Jo 


//- Yi + zt)’ n -’di, 


(30 

( 32 ) 


provided that (1 + zt) does not vanish for 0 <. t g 1 . 

Now apply this formula to the binomial expression 
(l - xf) ~ “ in (27), in which it is assumed that x is not real 
and greater than or equal to i , then 

s — I 

m y - m*. ft, V, X) = 2 { FT IX : x - r \ if - 

r - 0 

x j" fi + T ~ ’(1 - ty ~ ~ l dt j + Remainder 
= ^ Fl rf- i) B ^ + r ~y ~ PX~ x Y + Remainder; 

T — 0 


and so, on division by B(/?, y - /?), we find that 
F (a, fi y, x) = the first s terms in the scries for F (a, y, x) 4 - R„ 

( 33 ) 

fl el/fi + i - lfi _ Ay - $ - 1 

, f y-Ar'4 - 

m + >, y - » ' 


where R, = T, + 


T, + ! being the (x + i) lh term in the series for F(a, / 3 , y, x). 

6 
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If* is not real and greater than or equal to I, |(i - Xtx)\ > 0 ; 
let M, be the greatest value of |(i - \tx) - “ " for 0 A ^ i, 
jQ ^ I ; then 


JR.I S |T. + 1 | x M, 


fj(i - A)*-VfljV + '-^i - fy-fi-'dt 

Jo Jo __ 


BQ 3 + s,y - 1 3 ) 


= i T, + 1 1 x M r 


Now, if y is positive, |T S + ,] can be made as small as we 
please by increasing y, and this is true even when \x\ is not less 
than I. Hence, if* is not real and greater than I, |R,| can be 
made as small as we please by increasing y, and therefore the 
first s terms in (33) will give an approximate value of the 
function. An expansion of this kind, consisting of a finite 
number of terms and a remainder which can be made arbitrarily 
small by sufficiently increasing the variable, is called an 
Asymptotic Expansion. Thus the series for F(a, /?, y, x) is 
asymptotic in y, provided that y > 0, and that * is not real and 
greater than 1. 

§ 11. Formulae for the Gamma Function and other 
Functions. The following formulae are given here for con¬ 
venience in reference:— 


F(x) 

1 

T(x) 


Lim 


n ! n x 


x{x +!)...(*+«) 


C yZ X 




X\ _*) 
1 + n) e 


(34) 

(35) 


where y is Euler’s Constant: its value is approximately 


F(* 4 - 1 ) = *T(*). 

• (36) 

If n is a positive integer, T(n + 1 ) = n! 

• ( 37 ) 

F(i) = 1 • - 

• (38) 

T(i) - J* 

• (39) 

r(*)r(! - *) - . w . . 

sin nx 

• (40) 

Y(2x) ~ ~-Y(x')T{x + 4)2“ " 1 . 

V 7r 

■ (4i) 

lf*>0, T{x) = | e-‘t*~'dt , 

■ ( 42 ) 
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Stirling's Formula is 

r(«.+ 0 j /{V(2^K)(”) n J = 1 • (43) 

if 0 < x < 1, 

j" cos t. t x ~ l dt = I'(jr) cos (jirx) . (44) 

IY p)T(q) 

The Beta Function is B(/>, q) = + ^ . (45) 

If/ > 0, q > 0, f x* ~ '(1 - a-)v - ! t/r = B(/>, <7) (46) 

JO 

If > 0, n > 0, 2 [ 2 cos 3W ~ 3 0 sin 27 * ~~ 1 0 d 8 = B(w, «) (47) 

"Jo 

<K*) = X >og i'(- r + 0 • • • (48) 

If tt is a positive integer 

!L, j 

•K* + ") = # v ) + - + > • (49) 

r «=■ 1 

If n is a positive integer 

= <£(«) - y.(50) 

where </>(«) = l+ £+ i+ ..-+" • (51) 

W>) = - y.(52) 

ljj( - X - I) = ift(x) + IT cot TTX . ■ . (53) 

2<I>(2X) - 0 (x) + 0 (X - i) + 2 log 2 . (54) 

<K~ = - y - 2 log 2. . . (55) 


Gauss’s Theorem for the Hypergeometric Function is 

K /_ o ,n r (r) r (y - * - 0 ) 

h(a, p, y, 1) — ,, (y _ a) p (y _ £)• - 
provided that y > 0, y - a - /J > 0. 


Examples. 

1. Prove that the function /(a* + + rr) satisfies Laplace’s Equation, 

provided that a s + P + c* — 0. 

2. Show that (s + ix cos a + iy sin a) n is a solid harmonic of degree n, 

and deduce that {cosfi + i sin 6 cos(^ - o)(" is a surface harmonic 
of degree n. 
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3- 


If V is a solution of Laplace’s equation, show that f(^> c~> V is 

also a solution, f{p, g, r) being a rational integral function of 

A 9 , r. 




4. It F(jr, _y ( z) is any function of x, y, z which satisfies Laplace’s 

Equation, show that the function ^ F ) also satisfies Laplace’s 

Equation. 

5. Prove that the most general surface spherical harmonic of degree zero 

can be expressed in any of the three forms : 

(•) V = /(* + t*) + F(* - * 4 ), 

where * = log tan J 0 and /and F are arbitrary functions ; 

(ii) V = *(«><)> tan *0) + ♦(£ - tan J 0 ), 
where 4 > and f are arbitrary functions ; 

« 


•yy yy 

[Show that, when » = 0 , (10) can be written -. + = 0 . 

Ox 09 

The most general solution of this equation is (1).] 



CHAPTER V 


THE LEGENDRE POLYNOMIALS 

§ i. Legendre’s Expansion. Consider that branch of 
the function (i - 2fxz + c") ~ - which has the value + i when 
z = 0 . This function of z is discontinuous when i - 2jxz + z 2 = 0 ; 
i.e. , when z = /a ± - I). For values of z such that \z\ 

is less than the smaller of the two quantities |p ± - i)| 

the function can, by Taylor’s Theorem, be expanded in ascend¬ 
ing powers of z in the form (Ch. IV, § 2), 

>00 + (p) + "P.OO + + • ■ • (0 

If - i <2 fi :£ i ; />., if /z — cos 6 , where 6 is real, 
ix ± ^/(jx 2 - r) = cos 6 ± i sin 8 , 

so that |/i ± y/(jir - i)| = I and the expansion is valid for 

1*1 < 1 - 

By expanding both sides of the equation 

{I - 2( - fx)z + - 4 = {I - 2/x( - z) + ( - z) 1 } - i 

in powers of z, and equating the coefficients of corresponding 
powers of z, it can be seen that 

i\,(- p) = (- o-r.CM); ■ • • (2) 

thus the polynomial F „(p) is even if //is even and odd if n is 
odd. 

Again, if /z = i, 

OR OO 

(I - 25 + ~)~* = JP.OJs" = (I - = 2-”, 

n « 5 »« - 0 

sothat F„(i) = i.(3) 

From (2) it follows that 

P»(- 0 - (- »)’*• 

85 


(4) 
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§ 2. Expansion of P„(/*) in Powers of /*. For values of 
/x and s such that |2/xs - z*\ < i, (i - 2/ztr + s 5 ) - * can be 
expanded by the binomial theorem in the form 


I + - 2 )+ - sf + 1 ■' ‘ ^ ( 2 fJi - zf + ... (5) 

2.4 2.4 • ^ 


If, moreover, ^ and a are such that 2)/x~c-| + 1^1 < • > th e 
terms of this series can be rearranged in any way without 
altering the value of the series; and, for any value of /x, \z\ 
may be chosen so small that this inequality is satisfied. Hence, 
equating the coefficients of z n in (1) and (5), commencing, in 
the latter case, with the (« 4 - i) th term of the series and 
considering the terms of the series in their reverse order, we 
have 


+ 2 »( 2 » - 2 ) ( *-2)Q- 3 ) f? y, - 4 

(2« - I ){2tt -3) 1.2 

-= >* -. 1 )/ M « _ *(*:!)„»-« 

1 . 2 .... n 2(2 ft ~ 1 J 


+ <”- i)(» - 2 )(n - 3) _ 4 

2 . 4(2 «- l )(2 w - 3 )^ 


, ■ ■ - ", j - ' V 

I . 2 .... « \ 2 2 u 7 



If n is even, the hypergeometric series in (6‘) contains 
+ 1 terms, the last being 

/_ _« (« - 1 ){n - 2) ... 1_2 

^ J 2 . 4 . . . «(2« - lX2« - 3 ) ••■(«+ 1 ) p n ‘ 

while if « is odd there are £(«+ 1) terms, the last being 

_”1”--i)-_-_3i 2 - _ .. 1 

V ' 2 .4 ...(«- I )( 2 « - 1 )( 2 » ~ 3 ) ■ • • (« + 2 ) ~ >• 

It is left to the reader to verify the following expansions :— 

P 0 (/x) = x, PjO) - ft, Pj(/x) = K3P 2 - 0- PsCp) = K5m’- 3p). 

FxO) = *(35p 4 - 3 op 2 + 3)' P 6 (/*) = K 6 3 p s - 7 O/x 3 + 15 p), 

p « 0 ) = tV( 2 3 i A‘ 6 - 315 / + ioSm 2 - 5 ), 

p tG0 = tV( 429f * 7 - 693 /x 5 -4- 31 5/x 3 - 35/x), 
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p »0*) r= ttt(® 435 m s ~ 120X2/1* + 6930/x 4 - 1260/1® + 35), 

P » 0 f) = T 2 Tr( I2I 5 S/* 9 “ 25740/1' + 18018/1 5 - 4620/1®+ 3x5/1), 

p ioO*) = ttt( 46 x 89/t' 0 _ io 939 £f 8 + 90090/1 6 - 30030/1* 

_ . + 3465/1® - 63). 

Example, By differentiating (6) show that 




tip’* 


( 2«)1 




m (« - «*)(» — fft — l) 

m _ - '- - > n — ?7i — 3 

2(2« - 1) ^ 


2 n . « ! (« - ll 

(« - w)(* - wi - !)(« - m - 2)(n - m - 3) 'i 

+ - .) ( 2,--ir —} 

§ 3 - Expansion of P n (/i) in Powers of $(i - /i). The 
function (i - 2/tJ + e 2 ) - ^ can be written 


{(i -r)*+ 3<i - /x)} ~ i f 1 „{ 


1 + 


(1 - *)* 


4 T‘ 


and, if z be taken sufficiently small, the latter expression can 
be expanded by the binomial theorem in the form 


1 — z 


2 ( , 


- i) n 1 . 3 . . . ( 2 « - r) 


2.4 


■» ~ Of 4£_ l - M\ n 

( 2 «) 10 5 )* “2 / • 


In this series expand each term in powers of s, and pick out 
the coefficients of z n ; thus 


w-.frV;') 


I 3 (« - !)«(«+ l)(w + 2)/ I -/i 


= I + 


2.4 4 

(*+ 1 X _ n )( 1 




1 . I 
+ 




(n+ 1)(« + 2)( - «)( - » + 1) /1 -jiN 1 

I . 2 . I . 2 \ 2 / + 

= F (» + I, - I, * 2 . 

Corollary, From (2) it follows that 

P»00 = (- I)'‘ F (« +1, - n, I, . 


( 7 ) 


( 8 ) 


Again, by expanding the factors on both sides of the 
equation 

(I - 2 cos 6 , z + r 1 ) ~ i = (1 - se'*) ~ *( 1 - te ~ •*) ~ * 
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in powers of z, it can be shown that 

00 

P„ (cos 0 ). *" = + \zd* + + • • - ) 

*o-0 

X ^ I + \ze - *• 4- A? 3 * ~ *• + . 



If now the coefficients of z n are equated, it follows that 
P„ (cos 0) = COS 770 + t ( 2w r f ) 2 cos ( w - 2 ) 0 


I . 3 7/(77- i) 


I • 2 (277 - l)( 2 «- 3 ) 


2 COS 


(*- 4 ) 0 + . . . }, ( 9 ) 


the series ending, if « is odd, with the term which contains 
2 cos 0 as a factor, while, if n is even, the corresponding factor 
of the last term is cos (0.0)= i. 

From (9) it follows that P„(cos 0 ) has its greatest value 
when 0 = 0, as each term is then positive and has its maximum 
value. Thus, from (3) and (4) 

- 1 5 S P„(cos 9 ) <£ 1. . . . (10) 


§ 4. Rodrigues’ Formula. From (6) it follows that 
= 1 • 3 - 5 • • • (3 n - i) ^ n + , _ (»+ \ )n _ , 


f p„oyiU= 

Jo 


(* + i)! 


2(2 n - i) r 


+ (K +J)«(M- I_)(»- 2 ) 
2.4(2;; - l )(277 - 3 y 


}• 


and, if this operation be repeated other 77 - 1 times, the result¬ 
ing function is 

I . 3 ... (277 - Q f „ _ 277(277 - 0 ^ 


( 277)1 


( 2 . (277 - O' 

+ 2 ”( 2 « ~ 0 ( 3 * ~ 0 (2 77 ~ 3 ) a, - 4 

2 .4 . ( 277 - 0 ( 2 * - 3 ) ^ 


2.4... (277) 

The «th derivative of this function is therefore P„(/i), so that 

1 


p -« - 

This is the well-known Rodrigues' Formula. 


00 
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Jacob? s Proof of Rodrigues Formula. The formula can also 
be established by means of Lagrange’s Expansion. Let 

A = n + ^a(A 2 - 1); . . . ( I2 ) 

then that value of A which is equal to p. when « = 0 is given 
by the Lagrange’s Expansion— 



n »- 1 


Therefore 


dX a” d n /p. 2 - i\ n 

dfi 1 + n ! </p"\ 2 / 

w kc 1 

Again, from (12), 

A = a - 1 JI - ^/(i - 2/xa + a 2 )}, 

so that 


dX = 1 

d\L ^f (1 - 2/xa 4- or) 


v> 

I + ^ a n P n (/x). 

« — I 


Hence, if the coefficients of a” in the two expansions for 


^ are equated, the formula is obtained. 


Example I. Prove that P n (ji) = F [ - n, n + 



[Put Rodrigues’ Formula in the form 


P«G0 


(- O ' 1 d* (. 

n ! lift" 1 




expand the last factor in powers of (i - p) 2, and differentiate.] 
Example 2. If m is a positive integer, show that 


d w* 

dfi m 


v : \ + m ) ! r 

~ 2“. m ! (» - m) ! * ( 


n, m + n + 1, m + 



Rodrigues' General Formula. The formula 
d n ~ m (u ‘ 1 - i)» (n - m)\ d ’ 1 + ”‘(u : - 1)’* , . 

4t n - m (« + j dfj. n + m ’ v 

which will be found useful, can be established as follows. 

Letp’ - x = u, so that (p + A) 2 - i — u + 2pA + A 5 : then, 
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expanding by Taylor’s Theorem, we have 


A r (tu n 

^ + A ) 2 “ = «" + ]£ 77 ^7- 

r *» i 

Now divide this equation by A", and rearrange the terms on 
the right; this gives 

/» + 2/xA + A 2 y* __ i d n u n A m d" + m u n 

\ A ) n ! da n + (n + m) ! da n + m 


A ~ m d n ~ m u n 
(n - m) 1 dfx" ~ m ' 


Here replace A by uj A ; the left-hand side remains unaltered, 
and the resulting equation is 


fu + 2 jx\ + A-\" i d n u n 


2 


\ n _ r d n u" ^ x~ m u m d n + '"! 
) n ! dfi" + ^4 \n + w) ' dfx n + ' 


NT ~ "*« n 

+ -“f (« - »/)' dfi n - m ' 


Since the expressions on the right of (14) and (15) are 
identically equal, we may equate the coefficients of A ~ ”* and so 
obtain formula (13). 

Legendre s Equation. By means of (11) and (13) it is easy 
to find the differential equation (IV, 12) which is satisfied by 
P’»(/*)• From (11) 

- ‘fa* ~ 

where c is a constant. Hence, from (13), with ?n =, i, 

. „ y/P„(u) , , rf” - > , 

&*• - ■>>- ‘ ” ( " + •; 
and so, on differentiating, we get 

- '^i-} - <’ * 

Thus P„(/r) satisfies the equation (IV, 12), 
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§ 5. The Zeros of P„(^). From Rodrigues’ Formula it 
can be deduced that the n zeros of the polynomial P„(/x) are all 
real and lie between - 1 and + 1. 

The function /(/x) r- (/r - 1 ) n has n zeros at 1 and n zeros 
at - 1. By Rolle's Theorem /'(/x) must have at least one zero 
between - 1 and + 1. But f\\t) has 2 n - 1 zeros in all, of 
which n - r are at - I atid n - 1 at + 1 : thus there is only 
one zero between - 1 and + 1. 

Similarly/"(jx) has n - 2 zeros at - 1, rt - 2 at + i, and 
2 between - r and + I. Proceeding in this way we finally 
deduce that_/ (,1) (/x) or P„(/x) has n zeros between - 1 and + 1. 
[The values of P n (/x) at - 1 and + 1 are (- 1)’“ and 1 re¬ 
spectively.] 

When n is even, P„(/x) is an even function, so that the zeros 
occur in pairs, equal in magnitude but opposite in sign ; when 
n is odd, n = (J is a zero, and, since P„(/x)'/x is even, the others 
occur in equal and opposite pairs. 

That all these zeros are distinct can be deduced from the 
following theorem :— 

Theorem. If y is any solution of the linear differential 
equation 

ay" + by + cy = 0, . . . (16) 

where x is the independent variable, and (/, b, c are functions of 
x which arc continuous and have all their derivatives continuous, 
the function y cannot have any repeated zeros except possibly 
for values of x which satisfy a = 0. 

For ify has a repeated zero, then y = Gandy' = 0 ; hence, 
from (16), since a is not zero, y" must be zero. Now let (16) 
be differentiated, and it will be seen that y" = 0; by proceed¬ 
ing in this way it can be shown that all the derivatives of y 
must vanish, and therefore, by Taylor’s Theorem, y vanishes 
identically. 

Thus P n ( M ), being a solution of Legendre's Plquation 
(IV, 12), in which a is of the form (1 - /x 1 '), has no repeated 
zeros betw'een - 1 and + 1 ; t.e ., all its zeros are distinct. 

§ 6. Integrals of Products of Legendre Polynomials. 

The following theorems can be deduced from Rodrigues’ 
Formula:— 
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Theorem I. If the positive integers m and n are unequal 

^ V m (jx)P n (jJ.)cf f JL = 0 . . . ( 17 ) 


Let m be greater than n, and denote the integral by I; 


then 


I 


-£-f “_(p* _ i) m v”o 2 - i ) n dfi. 

2"‘ + n m ! n !J dp n 

Now integrate by parts ; thus 

I =_ 1 _f- i )•»_£(»' - i)»Y 

2“ + n m ! n lL dS* ~ 1 dy^ ' J_, 

- l - _f 1 ~ i) m +1 (jj? ~ i) n dfi. 

2”> + "«t! « <J-,<V* ~ 1 J dfji n +^ 1 


d m ~ 1 

Since (yr - i) is a factor of - i) m the first term 

vanishes. By repeating this operation other n - i times it can 
be shown that 


I 


(- O’ 


But 


TV* r 1 - n rf' n 

-11 - - _(a 2 - - I ) n du. 

. m\ n !J - l dy. m ~ J dfi^ J M 

In (fi 2 - l) n = (2«)!: hence 


2 

<T n 

dp 


I = (~ l) n ( 2 n )\ r 

— ■ - • ■ I'.f* j 


= 0. 


(IS) 


2 m+n . m ! n !|_4i' 

Corollary. If m + n is even and P m (/x)P n (/i)<//4 = 0 . 

J o 

Theorem II. f {l‘ n (u.)}' 2 du = —_ 2 —. 

J —j 2 ft + I 

As in Theorem I. it is found that 

JVaow.- - 0 ■+ 

« r 1 ri _ 
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Here put ft - 2 X - I ; then 

JjP B (ft)}Vft= ~^- ! J _ xfdx 

* + 0 - — - 
(«!) 2«+i 

Corollary. f {P„(ft)|Vfi = — 

J o 2M + I 

Theorem III. If R(;«J * > r - i, where r is a positive 
integer, 

f , nP , w w(w-i)0«-2) . . . (m-r_ f2) 
j/ 1 r ^ l )^ U=s (im+ r+!)(»« +r- i) . . (?«-r+3)' ^ 

For, if I denote the integral, then, by Rodrigues’ Theorem, 

1 ~ \j trV 'O i W = 2 r r ~ 1 

and, on integrating by parts r times, it is found that 


1 = (- i) 


w(m - i) . . . (m - r + i)f‘ ' ., 

v ' I ,|« - rf.fi _ ,y 


m(m - i) . . . (w - r + i) 
2 r . r! 


m{m - i) r+ i)f‘ 

2 r + 1 . r! 

w(w* - i) ...(»/-»• + i) /«/ - r + I 


f f* m _ r ( i - (j.~ydfjL 

J o 

A 2 (i - A) r (/A, where A = ft 2 , 


2' + i r I 

*«(«* - i) . . , (jn - f 

2 r + i 


H’ 


' + i 


) 


». A-f^) 

r(—f^) 


»t(m - i) . . . {m - r + I) 


(*w + r + i X>« + r - I) . . . (w - r + i) 

;«(w - I)...(»!- r+ 2 ) 


‘ (w + r + I X'« + r — i) . . . (m- r + 3) 


* If 1 is a complex quantity, R(») denotes its real part and I(») its imaginary 
part It can be shown by other methods that (19) and {20) hold for any values 
of m for which the integrals are convergent. [Ci. tx. 22, p. 107.] 
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Corollary. 
p. n ?fp)dn, = 


If R ( m ) > r - i, 

m(m - 2) ... (m - r+ 2) 

(wt + r+ i)(>« + r- 1) ...(»*+ 1)* 
(?« - i)(wi - 3) r + 2) 

(wr + r+ ij(m + r- 1) . . . (m + 2)’ 


if r is even, 
ifris odd/ 2 °^ 


Alternative Proof of Theorem I. The first of these theorems 
can also be proved as follows. The functions 1 ’„(/*) and P,„(p) 
satisfy the corresponding Legendre Equations :— 


c1 ( d P n 1 

4 (i - ^} + + «)p» - o* 

+ w(w + = °- 


Multiply these equations by P,„ and P n respectively, sub¬ 
tract, and integrate; thus 

+ [n(n + I) - mfn + I )]J P„P„///x = 0 . 

Integration by parts in the first two terms of this equation 
gives 


| PnPm^M = "■ 


and therefore, since [«(« + 1) - m(m + !)]'=(»- w){n + tn + 1) 
is not zero (« * ?«), 


Alternative Proof of Theorem II. Since the series (1) is 
absolutely convergent when | z j < 1, it is permissible to square 
it; thus 

3 0 

(I - 2flZ + P) ~ 1 = ^ + 2 2 + m . 

« “ u 

where in the second summation m and n are unequal. 


* When there is no dubiety regarding the argument of the function, we may 
write P n in place of P„(^). 
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On integrating both sides of this equation, and applying 
Theorem we get 

■ C’O 

« — 0 

But the integral on the left has the value 

nc-d-c+K- ■ (») 


and therefore, on equating the coefficients of z™ in (21) and 
(22), we find that 

2 

2 n + [ 


f P, dp - 


§ 7. Expression of a Polynomial as a Linear Function 
of Legendre Polynomials. The polynomial 

f(p) A »P n + A,ft" + A„ 


can be expressed in the form 

B„r„o*) + b„ _ ,1*,, _ ,(/*) + . . . + B 0 p 0 (p). 

For, since the coefficient of p" in P n (/x) is (2»)!/{2 n (2« !)*}, 

2 n (w !) J 

/GO - P„» 

is a polynomial, ^(/x) say, of degree « - 1 at most: thus, if 

B„ - A 0 2»(« !)-/(2«)!, 

/GO “ B»P »00 + <£(/ 0 - 

Similarly </>(/0 = B n _,P n _,(^) + i/r(/x), where is a 

polynomial of degree n - 2 at most; so that 

Ap) = B»P »00 + + ^ 00 - 

Proceeding in this way we can express f{y.) in the required 
form. 

Note. The value of an) - coefficient B,„ can be found as 
follows. Multiply the equation 

TOO - B„P s 0O + B^P^.OO + • • ■ + B # P„(/ 0 , (23) 

by P m (p), and integrate from - 1 to + 1 ; then, from (17), the 
coefficients of all the B's except B m will vanish, while, from 
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(18), the coefficient of B m will have the value 2/(2 tn + 1). 
Accordingly 

B m = . . (24) 

Corollary. It follows that 

P n — A„P„(p) + A„ _ a P n _ a (nt) + A„ _ 4 P n - i(p) + • - ■> 
where A„ = 2 n (« !)7( 2 «) 1 * The actual values of the co¬ 
efficients can be obtained from (20); the resulting expressions 
are, 

(i) when n is even, 


P - 


n(n - 2 ) ... 2 


(2M + l)(2K - i) ...(«+ i) 

(2« - l)(2« - 3) - • ■ (« + 0 

+ ... +-P 0 (p). 

(ii) when « is odd 

0 - 00 - 3) • • • 2 


(2« + l)P„0) 

(2 n - 3 )P n - s (p) 
• (25) 


(2« + l)( 2 « ~ 0 


. . (» + - 3 /“ + ,)P - W 


(* - ix* - 3) ■ 


(2« - l)(2« 


n + 2 


3) • • 

3PiO) 


0 + 2 ) 


(2« - 3)P» - »(p) 

■ 05') 


It is left to the reader to verify the following particular 
cases of these formulae :— 

fA # = P a , p . 1 = Pj, p . 2 = jPtf + 3 P 0 , p 3 = 5 P 3 + tPi> 
p 4 ~ + 7P2 + tO' p 5 = OlP5 + JP3 + rPp 

P* 1:5 -rrfP« + T7P4 + + yPo> 

.7 _ top j. s p + i(P 1 l p 
TTV r 7 + 7 * 5*5 7 - ,<n)C 3 -+■ 3 r,, 

18 H P I #«P I 48. 

TTT3 T r 8 + T7T f « + 11 if 1 


M)}> 4 . ) P 

♦ fi A ‘Z * b A 0» 


p 

18 8 p 1 M P I 4 8 p III 

P "* irrsT r 8 + T?Y r « + i 4!r r 4 + a < 
p* — TJTI 7 B 9 + 1!T31 P 7 + A S Pj + lV#B a + 1*1 Pi. 

P 10 “* i Ti BfPio + tVtVPs + iVrP« + iVt P< + iVa P; + rYPi>- 
Example. Show that, if m < n, 


O') J 14 m P„(w)^4 = 0, 

(ii, jVp^-g-^. 
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' Expansion of P' n (jJ.) in a series of Legendre Polynomials, 
Since PJ>(/i) is a polynomial of degree n - i, 

r;0) - rB m r m (/4 

where nt ■= n - I, n - 3, n - 5, . . . and 


B m = 


2 m 4 - 
2 


f 1 

- J_P'. 0*)P, 




Now integrate the expression on the right by parts; thus 

2m + ir T :/« + 1 f 1 

B m = Lp.OOP-OOJ^- — 2 —j_P„(u)P', n ( / x)^. 

But we can write 

I mO^) ~ m — iC/ 1 ) ^ ^>n — m — .i(m) + • • -i 

so that, as n > m - I, the second integral on the right has the 
value zero. Accordingly 

B„, - - (“ i) m + n ] = 2«r + i, 


since m 4 - n is odd. Therefore 

?«(/*) - (2« - i)P„_,(m) + (-" - 5)P»- 3 00 

+ f2» - o)P n _,!» + . . . (26) 

Corollary I. P„(/<) - (2« - 3)(2 « - 1 • i)P«-i(p) 

+ (2« - ;X4» - 2 3)P»-4 (m) 

4 (2» - I IX (, « - 3 • 5 )P»- «(m) + (26') 

The proof of this formula is left as an exercise to the reader. 
Coro/laty 2. From (10) and (26) it follows that, for 

- Ig/igl, 

| P'^O) | »(2« + I', 1 P,„ + ,(fT I ^ (»f + I)(2 n 4- I). (27) 

Expansion of /xP;,(/x) in a series of Legendre Polynomials. 

Again, 

pPn(M) =■ ^B,„P ,„(fi), 
where m *» «, « - 2, w - 4, . . • and 

B„ = 2 —j’_ mP'»(m)P»(^>^ 


7 
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If the expression on the right be integrated by parts, it gives 

B m - 

2«j 4. t fl 

— ~ 2 — J_ 1 Pn ( /i )^ p '“(^)^ J " 

Since m + n is even, the first term has the value 2 m + I. If 
nt <C_n, the second term has the value zero, and, by expanding 
as a series of Legendre Polynomials, it can be shown 
that the same is true of the third term. For ;« = n 

B„ = 2w + i - i - B,„ 

so that B n = n Hence, finally, 

M p »(f) = wP »(p) + ( 2W - 3 ) p « - .00 

+ (2» - 7)P„_ 4 00 + . (28) 

§ 8. The Recurrence Formulae. From (26) we have 

P 'n+l00 = (2«+ 0 P »(M) + ( 2n ~ 3 ) P «-2(M) + (2" - /) P n-,00 + • ■ • 
P 'n-l(p-)= (2«“ 3 ) P n-i(M)+( 2 »- 7 ) P n- 4 (M) + -’-. 

from which, by subtraction, it follows that, for n ~ 1, 2, 3, . . . 

P'n + .OO - p ',.-i 00 = (2« + 0 p »00 • (29) 

For k = 0 the corresponding formula is 

p;(f) = f\,oo • • • (30) 

Again, from (28), 

M p '»+l 00 = (* + O P » + l 00 + (2* - >) p n -,00 + (2* - 5) p n-s00 

+ . . . 

/*P »-iG 0 = (« - 0 p «-i (/0 + (2* - 5) p „-»(f0 

and therefore, by subtraction, 

f0 p '» + l00 - P n — lOOf = (» + !) p n+ l00 + 

From this formula and (29) it follows that, for » => 1,2, 

3 ,- • M 

(« + i)P„’+„ 0 ) - (2» + Om p «(m) + « p »-,(a 0 - 0, (31) 

while, for » = 0, the corresponding formula is 
p i0*) - AW - 0. 


( 32 ) 
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Alternative Proof. These formula; may also be derived as 
follows. Differentiate 

» 

(i - 2+ £-)-*= ■ • (33) 

0 

with regard to z ; then 

T> 

O - z)(i - 2M" + 5 *)- J = 2 • (34) 

I 

Now multiply both sides of this equation by (i - 2/cs + j 2 ); 

thus 

CO TO 

0 * - s) 2 "‘ Pn(,i) “ (' " 2 ^ z + 2 

0 1 

from which, by equating the coefficients of z n , it is found that 

/iP»0) - P«.-i(f0 = (« + I)P„ + 1 {» - 2/lflP„(fi) 

+ (« - 0P.-,(m) 

or 

(« + 0 I> «4 .(M) - (2»+ ')M P nOO + «I\,-,(/*)= 0. ( 31 ) 

Again, let (33) be differentiated with regard to ^; this 
gives 

•o 

~(I - 2/j.Z + r-')- 3 = ^ ^T n (/x). 

I 

from which, by comparison with (34), it results that 

(p - -) ^ - ,,p ;.(^) - - 2 " ’ p »(m> 

1 1 

Hence, by equating coefficients, we have 

- I’b-iO) = wP »(m)- • • (35) 

By differentiating (31), and eliminating fx.Pjjx) from the 
resulting equation by means of (35), it can be deduced that 

p'.+.oo - p;-,(m) = (=« + ow • (29) 

Next, subtract (35) from (29); then 

Pn + i(/*) ~ M p «(m) ” ( w + OP-00- • 


( 36 ) 
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Finally, by writing « - i for n in this equation, and 
eliminating P^ _ ,(/u) between the equation so obtained and (35), 
it can be shown that 

(1 - /^PlOx) = aP.-.G*) - npSJju) . . . ( 37 ) 

= (« + l)/xP„(M) - (» + 0 P n + i(#t), ( 37 ') 
from (31). Formulas (29), (31), (35), (36), and (37) are the 
Recurrence Formula. 

Example Deduce (26) and (28) from (29) and (35) 

The expansion 

00 

(,”^^1 - 5 < 2 » + ■K-l’.M • ( 3 »> 

can be obtained by multiplying (34) by zc and adding it to 
( 33 )- 

Again, by putting n - 1, 2, 3, . n in (29), and adding 
the resulting equations to (30), we derive the summation formula 

n 

^ (2>« + i)P«0*) = p '«+ >(/*) + - (39) 

m —0 

But, from (37') and (37) 

(I - M 2 ) p »(m) = (« + l)/iP„(/x) - (» + l) p „+ ,(/*), 

(1 - /F)P'„ + i(f) = (« + i)P„(/a) - (« + 'VP» + .(m). 

and, therefore, on adding and dividing by 1 + p., we have 

(1 - M){ p n+■(/*) + P»(/*)l = (« + 0 {P»(m) - P„ + ,(/*)} 

Hence, from (39), 

n 

C 1 - F) ( 2W + 0 p m(^) = (» + l){P«(/*) - P» + ,(/*)}- ( 40 ) 

tn = 0 

Christoffets First Summation Formula. From (31) we have 
(2« + I )rP n (.r) = (« + I )P„+ ,(■*) + »P„ _ ,(jr), 

( 2 # + 1 )/ p »0) = (« + i)P n + 1 0) + wP„_ , 0 ). 

Multiply the first of these equations by P„(y) and the second 
by PJx) and subtract; thus 

( 2 «+ iX^-y)P„(-*-)P„0)=“(«+ 0{P»+.(*)P»(.y)- W» + ,(y)l 

- «{P»WP»-iO) - K-fryPM 
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Now in this equation write n = 1,2, . . ., n, successively, and 
add the resulting equations ; this gives 

(x — _y)A n “ (n + 1 ){P» + i(-* r )Pi» 0 ') — I+ i(y)}i (4O 

where 

A, = P 0 WP«(^) + 3 Pi(^) L 1 (jv) + ... + (2 n + i)P n (x)P n (f). 

(42) 

Formula (41) is Christoffel's Summation Formula. 

If in (41) and (42) we put y = x + e, (41) becomes 

- eA„ = (n + l)e|P„ + ,(•*') 1 P'„(*) - P, i (x)L ) n + ,(.r)J + <r( ). 

Hence, on dividing by «, and making e tend to zero, we deduce 
the formula, 

P,V) + 3P1V) + • • • + (2" + l)lV(-r) 

^ (« + Ol^nW^'n+.W - P»+>W l "».(-*)}- ( 43 ) 

Example. Show that the expression on the left of (43) is equal to 
(n + l)‘‘P n -(x) + (1 - s-){P' n (x)p. 

§ 9. Laplace’s First Integral. If £ is real and numerically 
< I, then 

f* d<f> 7T 


I + £ cos <f> VC 1 - C7 


(44) 


This equation remains valid so long as £ is not real and 
numerically greater than I ; i.e., for the entire complex £-plane 
bounded by cross-cuts along the real axis from i to + oo and 
from - 1 to - 00. 

In (44) put £ = + a ^/(c J - i) (i - xj) and the equation 
becomes 


'* d<f> TT 

„ I - ac + a v /(r - i) cosi j> ^/(l - 2 oj -t- a 3 )' 


(45) 


Now choose a so small that | x\z ± - i)cos <^| | < I, 

(0 g rr), expand both sides of (45) in powers of a, and 
equate the coefficients of a" ; thus 

E..(~) = ' ( !- ± >/(“" - 0 cos^l 

This is Laplace s First Integral. 


(46) 
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If the expression {z ± ^/(^ 2 - i) cos <f>\ n be expanded by 
the binomial theorem and integrated, the terms which contain 
odd powers of - r) involve also odd powers of cos <j>, so 
that their integrals vanish ; the right-hand side of (46) is there¬ 
fore, like the left-hand side, a polynomial in z, and consequently 
equation (46) is an identity which is valid for all values of z , 
real or complex. 

§ 10. Laplace’s Second Integral. Again, in (44) put 

£ = ± «- 0/0- - 0; thus 




X 7 T 


„a z ± - i)cos<£ - I (or - 2a z + l) 


( 47 ) 


Now choose a so large that | a{~ ± +J(z" - 1) cos <f>\ | > I, 
(0 ;g <f> ^ tt) ; then, expanding both sides in descending powers 
of a and equating coefficients, we have 


r»(0 = 


1 r___ 

■rrJoi- — — 0 «*#» + ' 


The integrand has a singularity if z lK /(z : - 1) is real and 
numerically less than 1. In that case z : (r - 0 must be positive 
and less than 1, and therefote z‘‘ is negative, and z is purely 
imaginary. Hence the imaginary axis in the complex ^r-plane 
is a line of singularities for the integral. 

If z = 1, P„ 0 ) = 1, so that the positive sign must be taken ; 
if z = - I, P„0) — 1)”, and therefore the minus sign must 

be taken; Hence, for values of z such that R(c) > 0 , 



<i<f> 

- I) COS <£P‘ + 1 


(48) 


while, for values of z such that R(j) < 0 , 


r» 0 ) 


1 r r ity 

-rrJ oO ± vA-’ ~ 0 cos ^1“ + 1 


( 49 ) 


§ 11. Expansion of a Function in a Series of Legendre 
Polynomials. If we assume that the function fix), which 
satisfies Dirichlet's Conditions (Ch I., § 2) in the interval ( - 1, 1), 
can be expanded in the series 


fix) = 

n « 0 


(50) 
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and if we further assume that the series on the right of equation 
(50) can be integrated term by term over the range (-1, 1), 
then, exactly as in the case of the polynomial considered in 
§ 7 {Note), it can be shown that 

A„ - —-t-j" f(x)i\ir)dx. . . ( 5I ) 

A proof of the validity of this expansion lies beyond the 
scope of the present volume; it can be proved, however, by 
methods similar to those employed in Dirichlet’s proof of 
Fourier’s Theorem, that, if - 1 <4 ■< 1, the sum of the series 
on the right of (50), with the values of the coefficients given by 

(5 0. is *{/(*• - °) + /(- r + <->):• 


Example. 1. Show that 

/1, if n _ 0, 

I 0, if n ~ 2 , 4, 6, . . 

" ~ ' (. 

( - 1) 2 — , if n = 1, 3, 5, . . . 

c-'jt; ) : 


^Vn{x)dx - 

J 0 


li ! 


Deduce that, if f{x) - 0 for - 1 1 < 0 , ami j,x) - 1 for 0 <j- % 1, 

/(*) = 4 + “ 2 * 2 ' i + 2' 3^2 : }>s ^> “ ■ • • 

Example 2. lly considering the integral f !i - 2.xh + h ' 1 )~i.rdx, 

J U 

show that, if « > i, 


f t P„(-i )dx = 

J 0 


/U, if n is odd, 

| (« - 2) ! 

V-o"*)i|\” - ')'• 


, if n is even. 


Deduce that, if f(x) — 0 for - 1 ■ .1 - 0 , and f\X) = x for 0 < x “S I, 


/(■*)“ , a + 4 * > i(') + 'V') + 2 ; .4!2!^ J ^ 


2’. 0 


'3 P , 


Examples 


I. Show that, if tt is even, 


l J n(0) - (- 3 • ' ■ lVf«)= 0, 

2 . 4 . . . n 

while, if n is odd 

. " ~ 1 1 . 3 . . . n 

P„( 0 ) » 0 , Lim {l‘„ 0 d,W -- P»(«) — (-!)•• 2. 4 ,y 
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(i) P«(M)=( - i)» -' 2 3 4 - - «, «+ 4, i, M*)> 

(i>) p*n+,0*)=(- * )" 3 2 5 4 ;; -(^rV( 

3. Show that 


Pn(- 4) - Po(~ 4)P*n(4) + Pi(- 4)Pw-i(4) 

+ • • • + P»>(- i)Po(i)- 

[Expand both sides of the equation 

(1 + r 5 + r 4 ) - * = (1 + z + s 3 ) _ &(i - - + c 3 ) - * 

and equate the coefficients of r 3 '*.] 

4 . If v = p ± */(jx 3 - 1), show that 


Pji(m) = 


(2«)! 


if 11 P( 4 > - », 4 - **, v*). 


2 «*(» *y 

[Expand both sides of the equation 

(l - 2)xZ + Z*)~l = (l - 

in powers of z, and equate the coefficients of tr".] 

5. Prove that 

(i) (2n + i)(i - F »)P'„ = »(«+ 1 ){ P»t — 1 - P„ + d, 

<“) l> - 3) . 


(iii) (m + n+ l)f P„//u = /« f p™ - 'P» - 
Jo Jo 

= (m - n + : )J 0 M m Pn - a"p- 

6. Show that 

P„(cos 9 ) = cos ”9 F(- Jrr, 4 - in, 1, - tail* 9 ) 

[In (46) put z = cos 9 , expand in powers of cos <f>, and integrate 
term by term.] 

7. Show that 

P n (cos 8 ) = (cos 49)'"* F(- n, - n, i, - tan 3 49). 


[In 46 put z = cos 9 and 

(cos 9 + i sin 9 cos^}»= (cos J 9 + i sin 4® f'*) n (cos 49+ i sin 4 8 e-'*) n , 
expand, and integrate. Since the integrand is symmetrical m 
and e-'t, when multiplied out it will give terms of the form cos m 4 >, 
where m is an integer, and terms independent of <fi. Only the 
latter give non-zero values when integrated.] 

8 . Prove that, if (u, <j>, z) and (r, 9 , 4 ) are the cylindrical and polar co¬ 
ordinates of the same point, and if p = cos 9 , 


P»w = (- 


r » + 1 

l)n ~nT 


5 ^ 
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[Let/(«, *) = r-» - (« a + «»)-*, so that /(«,*- i) «{«»+(* _ 
Keep « constant, and expand by Taylor’s Theorem ; then 

/(«, g-*) = f(u, s)~ *, -^/(«, *)+■ • ■ + (- i)Y, 

and 

/(«, * - 4-) =» (r« - 2&r + &) - i » ^ * 


= LN>p ( 

r r '’ 1 


Equate the coefficients of X” 1 .] 

9. Show that V 2n + t (p) can be exptessed in the two following forms :— 

(0 ( 4 W + 0 P»» + ( 4 « — —2 4 . . t 5P2 4 

(li) (2» 4 l)P-,m 4 2 fJfiP m _ 1 + ,'2» - - 2 

+ . . . + 2p a » ~ ‘Pi + n m . 

10. If tn and n are distinct positive integers, show that 

| (I - fx J )P'm\fi)P'n(u)<^ = 0. 


11. Prove that 


w f‘ mw , ;b 

00 J_p»P„ + 1 ( M )P„-,( /1 >/p - v2wL ,x2„”f i)Ut7) ; 

('*•) J + 4(2» 3 + >) + »C^V 3 )' 


12. Show that 


r 1 PinfrV/i 


(- *)» 


J _[(’ + *r J /‘ + « 2»+ 1 tl + /X/ 1 + * 

[Assume that | X | < 1, expand in powers of k , and use ((9).] 

13. If m and n aie positive integers, show that the integral 

f P„(i os 6 ) cos mO sin 8 d 8 

Jo 

has the value zeio if m < n or if m - n is odd, while, if m a n and 
m - n is even, it has the values 

_ {«_- (» - 2)\{tn - (ft - 4'} • - ■ (/" - 2 )m\m 42'... {>>1 + (« - 2)} even 
jwi - (n 4 1)}{/« -(»-i)} . . (tn - 1 )(m 4 1) . . . [m (n 4 t)} ’ ’ 

_ 2 ! w -("- (»- 4)( • ■ • »)('" + 0 • • - {'" + (»- -)! n 

{/« - (n 4 I)}]/« - (ft - t)} . . . (m - l\m 4 2) ...{/» 4 (« 4 l)}’ ’ 

or, for n either odd or even, 

{m - (ft - 2)}{w - (n - 4)1 . . . { m + (« - 2)} 

2M {tn - (ft 4 !)}{/« - (» - i)\. . . {m + (n + !)}’ 

the factor m being omitted when » is zero. 
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[From { 9 ), P n (cos 0) = C« cos ttB + C* _, cos {tt - 2)3 + . . . , so 
that, if I denotes the integral, 




m + n - 1 + m 


-—I 

- n + 1) 


- n - i 

Hence 1 = (Polynomial in >n) 4- (Polynomial in trt), the denomina¬ 
tor being of one of the forms given in the first two formulae, and 
the numerator being an even polynomial of degree 2 less than the 
denominator. This holds for all even integral values of m - n, and 
the factors of the numerator can be deduced from the fact that 
1=0 when m = ± In - 2), ± (« - 4). . . . The constant factor can 
be determined from the fact that 

Lim m‘l = - 2(C„+ C„ _ . . . ), 

m —> 30 

since, when 0 = 0 , P„(t) = t = C» + C„ 

14. Show that 

cos m 9 = B, n P m (cos 9 ) + B„, _ 2 P m _ s (cos 9 ) + ... , 
where 

{ m - (n - 2)){ m - { n - 4)} . . . {»: + (n - 2)} 

\m - (rt + !)!{/« - (ft - I)} ... {m + {n + I)}' 

15. Verify that 

cos 9 = P,, cos 20 = JP-j - 4 P 0 , cos ',0 = ?P 3 - ’Pi, 
cos 40 - §JP< - i?P* - APo, COS 50 = V--P, - JP, - ip„ 

cos 60 = ?JfP« - ISSPa - *P 2 - s'jPo, 
cos 70 = V1VP7 - if?P» - \ill\ - ,‘..P„ 
cos 80 = VWVP. - JUMP. - ,V«S P 4 - iVsPj - 
cos 90 = HI HIP) - - liiP, - t VjP, - A]*,, 

cos io0 = YAWP., - tnni'u - AV.P. - tW«l*4 - «W«Ps - AP.- 

16. If m and n are positive integers, show that the integral 


B» = - (2 n 4 - I )rn 


( P 7i (cos 0) sin m9 <i9 

J 0 


17- 


has the value zero if n -s m or if rn + n is even, while, if and 

m + n is odd, it is equal to 

( m - n +J ){m - n + 3) . . . (/« + n - 1) 

(m - n){m - n + 2) ... (m + n) 

From the previous example deduce that, for 0 <0 < w, 

2.4... (2/1) 


P» (cos 0) 


I . 3 . 5 . . . (2« + I) 

8 . . . (2 n+ 4) 

~(2«+T) 

18. Show that, if in and s are positive integers, 


4.6... {ztt + 2) 6 

*r?TT7( 2 »T-3)‘"’(“ + 3)« +s - 7 


sin {n + 1)0 

sin {n + 5 ) 0 + 


[ Pm + B (coS0) cos (>«0) <70 = * ^ + + S + 

to ' 1 (r + 1)«(//» + i + I) 


[Use formula (9).] 
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19 . Employ the transformation 

0 * ± •/(.!* ~ t) cos £)(p + l/ip* - l) COS 1/1) = I 
to prove that Laplace’s First and Second Integrals are equal. 

20 . If /{p) is a polynomial of degree n such that j p m /{p)dp = 0 for 

« *“ 0, 1, 2, . . . , n - 1, show that /(p) is a constant multiple 
of P„(p). 

[Let f^p) = J /s(m) = ; then, by partial 

integration, 


f p m /i/)dp = /i(p)/' w - > n /</)p m ~ 1 + • • ■ + ( - i ) m . ;« ! /„, + i(^). 

J —1 

Now put /« = 0, 1 , . . . , « - 1 , and deduce that /iip), //p), . . . , 
/nip ) all vanish when p = 1 . Thu->/ n (p) and its first n - l deriva¬ 
tives vanish when p = 1 . But this is also true when p = - 1 , and 
/n{p) is of degree 2w Therefore 

ii n 

/n{p) - C{p - l) n (a + t)' 1 = C(/»> - 1 )’*, and /(p.) = 

21. If m is a positive integer, and 


(l - 2uJ + 


show that 



1’m.nt.p) - 


2 m . m ! ti' n j 
(:w) • ,ip m 


i» + 


nip)' 


Deduce that P m-J1 (p) satisfies the equation 

it-y i/v , , 

(1 - X ' 1 )/ xi - -i»‘ + 1)1 J f «(-«' + n + 1)/ = It. 


22 . 


[Differentiate the equation (1 - 2 pz + - 3 ) 1 = 2V n {p)z n >n times 

with regard to p. For the second pait put ni + n for n in Le¬ 
gendre’s Equation and ditlerentiate m times.] 


Prove that formula- (1 y) and tco) hold for any values of m for which 
the integrals are convergent. 

[For example, if r is eten, let I’rO*) - L\>p r + C a p r ~ a + ... + CV, 
so that P r (t) = 1 C» + C 3 + ... + L\. Then 

1 


1 as C 0 + C- , + 

rn + r + I ' 1/1 + r - I 


. + Lf 


m -1- 1 


K 


m{m -2)...(///- r t- 2) 

(»i + r + 1) {hi + r - 1 ) . . ■ ('« + 1)’ 
since I vanishes when m ■- O, i, ... r - 2. But 
Lint wl a Cj + C, + ... + C,. - i, 


and therefore K * t.] 
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THE LEGENDRE FUNCTIONS 

§ i. Legendre Functions of the Second Kind. Le¬ 
gendre’s Equation (IV., 12) 

(1 ~ ~ 2X< Jx + n ( n + = °’ ' 0) 

where n is any number (not necessarily a positive integer) has, 
according to the theory of linear differential equations, two 
linearly independent integrals. It is found convenient to 
obtain one of these in the form of a series of descending powers 
ofx 

Let y = .t*(c u + c Y x ~ ' + cat 

and substitute this expression for y in the left-hand side of (1): 

then 

(i - x*)y" - 2 xy + n{n + 1 \y 

= - ■*%! P(p ~ 0 + 2 P ~ »(« + I)} 

- ip - I ){p- 2) + 2 (p - 1)- u(n + I)} 

+ - 0 - 2 ) 0 >- 3 )+ 2(p - 2) - «(» + 1)13 

+ . 

+ .** - » [c, _ 8 (p - V + 2)(p - 1 / + I) 

- C„ {(/> - v)(p - V - I) + 2(p - v) - «(« + I)}] 

+ . 

= - •*%<(p - »)(/> + « + I) - x* - 1 aCp - « - I )(p + ft) 

+ X>--‘[c 0 p(j> - I) - <-,(/> — » — 2) (p + « — I)] 

+ ** _ "[c, _..(/> - v + 2)(p - v + I) - r v (p - « - v)(p+ n — r- + 1 )] 

+ .......... 

If the coefficients of the different powers of x in this 
expression all vanish, Legendre's Equation will be formally 
satisfied by the series for y : if, moreover, the series is con- 
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vergent, it will define a function which is a solution of the 
differential equation. 

The equations obtained by equating the coefficients to zero 

are 

~ n )(fi + n + 0 = 0. 

C\{p - l)(p + «) = 0, 

c,(p - n - 2){p + n - 1) = f 0 p(p - 0* 

c»{p -n ~ 3)0 + » - 2) = Cj(p - i )0 - 2), (2) 

r»0 “ n - 00 + ft ~ v + 0 = d-j(p~ v + 2)0y + 1)1 

Since r 0 is the coefficient of the first term in the expansion 

it must have a non-zero vaiue ; the first of these equations can 
therefore be written 

0 - «)0 + » + 0 = 0. ■ • • (3) 

This is known as the indicia! equation , as the solutions p t = n 
and pj = - n - 1 give the two possible values of the index of 
the first term in the series for y. 

The coefficient of c, in the (»< + i)th equation of (2) is of 
the form 

(p ~ Pi ~ >’)0 ~ Pi ~ l ')- 

If p = Pj or p = p a this coefficient will not vanish unless pj and 
p 2 differ by an integer; i.e ., unless 2>i + 1 is an integer, or, 
what is the same thing, unless n is an integer or half an odd 
integer. It will be assumed, to begin with, that 2n + 1 is not 
an integer. 

Accordingly, from the second equation of (2) it follows that 
=> 0: hence, from the fourth equation, <r 3 = 0, and similarly 
c, = 0 whenever v is odd. Again, 

P(P- 1 ) 

u (p — ft — 2)(p y ft — 1)’ 

e _ c .Jp. - 2 )(p - 3 )_ 

4 l (p-n- 4)(p + n - 3) 

_ pip - 0 (/>- 2)Q>- 3 ) _ f 

“ C °(p -n - 2 )(p - n - 4)(p + n - 1 )(p + « - 3)’ 

and so on. Thus the two solutions which correspond respec¬ 
tively to p = n and p «= - n - 1 are 
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f it(n- i) n(n - i)(« - 2)(« - 3) 1 

* - " 2 ^if“ s+ " - • • • I 

_/ # i —» i \ .. 

-V*F(- j . -- «,*-). ■ • • ( 4 ) 


- 0 ,- 4 , + (fjtjXiLLi),-, 


J'j = V 


\ ' 2(2* + 3) 

+ (”_t JX» + 2 )(« + 3)(« + 4)^-4 + 
2 • 4(3*' + 3)(2« + 5) 


= <v 




w, .r ~ 


Let the function Q u (r) be defined by means of the equa- 


Q„(.r) = B(L n + i ), 2l .!„+,L(” 2 ’, » + 2 ■ ]-•-•) = ( 6 ) 


then, when 2« + i is not an integer, Q„(x) is a multiple o( y P 
and is therefore a solution of Legendre’s Equation. 

If n is an integer or zero , all the coefficients in y\ and y t are 
finite,* and therefore both solutions still satisfy the differential 
equation. In particular, if n is zero or a positive integer,^, is 
(cf. V., 6') a multiple of P„(.r). If, however, n tends to a nega¬ 
tive integral value, F(« + r) and therefore B( 3 , n + i) tend 
to oo , so that the function Q„(.r) ceases to have any value. 

If n tends to half an odd positive integer , some of the co¬ 
efficients in the expansion y x tend to oo , so that this solution 
no longer exists. On the other hand, the coefficients in the 
expansion y 2 remain finite, so that Q n (x) is a solution in this case 
also. 

Finally, if n is half an odd negative integer, the coefficients 
iny t remain finite. But, in the expansion (cf. IV., 45, 39) 


*/iT r(« + 2r + 1 ) I 

(2xf +» 2 7 T r( 7 T~t‘T r) ( 77 F' 

r - 0 


(6a) 


• There may, of course, be a zero factor in the denominator of the expres¬ 
sion obtained from (2) for c* (v odd) in terms of c Q , but this will be cancelled by a 
similar factor in the numerator. 
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for Qn(x) the factors l/I\« + \ + r) are zero if n + » + r is 
zero or a negative integer; hence the first - (n + £) terms in 
the expansion vanish, the first non-zero term being that for 
which r =* - n - Thus 


QnW 


y/ir T( - «)__./ « I - « _I 

(2J-) _n r(- >/ + \ 2’ 2 ’ 2 


«, X 




which is a constant multiple ofjjq. 

It has, therefore, been shown that Q n (x) is a solution of 
Legendre’s Equation, unless when « is a negative integer. The 
series for Q„(-r) converges when j x | > i, and the function Q n (x) 
is known as the Legendre Function of degree n of the Second 
Kind. 

Example. Verify that 

(i) Q„(i) - * log ( ’ + M, 

(ti) Qi(i) = * log | j - l. 


[Expand the right-hand sides in descending powers of x, and compare 
with formula (6).] 

§ 2 . Legendre Functions of the First Kind. The sub¬ 
stitution x = i - transforms Legendre’s Equation (i) into 
the equation 

f(i - + (i - 2(jjg + tin + i)v = 0, 

which is Gauss’s Equation (IV., 19 ) with a = n + I, /S= - 
y =. 1. Now it has been shown that, for all values of n, 
F(« + 1, - u, 1 , () is a solution of this equation; thus 
Legendre's Equation is always satisfied by the function 

F(» + 1, - «. 1. —y—)• 

But, when n is a positive integer, this is the function P„(.r) 
(cf. V., 7). We therefore, for all values of n, define P„(j"), the 
Legendre Function of degree n of the First Kind, by means of the 
equation 

P„(.r) = F^ - w, n + I, I, 1 2 )■ • • ( 7 ) 
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This series is convergent for j x - i [ < 2. Since 
f(» + i, - n, i, ■— F ( - «• » + 
it follows that 

P»0) = P-»-,W • ■ • (8) 

P„0) is the more important of the Legendre Functions when 
|-r| < i and Q n (x ) when |jr| > i. 

§ 3. The Recurrence Formulae for P„0) From (7) we 
have, for all values of n, 


(« + I)P« + ,0) - (2n + I )P„0) + «P»_ ,0) 


r - 0 


-( 2 »+ 1)2 


« - i)(« - r + 2) . . (n + r)/x-i\ T 


(r!)-’ 


n ■) 


+ n 


(n - ;-)(« - r + 1) . . . (» + r - I )/x - I \ r 
(/>)- \ 2 ) 


00 

= [(»+ 00 + 00 + r + 1)- (2»+ l)(«- 0O + 0 

f “ 1 + «(« ~ r)(« - r+ 1)] 

(« - r+ 2 )'n - r+ 3 ) (» + >■- ij/r- i\ r 

X 0!)" V 2 _ j ■ 


The expression in the square bracket is equal to 2(2n+ i)^; 
hence 


(« + I)P„+ ,(-*■) - (2« + 0 F « 0 ) + «P»-)W 

= (2« + i)0 - i )P„ 0)> 

so that 

(« + l)P„+, 0 ) - ( 2 « + 1 >P* 0 ) + wP n - .0) “ 0 - ( 9 ) 
Again, P'„ + j(x) - P'„ _ , 0 ) 


■s 


(» - r + 2X« - r + 3)...(»+ r + 1)/x - 

200 - I) Ip V 2 


’) 


r - 1 
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T-i-T 


^ (n ~ r)( n - r + 1). . . (n + r - 1 
~ 2r\{r - 1) ! }* 

r — 1 
00 

- [(« + r X n + r + 1 ) “ (» - 0(« - + i)] 

r — 1 

(« - r + 2)(« - r + 3) ...(«+ r - i)/x - iy 1 
* “ 2r{(r — I) ! j" ' V 2 ) ’ 

The expression in the square bracket is equal to (2« + 1 )( 2 r) ; 
hence 

l''„ + iO) - I v »-i(r; --- ( 2,1 + 1)1',//-). . (10) 


Again, differentiate (9) and substitute for 1 ’',, _ ,(.1-) from 
(10); thus 

P'„ + ,(x) - .rl‘ „(.i; (// 4- i)I’„(x). . (It) 

Next, subtract (11) from (10) ; then 

- I' ,, _ ,(.t) = . . ( 12 ) 


Finally, multiply (12) by x, write n - 1 for n in (11), and 
subtract; thus 

•(x 2 - I )F n (x) = mx 1 ‘„(x) - ni’ n _ ,(.r) . (13) 


§ 4. The Recurrence Formula for Q„(x). From (6) 
”Qn - i(-r) - (2 n + I >rQ„(x) 

r «(« + 1 ) ...(«+ 2 r 0 ) 

= T(w+ i) 1 ^cjr'( 2 w+ [)(2 «+ 3 ).. ■ ( 2 «+ 2 r- 1 ) | J_ 

2'T(«+-i) _ («+!)(//+ 2) .. . («4-2r) aV 

'“‘l /-! (2« + 3;(2W + 5). . (2»4-2r4-l)) 


JTT.I\n+2 ) 1 

2 n + T(« + ':) x“ f • 


(C 



1 ) - (w 4 - 2 >-)( 2 >l + l)] 


* “ I 

(« + 2)(w + 3) . . . (w + 2r-l)_ I 

r ! (2« + 5)(2 n +7) . . (2// 4- 2>- 4 - 1 ) 2 r " *.r lr ~ ' J 


The expression in the square bracket is equal to - 2r(« + 1); 

hence, if n =*> 0, 

(« + I)Q« + ,(■*) - (2« + 0- r Q..(- 1 ') + "Q«-i(- r ) “ °> ( [ 4) 

while, if « *= 0, 

QiO) - +1 = 0. . . (15) 

8 
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Again 

Q'»-i(*) + (2 n + i)Q„C*) 

Jrt. Tin + i) i 
" ~ 2»r(»+i) x*+* 

(n+_i)(n+ 2 )...(» + 2r- i) («+2r)' 
rl (2«+ l)(2«+ 3). . . (2*+ 2r- ij 2V 

_(« + i) (« 4 - 2) . . . ( w + 2 r) X 

H (2»+ 3)(2«+ 5) . . . (2 n+ 2 r+ i) 2 r x ,r 
s/tr.TXn+ 2 ) i 
2 n + t T(n'+J) *«+* 

(n + 2 )(n + 3) . . . («+ 2r- i) «+ 2r 
~(r- i)! (2« + 5) 77 '. ( 2 n + 2 r + i) 2 y ~ T x"~' 

= Qn + 

Thus 

Q'n + iO) ~ Q'n - ,(*) = (2« + l)Q„(x). . (l6) 

As in § 3 it can be deduced that 

Q'n + ,(-*•) - *Qn(x) = (» + l)Q„(-r), . (17) 

^Q'nOO - Q'n-A x ) = »Q„C*), • . ( l8) 

(x- - I )Q'„(-r) = nrQJx) - »Q n _ ,(x). . . (19) 

Example 1. Show that 

(•) Q>M = iPiU) log^M - u, 

(") QsW = iPj(j') H - 5 -» a + ?■ 

[Use (14) and § 1, example.] 

Example 2. Show that, if n 4= 0 , 

(i) (» + 0 fP« + iQ n - Q„ + ,P„} = * jP„Q„ _ , - Q„p„ _ l(i 

(ii) (n + 1 ){P„ + 1 Q„ _ , - Q„ + ,P„ _ ,} = ( 3 n + 1 ).t jP„Q„ _, - Q„p„ _ a 
[Use (9) and (14).] 

§ 5 - Theorem. For all values of n, 

(** - 0 {Q»WP'-C*-) - PnWQnWi = C, . (20) 

where C is independent of x. 

Since P„(.r) and Q„(;r) both satisfy Legendre’s Equation, 

—(C 1 - **)P'„(*)} + n(n + i)P„(r) = 0, 

~{(l - x^Q'Jx)} + n(n + i)Q n (x) = 0 . 
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Multiply the first of these equations by Q n (x), the second by 
P„(;r), and subtract; thus 


Qn (*)^{( 1 - ^)P'n(*)} - P»W^Kl 


* 2 )Q '*W! = 0. 


Therefore 

(I - ^){QnWP”nM.- P„MQ"»(*)} 

- 2X{Q n (x)P' n (x) - P«(-f)Q’n(-f)} = 0 , 
or /[(I - * 0 {Q/*)P'„M - PnWQ'.W!] = 0 , 


from which the theorem follows. 

Corollary. If « is zero or a positive integer, C = I. This 
can be established by replacing Q n (jr) and P„(.r) by the series 
(6) and (V., 6) and making x tend to 00 . 


Example. If n is a positive integer, show that 
Q n (a) = _ 1 }i p n(t) p- 

[From ( 20 ) it follows that ^.{Q>i(i)/P»( 1 )} = - (t 2 - 0” '{Ph(-»)1 ~ *.] 


Christoffel's Second Summation Formula. From (9) and 
(14) we have 

(n + l)P n + 1 (x) - (2n + 1 >rl’ n (x) + «P n _ ,(.r) = 0 , 
and (» + i)Q, l + 1 C>') - (2« + 0/Q„0) + «Q»-iO') = 0. 

Multiply the first equation by Q„(y), the second by P„(jr), and 
subtract; thus 

O + I ){Q«(t)P» + .W - P»0')Qn + ,0')! ( 21 ) 

= «{Qn- 0')P«W- P«-iWQn0')l + (2«+ i )(x - ;')P«WQ»O0- 


Similarly from (V., 32) and (15) 

Pi« - xP u {x) = 0 , 

Qi(t) - yQly) + * = 

so that {QoOOPiW - P«WQi(/)} 

= 1 + (* - JOPoMQoW- ( 22 ) 

In (21) put « = 1,2, 3, . . n, and add the resulting 
equations and (22) : thus 
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(y - *)A, = !-(«+ l){P„ + ,(x)Q n {y) - P»(*)Q» + i(jOh 

where 

A.= PoWQoW+3PiWQ 1 (7)+ • ■ ■ 

+ (2» + OPnWQnC/)- 

This is Christoffel’s Second Summation Formula. 


Examples. 

1. If tt is zero or a positive integer, show that 

Qn(r) = if (Neumann’s Formula). 

J -i-r - C 

[Expand (x - £)-i in descending powers of r for ) t | > I, and 
use Theorem III. of § 6, Chap. V.] 

2. Verify that, when n is a positive integer, 

3. Show that the substitution v = x ± \/(x‘ - 1) transforms Legendre’s 

Equation into 

F>(I - -«(«+!)(!- »-)y = 0, 

and that the further transformation X = >< 2 changes it into 

4 A*(i - A)^| + 2 A(r - 34 - «(« + i)(i - A)y = 0. 

Deduce that any solution of Legendre’s Equation can be put in the 
form 

A>.-»F(i, - n, i - rt, F 1 ) + Bu n + *F(i, »+!,»+!, v ! ). 

If n is a positive integer, and if £ = x + VO*" 3 - 0 > where 
amp - 1) = 0 when x is real and > 1, prove that 

Q " W = 2 2 -V 4 (2n + 0* - " - ’ F (*. « + « + I. p) 

= B(« + 1, i)f -B-, F^i, » + i, n + i, ij. 

I ® d/// 

0 {x + \l(x? - l)cosh«i" + 1 
[From (IV., 27) and example 3, 

Qn(x) = ^ — — if — *(r - /)»(I - f/f1) -n~\ dt. 

J 0 

Here put f = (v - i)ftv + 1), so that v = (1 + l)'{\ - l) ■ then 

Q»M - -+■[,* {(« + |) + (i - [)»}""' V( 5 -Ty p ”‘ 

v = cosh «.] 
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5. If n is a positive integer, prove that 
(- 2) n r(« + 1) d n 




Q»( r ) J'(2« + l) 

[Show that (r 3 - l) n is a solution of 

dy 

0 - + 2 (* - «)•» = 0 

By means of the substitution y — 7>(v 3 - l) n deduce that the 

1 00 dx 

. . , Then differentiate the 

* (a 3 - i) n + ' 

equation n times, and get Legendre’s Equation ] 

6 . Show that 

f P m (x)V n (x)dx 

j X 

= wP„(r)P,„ _ i(x)_- «P m (r)P„_ (1.1) - (»1 - n)xV m (x)V„{x) 
(_/n - »)(/« + n + 1) 

deduce that, if m and n are positive integers, both odd or both 
even, 

f P ra (-r)P„(.>/r = 0, 

J ft 

while if m is even and n odd 

+ ! n ' __ 


f'p m (t)P»(a>^ = (- t)‘ ( 

Jo 


2 m+n-i (w-ri)(m + n+ ') 


[Use the method employed in the second proof (p 94) of Theorem / , 
1 ; 6, Chap V , the formula (13), and ex 1, Chap V ] 

7 If n is zero 01 a positive integei, show that 


Qn{r) = iPn(t) log - W*-lW 


where W„ _ ,(1) is a polynomial of degree n - 1 
[In « t write Q„(.)= - * J'_ ~ 

and in the second integral divide out by 1 - £ before integrating ] 
8 . With the notation of ex 7, show that 


W n - i(») - j n P» - i(r) + ^ __ ^P» _ s(») + 

[Substitute the expression obtained for Q„(t) in et 7 in Legendre’s 
Equation, put W„ _ x (x) ^ a,P„ _ ,(.*) + itjP„_,(a) + . . . and 
use formula (V., 26).] 
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9. Show that, if j x - 1 | < 2, 

QnW = AP n (jtf) log + R»(~ 5 ). 

where A is not zero and R, t ^ 1 — * jis a convergent series of powers 

-m 


In the differential equation 

40 ~ + (1 - 2f)^ + n{n + i)y = 0 

considered in § 2, put 


y = ; 

r — 0 

4 (t - + (t - 2^ + »(» + 1)/ 


(A) 


then 


= (• - 4)4 P ~ + r)(p + r- \){* + (I - 2f)f> - >^r(p + r)gr 

r — 0 f •» 0 

CO 

+ »(»+ I 

r =» (J 

00 CO 

= 4 P ~ 1 [r„p 2 + ^?Cr(p + | - P + r - «)(p + r + » + i )i T 

r — i r — 0 

= 4 p 3 4 “ - 
provided that 

Cr + i(p + r + i) 3 = r,(p + r - »)(p + r + « + i), r = 0, 1,2,... 
Thus 

(p - ")(p +«+•). 


= Co 4 p | 


I + - 

+ 


'4 


(p+ 0 3 

(p - «)(p - « + _i)(p + « + i)(p + « + 2 ) 

(p V l)*(p + 2)« 


4 2 + • • • } 


is a solution of the equation 

-£y . 

■’d& 


4(1 - 4 ) 5 f 2 + (» - = 4 >J C + »(« + t)y = rop^o - > ; .(B) 


and, by differentiating this equation with regard to p, we see that 

z = ^ is a solution of the equation 
t>P 
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Now 


*~y iogf+ c^j 


■ (j>-n)(fi+»+ 1 )/ 1 1 _ 2 N , 

i) 5 * \p — n p + w+ 1 w 

(p-«)(p- « + i)( fi + n+ i )(p + n+ 2) 

(p + 1 ) 3 (p + 2? 

1 


1 1 _ 1 _V 

p - p — n + 1 + p + n + 1 _j_ 

I 2_ _2_ I 

|J+ W+ 2 p + I p+2 ' 

If the value of p be taken to be zero, equations (B) and (C) 
both reduce to equation (A), of which y gives one solution 

y, = F(- », n + 1, 1, £) = Pn(*), 

by (7), and z gives a second solution 

f(-n)(»+ 1)/ 1 2\ ■) 

j I s \ - n 4 ' n+ \ 1 )£ 

j (-»)(-»+i)(»+!)(«+2) j 


y*=v\ i°g£+ -j 


i*. 2- 


L 


, 1 1 1 , 

— + -- — + ' 

- n - n+ 1 n + 1 

1 2 2 

\ + rt + 2 ~ 1 ~ 2 1 


P + 


J 


The second solution Q,/*) of Legendre’s Equation is then of 
the form 

Q„(x) = A y, + Hvi, 

and since it is linearly independent of P»(ar), or/,, A cannot be zero : 
thus tlie required result is obtained, 
to. If n is not an integer, show that, for j .t + 1 | < 2, 

_ , . sin«77 i\ + x\ _[ 1 + r\ /I + x\ 

*»(*) = n - lo K jh - n, n + 1, 1, —- j + R»^ — 2 - J, 

where ^ is a series of powers of ^ *J. 


It can be proved (Bromwich, Infinite Series, Second Edition, 
p. 149) that, it the series 7 a„, 7.1 „ are both divergent, while the 
series 2<z„.i' n , 7 b„x n are convergent for | x j < i, and if a n >b n tends 
to a definite limit when n lends to infinity, 


Lim 

X —> I 


7 u„x n 

SinX" 


Lim 

ft —> 00 




Now let SOn f" and 2b n £* denote the series (Cf. 7), 
(- «)(» + i) (- w)(- n + t)(n + 1)(» + 2) 

»»I “ ~ J "» ! 



120 


SPHERICAL HARMONICS 


[CH. VI. 


Or 

Vt 


“ d TT^ = r^ = ^ I + f+ ^ + --- ) - 

where £ = (i - x)/2 ; both series are divergent when £ = l or 
x = - \ : then 

(-»)(-*+ >) • • • (- ft + r - I)(» +_!)(«+ 2) . . . (« + r) 

r\ (/- - r) ! 

(-«}(-» + l) . . . (- n+ r- i) (» + i)(»+ 2) . . . («+ i +r- l) 
~(r - i) ! r~ n {r - i) ! r’M - 1 1 

so that, from (IV., 34), 

T . a r 1 sin rtit 

Lim . = - — — = —, 

r® t>r r(- n)V(n +1) tt 


by (IV., 40). Hence 

Lim ( t + J )?'„(•») 


sm nn 

it 


If now the substitution x = 2£ - 1 be made in Legendre’s 
Equation, it is transformed into the equation discussed in ex. 9 ; 
namely 


«■ - 0% + 0 




n(n + \)y = 0, 


and the general solution is 

y = A log£F(- n,n+ 1, t, £) + R„(£), 
where R„(£) is a convergent series. Thus 

P»(*) = A log * ~)f(- «-«+'. I, + R n('-^-—) 

and 

(I +ar)P'„(jr) = AF ^ - «, *+ t, 1, J + (I + x) log (l + 

+ (> + • r )Tn(—). 

where Sn^ 1 * and are convergent series. Hence 

Lim (1 + x)Y‘ n {x) = A, 


so that A = 


The required expression for V n (x) has there¬ 


fore been established. 

11. If n is zero or a positive integer, show that neither Q»( 0 ) nor Qi»( 0 ) 
has the value zero. 

From exs. 7, 8, if n is even, Q»( 0 ) = iP«( 0 ) log ( - 1), which 
has a non-zero imaginary value. Again, (§ 5, Cor.), 
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Q n {x)V'n{x) - Pn(*)Q'n(*) - 

so that, if n is odd, Qm( 0 )P»( 0 ) = - i, and therefore Q n ( 0 ) does not 
vanish. Thus Q„( 0 ) is non-zero for n — 0 , i, 2, 3, . . . 

Again, from (a), if « is even P n ( 0 )Qn( 0 ) = 1, so that Qi,(0) 
does not vanish. If n is odd, on differentiating the formula of 
ex. 7, it is found that Qn(0) = 4Pn(0) log (- 1) ; but log (- 1) is 
imaginary, and therefore Qn( 0 ) cannot be zero. Thus Q«( 0 ) is 
non-zero forjz = 0, 1, 2, 3, . . . 
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§ r. Solution of Legendre’s Associated Equation. In the 
equation (IV., 13) 

(1 - ar)y" - 2xy + j»(« + 1) - —— -,Jr = 0 (1) 

put y «= (xr - 1 ; then 

(1 - .r 2 )//' - 2 (yn + 1 )xu + (ti - w)(« + m + i)« = 0. (2) 
Again, by differentiating Legendre’s equation (IV., 12) 

(1 - - 2x y + K" + 1 )y = 0 


m times, we can show that 

. ,.d m + 2 y , . d m + 'y 

(I - x i )- r ——d _ 2(m+ l)x~r -—f 

v + a v ~ j m + 1 


dx" 

, ,, . ^”' 1 ' 
+ (« - m)(n + m + 1 )^.,- 


0, (2a) 


which is the same equation as (2). 

Accordingly, if m is a positive integer, two 
solutions of Legendre's Associated Equation are 


and 


P-(r) = (*» - 

QnW - (** - 




' dx m 


independent 


(3) 

(4) 


These functions and Q™(x) are known as the Associ¬ 

ated Legendre Functions , of degree n and order m, of the First and 
Second Kinds respectively. The amplitude of [x L - 1) is taken 
to be zero when x is real and greater than 1. 

Since (VI., 7) 



T(» + r + l) tx - i\ r 
T(« - r + ij(r !) J \ 2 ) ’ 
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d m P„(x) _L''C_ r(« 4 - r 4 - I) _ (X - i\ r ~ m 

dx m ~ 2 m **4 D« - r 4- 1 )r ! {r - ni) ! V 2 / 

r — w 

i_ r(« 4 - w 4 - r 4- 1) ^ - IN^’’ 

= 2 m I"(« - m - r + 1 ;(m 4- F)! r! \ 2 / 

r ■= o 

1 T(n 4- m 4- 1) 

~ 2 m r(«- »* + 1).»«! 


Hence 


x F 


+ + 1, m - rt, m + 


TO = 


r(« + m 4- 1) 


v - - .(.r 2 - I )-' 1 

(n — m + ir ' 


2’“ . tti ! F(« - /« + 1) 



x F^/« -*,»* + * + i, tn + 1, (5) 

Tl« + m + 1 ) /.r - i\ 4 m 

w 1 f(« - >n 4- i)\i' + \) 


x F^ - n , n + 1, m 4- 1, (6) 

by (IV., 28) 

Note —If n is zero or a positive integer, and w > «, 
P“ (.r) = 0 , since I/F(« - >n 4- 1) = 0 This also follows 
from (3), since, when n is a positive integer, P n (jr) is a poly¬ 
nomial of degree n 

Again, since (VI., 6) 


QnOO 


Jt t ^ F(« + 2 r+ 1)_ I 

2 71 v ! y ^ 2 2r „tr f> ■+■ 11 

* « 0 


_ lVn JjL NT *> + « + 2r + I)__ J__ 

dx m ' *' 2“+ 1 ;■! F(« 4- r 4- !) 2- r x" + m + lr + J ’ 

r “ O 

so that 

n », v (- O’V - l) 4ffl -_ r (»_+2? _+ _0 1 

= 2" 4 i • F(« 4- \) • jr « + «. + i 


X F 


(- 


4 - w 4 - I « 4 - ;« 4 - 2 


« 4 - 




?)• « 
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Next, in Legendre’s Associated Equation (i) make the 
substitution^ = (jr a - iit becomes 
(I - xr)u" - 2(1 - »t)xu' + (« + «/)(« - m + i)u = 0. (8) 

Now differentiate this equation m times with regard to x ; 
then 


(i - **)' 


!ls d m + 2 « 


dx m + : 


d m + 'u , d'"ii n 

- 2 x - + n(n + i)-- m = 0, 


dx m + 


'dx” 


so that the w/th derivative of an integral of (8) satisfies 
Legendre’s Equation. Therefore, if m is a positive integer, 
the function 

• • • £p,(*x«r, 

satisfies (8), and, if m is a positive integer such that w<R(« + i), 
the function 




f Qn(£M) m 

J 00 


satisfies (8). Thus two new solutions P~ w (.r) and Q~ m (x ) of 
Legendre's Associated Equation can be defined, subject to these 
limitations on m, by the equations 

Pn m « = • • • J|p»(£X4r. ■ ( 9 ) 

and Q~%c) = (x> - i)-^f f* . . . f* Q n ($)(d{) m . (io) 

J CC J CO J 30 

Example. Show that 

(i) Vh + \x) + 2 ^ t3 + _'o P - + 'w = (* - ”‘)' n + rn + \)?7{x), 

(ir) Q" + \x) + *%*'*<& + \x) = (« - /#)(» + m + t)Qn(-r). 
[Compare formulas (3), (4), and (2a).] 

§ 2. Relations between the Associated Legendre 
Functions. Since the four functions P”(x), P' m (x), Q”(x), 
Q„ m (x) satisfy the same differentia! equation (1), they cannot 
all be independent The relations connecting them can be 
found as follows. From (VI., 7), 



f-0 


T(« + r + 1) /X - i\ r 

Y(n - r'+ lW T y\ 2~) ’ 
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so that 
f* ft r f 


fJJ. • ■ - 


r(« 4- r + 1 ) 

T(« - r + 1). r ! (;« + r )! 


<^r 


r — 0 

I , 

1 )™F 

/ 1 - x\ 

= —(x - 
m ! v 

(-«,» + 1, m + l, ? ) 

I rx - I 

\ im ■/ 

' i - *\ 


) F 

— «,//+ 1, w 4 - 1, „ ) 

“ m !\J' + 1 

/ ' 

v 2 / 


IX” - m + Q p-, 
l\« + m + 1) 1 ' 


• (12) 


by (6). 

If m and n are positive integers such that m < n, this 
relation can also be deduced from (V., 13). 

Again, from (VI., 6a) and (10), if rn is a positive integer less 
than n + i, 

q:» = (- in** - 


^ P(» - m + 2r + 1) 
-W r ! n»+r+ r + I) 


-W r! r(« + f+ r + 1) 2 s V - *» + + 1 

_/ lV „ v '' 77 F(» - »/ + 1 )/ _ ,^-im 1 

J 2“+‘ Ix«T7) v ’ ; + t 


.„/« — m + 2 n — in + I 3 i\ 

\ 2 2 x-J 

/_ , \m l X" - M + 1 )' r - _ J_. 

1 1 2 »+> 1’ ;, + |>) V ^ .l" “ W + 1 

X (l - J,)"f(!LL£± i, +- 5 , «+ 3. i). by (IV., 28) 

F(* - w + i) Q;;l( ■ (13) 

I(« + /» + I) 

by (7> 

§ 3. Ferrers’ Associated Legendre Function of the First 

Kind. When x is real and - T <.r-< I, it is sometimes 
convenient to use Ferrers’ function 

, d m 

T» - (I - X^'^niX)- ■ 


(14) 
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instead of P“(x). If x, starting from a point on the real axis to 
the right of x — I, be made to pass round x = I in the positive 
direction to a point on the real axis between - I and + I, the 
function ( x* ~ i)i m comes to have the value (1 - x 2 )^ m e^ mwi , and 
PITO) = ei mri T^(x). . . . (15) 

On the other hand, if x passes round x = 1 in the negative 
direction from its original to its final position, 

PrO) = e-\ m *'T"(x). . . . (15') 


TTW- 


Exampte. Show that, if m and n are positive integers, and m . n, 

(2ft )! 


2».«!(«- m )! 


sin ” 1 8 


In - m)ln - m - 1 ) 

I jit» — m _ v _-,,n — in — a 

2(2« - I) ** 

(n - «)(« - m - !)(»-»/- 2 )(n - tn - 3) 
+ s'- 4(2» - i)(2» -3) ' 

[Cf. the example at the end of § 2, Ch. V.] 


n — in — 4 


§ 4. Integrals of Products of Associated Legendre 
Functions. It will now be shown that, if m, n, and k are 
positive integers such that k > m, k > «, 

| ? k m (x)Y k n (x)dx = 0 , m + n, . , (16) 

ft;(.-) 


From (1) it follows that 


dx I 


{0 - * {«(»+ 0 - - 0. 


dx\ 


{(' - + {«(« + 0 - j-- x) P "*0) = 0- 

Multiply the first equation by P^O), the second by P k „(x), 
subtract, and integrate between the limits - 1 and + 1 ; thus 

(n - m)(n + m + i)j Pl(x)V k n (x)dx 
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“ j_ ~ ■* r2 ){ ^ = 0* 

from which, if nt + «, the first equation follows. 

Again, from (12), 

f {P= [” i l] | j‘_ P 5 (r)P ~ n \x)dx 

(n + k )! f 1 d n + k , , d n ~ k , 

= 2 Jn V(« ! )L (« "L 7 -)H J _ j dx"- + k( ~ x ~ ~ ' jU dx n - l( *~ ~ 1 Tdx ' 


by (3) and (9). If the integral on the right be integrated by 
parts k times, the equation becomes 

lr-w •*.(*£*}* 


*(« + *) •’ 


- (- 1) 

Corollary. | [Tj(-r)}v/.r = 


(fi - k )!' 2 ti + 1 

(// + k )! 


(« - k) ! ‘ 2n + l ‘ 


(18) 


§ 5. Laplace’s First Integral for Y'”(x). If n and m are 
positive integers (w < «), 




(// + w) 1 1 


1 !- r + *J( l ~ - l) cos </> j “ cos ;«(A dd>. (19) 

Jo 


This can be proved as follows. Expand the function 
{( \x + yf - l}“ in powers of y by means of Taylor's Theorem ; 
thus 

to- + yj - ir - <** - 0" + 2?! - 0* 


Now divide by y” and rearrange the series as follows :— 

{(*+.J') 2 - l!" 1 d ". , ... y M <f’ ,+ 


« ! 1 - > " + ^ ( 


« + w) ! <£r n + 1 


(or - 1 )" 


d n ~' 


(« - wr)! <£r n _ ' " 
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In this equation put y = sj(x % - i) . e'* and divide by 2 n ; 
this gives 

{r + */(■** - i) cos- i)» 


2 cos m4> + i sin nu f> f , 

2 n . (b + »/)! ' r£r" + : 


i*‘ - 0" 


cos m<}> - i sin vuL , ( jn-m 

9 V- 0 - ^A 


2” . (« - w) ! 


If ;r is real and greater than i, the expression on the left is 
real; hence the imaginary part of the right-hand side must 
vanish; i.e., 

f i i d n + 7n „ ] 

'(n~+ ~m) !^ X " “ j _ Q 


sin m4> 


d" 


\ 


[ (n - >n)i' x " '"dx n ”~ ')'‘J 

But this equation holds for all values of <f>, so that the coefficients 
of si nm<f> (m = I, 2, . . «) must all be zero. Accordingly 

(* * - ■>*' it + " fl .. .» _ (■*: -™. I .„ 

(» + «)! <£*-" + 1 ~ (k - m) ! tix n ~ mK ! 1 

which js (V., 13) and a particular case of the formula (12). 

' Thus 

\x + J(x> - i) COS <j)\ n = 2 7r :Vl dx 1 ^' 1 ~ 

2 , (r 2 - i )t m d' i + m 

COS ^2+ >«)! ah" + - [ ) n 


*= i’nW + 2 ^ („'+i^yi COS ""A P-W- • (20) 

tn « 1 

To obtain the formula (19) it is only necessary to multiply 
this equation by cos m<f> and to integrate from 0 to 7 t. 

Corollary. By writing ir - <f> for <f> in (19), we deduce the 
formula 

PITO") =* ( - - «/(* s - 0 cos£}» cos m<f> d<f>. 

(19') 
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Example. Show that, if n is a positive integer, and x, y, z are 
rectangular co-ordinates, 

(z + ix cos a + iy sin a) n 

n 

= ^*{Pn(/x) + 2 ^ (n + m) ! P "0*) cos m{$ - a)}. 
tn = 1 


§ 6. Laplace’s Second Integral for P~ m (x). If n and m 
are positive integers 


p,:» = (-O' 


(« + m) 


1 f" cos nirfj d>f> 

^ J 0 \ x + s/ (* 2 - I ) COS (f>\ n + 1 ’ 


( 21 ) 


In order to establish this formula consider the function 


{(x 4 - yf - f J ~ ” " 1 = (-r -f v + 1) _ ” ~ '(x + y - \) - ” ~ \ 

where y -- (x : - i)e** and R(.r) > 0 . Since | e'* | = i, \y\ 

lies between ) .r - 1 | and ) x 4- 1 J, so that one of the factors 
(x + y + (x + y - I) ~ ~ 1 can be expanded in 

ascending, and the other in descending, powers ofy. Thus we 
may write 

r 

(2 yf + 1 \(x + y)- - r }-” — >« r n + ^ | c m v m + r _ m y ~ (22) 


Now put y = x /f.r-’ - r )<•’*, and (22) becomes 
\* + -J( x ' ~ 1) cos <f>\ - " — 1 

zr 

= 0) »'• - I )*’" 4- tr 3 - COS m<f> 

»1 ^ 1 
S' 

+ i ^ - I)*'" - C-wC-r-’ - l) - *”} sin m<f>. 

*-*■ 1 

Since the left-hand side of this equation is unaltered when 
the sign of <f> is changed, it follows that 

r. 

\cjxr* - 1)1” - r_ m (xr - sin = 0, 

m «- i 

and, since this equation holds for all values of <f>, the coefficients 
of the sines must all vanish. Hence 

c m (x> ~ 1 )*” = r„ w (-r-“ - l)-* m • • (23) 

9 
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Accordingly 

co 

l)cos ^-»- 1 = f a +2^r.„(r s - i)~i m cos m<f>. 

(24) 

Integrating this equation with regard to <j> from 0 to it, we 
deduce from (V., 48) that 


c» = 


1 f {x + */(*- - I) cos <f>) ’* Vty = 

7r J 0 


Again, from (22), 
2 n+I {(x4 -yf- I} - ” -1 




■ 1 + 2 ^ vm ~ n ~' + c -”- v ~ m ~ n -^ 
m = T 

Now the left-hand side of this equation is symmetrical in x 
and y, so that its w/th partial derivatives with regard tor andy 
are identical; thus 




\y ~ ” “ 


1 + 




Ur 




a"v- m 

1 — — m — n — 1 « 

+ a.t™ - j 


jr 

aj " 1 




V 4/»l — >1 — 1 1 f y ■ 

&)nj ^ i — mj 


- n — 11 

< * 


By equating the coefficients of y ~ ~ " ~ we find that 


l n + 


11 : 


(25) 


a wi (« + w)! 

c - m — 1 )’% — ( — ! ) 3 

Now, ifx = 1, the left-hand side of (22) becomes (1 + ly) 
and <! 1 > so that r,„ is finite and <r_„, is zero. Hence, from 
(23), c_ w = (x 2 - 1 )”Y m , where f,„ remains finite when x tends to 
I. Therefore, integrating (25), we get 

= (- 

by (9). Thus 

{x -(- v'C^ 2 - 1) cos <f>\ ~ n ~ 1 

00 

-’p„(x) + 2 c- cosw ^ p r "(-*)■ ( 26 ) 
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If this equation is multiplied by cos m$ and integrated from 
0 to ir, the formula (21) is obtained. 

Corollary 1. By writing 7r - <f> for <f> in (21), we deduce 
that 

p-» r . IP cos >4 4 

" (« + m) ! 7rJ„{.r - v /(- t ' J - l) cos ^} n + 1 2 * 


Corollary 2. From (12) it follows that, if in < n, 

. _ « ! if' cos ;«<£ dd> 

i » W = ( - I )’ n (7z”_",77) _ ! 7, J „ ja- + ^/(.r- - i) cos^}" 


n ! 1 

(« - «/)! 77 


f{x- ~ ])C0S<£} n + 1 
COS W<f> 


i U cos w<f> d<f> 

! 77J n \x - x /(.v- - i) cos <f>\ n + 1 ‘ 


§ 7. Spherical Harmonics of Integral Degree. From 

Chapter IV., § 6, it follows that, if n and m are positive 
integers (>« < »), 

(A cos »itf> + B sin »uf>) T” (cos ft) 


is a surface spherical harmonic of degree ti. If 111 = 0, the 
harmonic is simply the Legendre Coefficient P„ (cos 0 ). Now 
it has been shown (Chap. V., § 5) 
that l’„(p) has n distinct zeros be¬ 
tween - I and + t, arranged sym¬ 
metrically about p = 0, so that 
P„ (cos 6 ) has n distinct zeros betw een 
0 and 7r, arranged symmetrically 
about 8 ~ \n. Accordingly, on a 
sphere with the origin as centre, the 
function P„ (cos 0 ) vanishes on « 
circles (Fig. 14) with poles at the 
points 8 — 0 and 8 = n. The i'o. 14. 

circles are symmetrically situated 

with respect to the great circle ol which these points are the poles, 
and, if n is an odd number, this circle is itself one of the set. 
Similarly the locus of points on the sphere at which the function 
has a constant value consists of a number of parallel circles. 
Because of this division of the sphere into zones by sets of 
parallel circles the functions P„(cos 0 ) are called Zonal 
Harmonics. The point 8 = 0 is called the Pole, and the 
diameter through the pole the Axis of the zonal harmonic. 
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If 0 < m •< n the spherical harmonic is of the form 

On + rn 

(A cos m<ft + B sin m<f>) sin m 5 -—-— (m s - 0 ”- 

dii n + m 

The first factor vanishes when A cos ni<f> + B sin mtf> = 0 ; i.e. 
when tan m<f> = - A/B, and on the sphere (Fig. 15) this corre¬ 
sponds to m great circles through the pole 5 = 0 , the angle 
between the planes of any two consecutive great circles being 
7 rjm. The second factor vanishes at the points 5=0 and 
5 = n, and the third on n - m circles with 5 = 0 as pole, 
arranged like the corresponding circles in the case of the zonal 
harmonics. Since the two sets of circles intersect orthogonally, 
these harmonics are called Tcsseral Harmonics 




Fig. 15. 


Fig. 16. 


Again, if m = n, the spherical harmonic is of the form 
(A cos n<j> + B sin sin" 5 , 

which vanishes when tan n<f> = - A/B or when 5 = 0 or it. 
This corresponds on the sphere (Fig. 16) to the points 5=0 
and 5 = it, and to n great circles through these points, the 
angle between the planes of any two consecutive circles being 
irjn. As the sphere is thus divided up into 2 n sectors, these 
functions are called Sectorial Harmonics. 

The following list contains all the Surface Spherical 
Harmonics of degrees 1, 2, 3, and 4 :— 

r,(cosfl) - cos 6 , cos *Ti(cos 9 ) - c «# sin 9 : 

sin <f> sm <f> 
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P 2 (cos 0 ) «* -J(3 cos 2 9 - 1), 

. . Ti (cos 0) — . ( 3 sin 0 cos 0, 

st n<p sirup 

COS 2 (p 'i>2 f - n\ COS 2 <P ■> 

( 11 (cos 0 ) = ^3 Sin- 0 : 

sin 2 <p sin 2<p 

r 3 (cos 0) —4(5 cos 3 6 - 3 cos0), 

COS<p -j-i ^ cog Q _ COS<p J s j n 0 ^ cos'd - 1), 
sm^ sin <p - ' 

COS 2 4> ts / a\ Cos 2 <p .■ ■■ a a 

yl;(cos0) = , i *! sin* 6 cos 6 , 

sin 2 <p sin 2 <p 

COS Z<p t'-a , cos . , „ 

. ^ It (cos 0 ) -= 1 5 sin ' 1 9 : 

sin 3<£ 3 v sin 3$ 

P 4 (cos0) - 1(35 cos 4 6 - 30 cos-0 4- 3), 

COS t T{ (cos 0 ) — C ° s f r : sin0 (7 cov‘0 - 3 cos 0 ;, 

sin <p 4 v sin^ - ^ J 7 

COS 2 <P T-o , cos 2<p . , ■■ a - a \ 

sin 2^ sin 2 <p - 

COS "|*« / COS 1/1 D 

IJ (cos 3 ) -= . 105 sirrtf co^0. 

sin i<p sin $<p 

cos 4 ^ yr (cos 0) - C ° S 4 f 105 sin 4 0. 


sin 4^ 


in 4 p 


§ 8 . Expression of a Surface Spherical Harmonic of 
integral degree * in terms of Zonal, Tesseral, and Sectorial 
Harmonics. The general homogeneous polynomial V n (.v, y, 2) 
of degree n in x, y, 2, where n is a positive integer, contains 
^(« 4- 1)(« 4- 2) constants. If this function is a solid spherical 
harmonic it will satisfy Laplace’s Equation 


VV 

4 r- 


4 - 


yy yy 

Dr + D“' 


= U. 


Let V„(r, y, 2) be substituted for V in the left-hand side of 
this equation; the resulting function is of degree n - 2, and 
therefore contains 4 «(« - 1) terms. In order that it should 
satisfy the equation for all values of x, y, 2, the coefficients of 
each of these terms must vanish. This gives j»(« - 1) 


* The harmonic is supposed to be a homogeneous rational integral function of 
cos 9 , sin 0 cos f, and sin $ ain <f>. 
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relations which must hold between the \(n + l)(» + 2) con¬ 
stants if V n (r, y, z) is to be a solid spherical harmonic ; so 
that these constants can be expressed linearly in terms of 
^{(» + i)(« + 2) - n(n - i)J or 2 n + i of them. Hence 
V n (r, y, z) can be put in the form 

V^, y, + ^^"X-2 + • . ■ + Gin + ]N 2n 4 j, 

where a v . a. in + , are arbitrary constants. The 

functions X lt X 2 , . . X 2n + , are all solid spherical harmonics 
of degree « ; this can be made clear by equating one of the 
<z’s to unity and the others to zero. Also, the functions 
Xj, X 2 , . . X 2n + , are linearly independent, as each of them 
contains at least one term (the original coefficient of the corre¬ 
sponding constant) which is not contained by any of the 
others. 

Example. If a i" + by' + cz~ + 2 fyz + 2gz\ + 2 h\y is a spherical 
harmonic, prove that a + b + c = 0, and hence show that every spherical 
harmonic of the second degree can be expressed lineady m terms of the 
five harmonics .r 2 - A, y" - z\ys, zx , .t v. 

Again, let Y„ Y_,, . . ., Y,, n + , be the surface spherical 
harmonics which correspond respectively to X,, X.,, . . ., 
Njn + j, and let V„( 0 , </>) be any surface spherical harmonic of 
degree « ; from the previous paragraph it follows that V n ( 0 , <f >) 
can be expressed as a linear combination of Y„ Y.,, . . ., Y.*,, + 
Also, let Zj, Z 2 , . . ., Z 2I1 + , be the 2 n + 1 linearly independent 
surface harmonics of degree n given by 

Zi = F„ (cos 0 ), Z, + = cos (cos 6 ), (m - 1,2,..., «), 

Z, 1 + 1 + ,„ = sill M<f> T,7(cos0), (in -- I, 2, . . ., w). 

Then 

Z r = (If jY] +■ <Z r , ,j\ 2 + . . . + <t r , un 4 jn + n 

where r «= I, 2, . . . , zn + 1. 

But, since the 2 n+ 1 Z’s are all linearly independent, these 
equations can be solved in the form 

Y r = 1 ^1 + > Zi + ... + /> r , + 1 Z Jn + „ 

where r = 1, 2 . . . ., 2« + 1. 

Hence, finally, any surface spherical harmonic V„( 0 , <f >) of 
degree n can be expressed in the form 




CH. vil] ASSOCIATED LEGENDRE FUNCTIONS 135 

V B (0, 4) - AP n (cOS 9) 

n 

+ ^ {A m cos m<j> + B,„ sin m<f>\T^ (cos d), (28) 

m — < 

where the A’s and B's are constants. 

Note .—Since the function (.? + ?>)" satisfies Laplace’s 
Equation for all values of », it is a solid harmonic of degree «, 
and therefore r~ n (p + ix) n or \/x + f/T ~ 1 ) cos tj>\ n is a 
surface spherical harmonic of degree n. It follows that, if n is 
a positive integer, the latter function can be expressed in the 
form (28); the actual expansion is given in formula (2 0). 

§ 9. Integrals of Products of Surface Spherical Har¬ 
monics. Let X„,(6, <f >) and Y„( 0 , </>) be two surface spherical 
harmonics of integral degrees nt and n respectively; then, if 
m * n , 

j 'j 1 X m (f>. <t>)Y „(0, 4>y{^4> 0, . . (29) 

the double integral being taken over the surface of the unit 
sphere. 

For, from (28), 

m 

X,„( 0 , <£) - BI.\„(p) + ML cos+ B' t sin^|T*,(p), 

A 1 

M 

Y„(tf. <f>) -- CIW + ^ |(’t cos fc(f> + C L sinX^}lJ(p,). 

fc I 

When these values are substituted for X,„ and Y„ in (29), it 
is found that the integral of every term in the product has the 
value zero. This follows, for terms in which the Ts are equal, 
from (V., 17) and (16), and for terms in which the k ‘s are 
unequal, from the formula; (cf. Ch. I., § 1): 


I cos/<£</<£ ■= 0 ; f sin/qi cos q<f> tty = 0; 

« Jo 

C 3 " C irr 

I cos ptj> cos q<f> =• 0 , (/> * 1/) ; 1 sin /•<£ sin q<f> = 0 , (/ 4 = q ); 

Jo Jo 


where / and q are integers or zero. 
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Again, if X„( 0 , <f>) and Y„( 0 , <0 are surface spherical har¬ 
monics of the same integral degree n, 

n 

X n (6, <f>) = BP„(/i) + 2 cost>! $ + B 'm sin 

w« ■* I 

n 

Y„( 0 , <£) = CP„(p.) + ^ ;c,„ cos »i<f> + C',„ sin ;«<^}T”(^); 

♦W — I 

and hence, using the formula; employed in the previous para¬ 
graph, and also (V., 18), (18), and 

rzir r"n 

j cos "p(j) dcf> = tt, 1 sin-/<£ d<f> — n, 

Jo Jo 

we deduce that 

4>Wn(0, ftdfjufy 

n 

2n f ^ 7 * (tl + >//) !) 

= ^ + -,{ 2BC + 2,^ + - Jy\ (30) 

m - I 

In particular, if X„ is the zonal harmonic P„(/u,), 

jf}' Y «^ - Jl 

But, if 8 = 0, n = i, and T”’(p) - 0 , (/« ■= 1, 2, . . ., »), 
since (i - is a factor of Tims the value of 

Y„(0, <f >) at the pole of P„(^c) is C, which we may denote by 
Y„(i). Accordingly 

JX , Y " (0 ' = Yn~+ 1 Y ”( 1 )■ ( 31 ) 

§ io. The Laplace’s Coefficients. The Laplace’s Co¬ 
efficients P„(cosy), where n = 0 , I, 2, . . . and (cf. 
Ch. IV., § 3) 

cosy = cos 6 cos 6 ' + sin 9 sin 6 ‘ cos(^> - <£’), . (32) 

are functions of the two variables 6 and ; they are, in fact, 
surface spherical harmonics in 6 and <f>. On a sphere with the 
origin as centre the arc of a great circle joining the variable 
point (6, <f>) and the fixed point ( 9 ', <j>') subtends the angle y at 
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the origin : and so, by analogy with the ordinary zonal har¬ 
monics, the Laplace’s Coefficients are called General Zonal 
Harmonics; the point ( 8', <f>') is the Pole, and the diameter 
through the pole is the Axis, of the system. 

Now, consider the integral 

J | Y„(0, <f>)V n (cosy)tffi d<t>. 

Let the axes of co-ordinates be changed so that the new s-axis 
passes through the point (O', and let the new angular co¬ 
ordinates be B and <P, so that B = y; also let Y „(6, <f>~) become 
X n (B, <£). Then the integral is equal to 

| | X„(W, 0 )P„(cos B)c/(cos 


477 


m + 


jX, J (i), or, w 


hat is the 


which, by (31), has the value 
same thing, 2 ~ + yY„( 0 ', $)■ Hence 

^)P„(cos y >^ = , w T ; (33) 

§it. The Addition Theorem for the Zonal Harmonics. 

From (28), if n is a positive integer, and cosy is given by (32), 
P„(cosy) = AP„(cos 6) 


477 


+ |A,„ cos »t6 + B, n sin m 4 >\ T“(cos 6). 


To determine the value of A,„ multiply this equation by the 
surface harmonic cos m<f> T"(cos 0 ) and integrate over the 
surface of the unit sphere ; this gives, with the help of (33) 
and (30), 

4 ~ „ ... - “T , (« + *»)! 

, - COS Wtd) 1 ,.(cos d ) = ---- A ,—— --;-T, 

2 >«+i “ ,v ' 2 n + i (n - >n) ! 

cos 7 >/<f> T«(cos 0 '). 
sin wifi T"’(cos 6 '), 


so that 

A - S n ~ w > 
”* ~ ~(« + 7/7) 

Similarly 

B = 

"* “(7; + m ) 

and 


A - P„(cos 6’). 
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Thus we obtain the addition theorem 
P»(cosy) = P„(cos 0 )P n (cos ff) 


+ 2 


^ $~~j\ COS ~ ^') T "( cos 0 ) T "( COS *')' ( 34 ) 


If x and x are written in place of cos 9 and cos 6 ' respec¬ 
tively, equation (34) may be put in the foim 
F n {xx - (x- - - i)l cos (<f> - 4 >')\ = l\(x)V n (x) 


+ 2 


s< 


(11 - Ml) ! 

i )"*, . , cos >n(4> 

' (« + ///)! KY 


4 >')i>:(x)p:xx) ; ( 34 ') 


this formula is then valid for all values of.r such that 

- 7 r < amp (,i~ - 1 )1 tt, -77 < amp ( x '- - \ )1 < 77. 

Corollary. f P„(cos y) ( f<£ = 27 rP n (cos #)L’„(cos O’) 

Jo 

§ 1 2. Expansion of a rational integral function of cos 6 , 
sin 9 cos 4 sin 0 sin 4 >, in terms of Surface Spherical Har¬ 
monics. It will now be shown that, if the function /(#, </>) is 
a rational integral function of the co-ordinates of a point on 
the unit sphere ( i.e . of cos 9 , sin 9 cos 4 >, sin# sin 4 >), it can be 
expressed as the sum of a finite number of spherical harmonics. 

Any term of f( 0 , 4 >) is of the form 

(cos #)’* _ v sin*' 0 (cos 4>} r ~ ? sin? 4> ■ ■ (35) 

multiplied by a constant, «,/, q being positive integers such that 
p-^ n, q ;?/>. The cases of q even and q odd will be considered 
separately. 

Case /. Let q be even : then 

(cos 4 >) p ~ g sin? 4 > ~ (cos 4 >y ~ ?( 1 - cos 2 $)i? 

can be put in the form 

^A t cos (/ - 2 k)<f>, 


where k = 0, 1, 2, . . . up to \p or j(/ - 1) according as/ 
is even or odd. Thus (35) is equal to 

(cos 9 ) n ~ p (sin 9 '/^j^A t cos (/ - 2 k) 4 >- . 


( 36 ) 
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In order to obtain spherical harmonics of the type 

d T 1 

cos«*^sin r 0^- T F n (/t) we next put the general term of (36) in 

the form 

(cos Q) n ~ r '( 1 - cos 2 0)*(sin dy ~ ‘ ik cos (/ - 2k)<$>, 
or, if m ~ p - 2k, 

sin"* 8 cos mcf> (cos 9 )‘ l -'»-•*( 1 _ cos- 9) k , 

where m 4 - 2k ^ n. By expanding (1 - cos 2 8) k this can be 

written 


sin" 1 9 cos >«<£{B u (cos d)“ ~ "* + B,(cos 8) n ~ ~ + . . . 

+ Bt(cos 6 )“ ~ _ (37) 

Now, if (x = cos 9 , 

I d m 


.n — tn — yr_ 


(« - 2r)(« - 2;- - I) . . (« - 2/' - /// + 1) 


but /x” " ar can be expressed in the form 

C„I\, _ sr(/r) + C ,.1'n _ ,r - //*) + • • • , 

the last term being a constant multiple of P^/x) or P„(/x) ac¬ 
cording as n is odd or even. Hence p' 1 - - -‘ r can be written 

+<>•-»-AO*. ... 

and therefore 

sin 1 ' 1 & (cos 8 )" ~ ~ Jr 

=- K„P"‘ _ , r (u.s 0 ) + KV:_ , r _ . (cos 0 ) + ... 

It follows tliat (37) and therefore (35) can be expanded 
as a sum of surface spherical harmonics of the form 

cos »t<fi P"'_ „(cos 8 ), 


each multiplied by a constant, where/ - m is zero or an even 
integer. 

Case II. Let q be odd ; then 

(cos <f>y ~ v sin? <f> = (cos <f>y ~ *( 1 - cos 2 <£)!(« ~ *> sin <j>, 
and this can be written in the form 

^ A* sin (/ - 2 k)<f>. 

It 
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In the same way as before it can now be shown that (35) is a 
sum of terms of the form 

sin m<j> P”_ 2r ( cos 0)i 

so that the theorem is proved for every function /(#, <£) which 
is of the prescribed form. 

Alternative Method. These results can also be obtained as 
follows:— 

A homogeneous rational integral function of degree n of 
the three variables sin 8 cos (f>, sin 8 sin <f>, cos 6, when multiplied 
by f 4 *, becomes a homogeneous function f n (x, y, z) of x, y, and 
z. This function can be expressed in the form 

fn = Y„ + r-Y n _ . + r*Y n _ 4 +.(38) 

where Y„ is a solid spherical harmonic of degree n. To effect 
this, subtract from /„ the expression (.r* + j>- + z‘)/„ _ 3 , where 
f n _ a is an arbitrary homogeneous function of x, y, z of degree 
n - 2, containing hn(ti - I) arbitrary constants 

Now if V ==/„ - (x- + y' + £-')/„_ s be substituted in V J V, 
a function of degree « - 2 is obtained, and bv equating the co¬ 
efficients in this function to zero \n(n - i) equations are 
obtained, by means of which the arbitrary constants in f H _ , 
can be determined. V is then a spherical harmonic, say Y, t , 
so that 

fn ~ Y„ -f- ? f n _ 

By applying this process to/„ _ lt f n _ 4 , . . . in turn, till a 
function f or f 0 is reached which, being of degree I or 0, 
is necessarily a spherical harmonic, we finally obtain the 
expression (38). 

If now the equation (38) be divided by t M , the resulting 
equation gives the expression for the given function in terms of 
surface spherical harmonics. 

The evaluation of the harmonics Y„, Y„ _ . . .in (38) 

can be facilitated by means of the formula (p. 74) 

V 2 (r“V„_ a< ) = 2 s(2n -2 s + 1 )r“ ~ a Y„ _ a , (39) 

By repeated applications of this formula to (38) we obtain 
the system of equations , 
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V% - 2(2« - i)Y»_ 3 + 4(2« - 3)^Y n _„ + 6(2* - s^Y,,., + . . . 
(V a ) 7 n = 2.4(2« - 3)(2« - s)Y„_ 4 + 4.6(2* - 5)(2* - 7)r*Y n _, 

(V a ) 8 /« = 2.4.6(2* - 5 )( 2 «- 7 )( 2 «- 9 )Y n _ 8 + ... ^ 


Finally we obtain the value of Y 0 or \\, according as n is 
even or odd ; then from the previous equation we obtain or 
Y 3 , as the case may be, and so on 
Example 1. Express 

Mx,y, *) - r« + y” + 2-» + 4 r'(y 2 + z 5 ) + 4 y\z ' 1 + ^) + 4z\x 3 + y 3 ) 
in the form (38). 

7% = 36(^ 1 + y' + z’) + 24 Sx(y* + z 2 ) 

(7 2 )Y» = 3 I2 ( r + y + s) 

But U — V 8 + r'Y, + r*Yi, 

/*/» = 18Y, + 2S^Y,, 

( 7 ')■>/, = 2 8oY, ; 

and therefore Y, - ?<(t + v + -), 

Yj - *(r‘ + y' + z') - ir’{ 1 + v + z), 

Y 5 = - 3(t s + y 3 + z 3 ) + V 'r 3 (x ' + y' + z ) - *r*(r + y + z) 
Example 2 If 

4 > + z i s t ry 2 - - z’t - jt 2 y + >*(t + y + z), 

show that 

4 H -• i(sin ^ - cos<f)TJ ji) + ih cos 2 ^TJ(m) - i (sin 34 + cos 34 )TJ(u) 
+ (sm <t> + cos 4>) TJ( m ) + l\(y) 

§ i 3 Expansion of an Arbitrary Function of 6 and <£ in 
a Series of Spherical Harmonics. Let it be assumed that a 
function f( 8 , j>) can be expanded in a series 


m 4 >) = ( A » P »W + 2 (A: COhW ^ + B: * ®n;«^)T;( M )} 

1 ’ M "' (41) 

for 0 ;g 8 < w, 0 <, tf> <. 2 i t, and furthei that the series can be 
integrated term by term over these ranges Then, multiplying 
by P„(p,), cos w^r,"'(p), sm w^IT'Cp) in turn, and integrating, 
we find that, from (18), 

2* + 1 f-'f 1 

A.- 47r jj 


b: 


2*+1 («- >«) ! 

27 t •(« + wr) 

2* + i (w — »«)! f ,,T f l 

~ 2rr' (* + 


| | /{&, f) T "'0') cos w f d\id$, ( 42 ) 

5 ' 0 - / (0 ’ ^ )T:v) siu 
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The validity of this expansion will not be investigated here; 
it holds usually for the functions which appear in connection 
with physical problems, and it is certainly true when the function 
f(8, <f>) is continuous. 

Example. Show that, if 0 5. 8 s n, 

sinS cos 3 <j> = 8[7- 6 -jT 3 V) + n ~T*( M ) + 15 j^r T ?(/ u ) + • • •} cos 3 fa 


Examples. 


1 . Show that, in the neighbourhood of the origin, every solution of 
Legendre’s Associated Equation can be put in the form 


A(r- - 


, /III -«/«+«+! 


4, .r j 


+ B(,*- ,)»«*, I , W + " +2 ,3,a*). 

2. Show that, if k l, 

JL 1 p *( , ) ,i, -(*) I - °- 

3. Prove that 

(i) («-«+ 1)P;: + ,(») - (2» + I) 1 P"'(*) + (* + w/)P“_ ,(.»•) - 0; 

(ii) (n-m+ t)Q” + ,(.t) - (2 n+ i)jQ”(j) + («+w)Q?_ ,(•*) = «• 
[For (i) differentiate (VI., 9) m times and (VI., 10; m - 1 times and 

d.™ - ip n (j) 

eliminate _ l between the resulting equations, similarly 

for (ii).] 

4. If cos a = cos 0 cos f, + sin 0 sin cos (<t - fa) 

and cos fl = cost) cos+ sin 8 sin cos {<f> - fa), 

show that 

f f P n (cos a)P„(cos 0 ) sin 9 dO tty -= P„(cosy), 

J 0 J 0 *r I 

where cos y = cos @1 cos 9 -j + sin 8 t sin 8 ., cos (^j - fa). 

5. Show that : 

(i) a cos* 3 + b sin 3 0 cos‘-’<f + rsin 3 0 sin 1 4 > 


a + b + c 


+ 1 (« - P»(cos 8) + ----- cos (cos 8 ); 

(ii) cos a 0 sin»0 sin <f> cos <f> = sin 2 <fTJ (cos0) 

+ i'j sin 2 ^TJ (cos 9) ; 

(iii) cos»0 sin* 8 sin<f cos 1 4> = sin 3<f{iroV(.TS (cos 8) + T ^ t T; (cost?)} 

- sin(cos 8) - T 4 c Ti(cos3) - ATJ (cosfl)}. 
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6 . Show that 

P n (cos a cos 0 ) = P n (sin o)P»( 0 ) 


7. If m and n are positive integers (m ■ «), show that 

+ r 


n 

(n - m) * „ , . 

2 2, (« +“*) ! T » ( s,n °)T”{0) cos mfi. 

m = 1 

rs {m - 

t:w = c- * ) m 2n( „ ’,„),(!! If *,{'* -')»+"(* + o n -n 

[Put x + i = 2 + (.r — 1) and use (5).] 

8. Show that, if m is a positive integer, 

9. If m and ti are positive integers, and m n, show that Q"(t) and 

I Q”‘(.r) do not vanish when 1 is zero 


ir.w - 

I 

v'O*- 

pm + 1 
i) ’> 

j) + 

mx 

x 1 - 1 



—O” •* 

- 1)^ 11 

'(«) ^ 

m \ 

X*- 


[From rr 11 of Ch. VI. it follows that Q„( 0 ) and Q'„( 0 ) cannot 
be zero, and therefore, since Q'„' 0 ) — \ (- 1 ;Q'»fO), Q'„( 0 ) is not 
zero. Hence, from the example at the end of t i of this chapter, 
Q"'( 0 ) cannot lie zero for m = 0 , i, 2, . . , n t t. Finally, from 

ex. 8 it follows that, for m - 0, 1, 2, . . . , z;, ^Q"(r) cannot be 
zero when r — <( ] 



CHAPTER VIII 


APPLICATIONS OF LEGENDRE COEFFICIENTS 
TO POTENTIAL THEORY 


§ i. The Newtonian Law of Attraction. In the theory of 
Gravitational Attraction it is assumed that any two particles 
of matter are attracted towards each other with a force which 
varies directly as the product of their masses and inversely as 
the square of the intervening distance; ?>., if their masses are 
m 1 and nt 2 , and R is the distance between them, 1 the force which 

each exerts on the other is equal to ", where k is a gravi¬ 


tational constant, depending on the units of mass and distance 
employed: k is, in fact, the force of attraction between two 
unit masses at unit distance from each other In what follows 
it will be assumed that the units have been chosen so that the 
attraction between two unit masses at unit distance from each 
other is the unit of force, and thus k will have the value unity. 

Force at a Point. If a particle of mass m be situated at a 
point Q(i, ij, £) and a particle of unit mass at P(.r, y, z\ the 
attraction exerted by the first particle on the second is equal to 
>«R ~ 2 , where 

Ri = (x - if + (y - v f + (5 - Cf; 
and the components X, Y, Z of this force are given by the 
equations 

V * - f vr y ~ 7 I V “ - £ f, V 

X = vi , Y — vt , Z vi (i) 


It follows that the components of force at P due to a 
number of such particles vt v m 2 , ... at the points Q,, Q v 
. . . respectively are 



5 


Y = 


m. 


yzjh 

RJ 



( 2 ) 
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where Q, is the point (£„ tj„ 5 ,) and R t = PQ,; while, for a 
continuous distribution of mass whose density at the point 
(f> V’ C) is P, 

X = - K 

Y - - Jljp ' 1 K , V 'W, (3) 

Z = - jf{p R j ^<l$dri<f£, 

the triple integrals being taken over the volume of the attract¬ 

ing matter. 

§ 2. The Potential. The formula (1) can be written 


* - v z 


D.c\R 


so that the components of the force at the point P due to the 
mass in at the point Q are the partial derivatives of the function 
vij R. This function is called the Potential at P of the mass m 
at Q, and is the work which would be done by the attraction 
due to the mass at Q (supposed fixed) in bringing unit mass 
from an infinite distance to the point P. I f V is the potential 
at P due to a [>article of mass »t at Q, V = ut'R ; for a number 
of particles as in (2), V — Z»i, K,; and for a continuous dis¬ 


tribution as in (3) 

v Jf jj/WS 

In each case 

X - aV Y = D - Z = 5V 
3lt ’ r' i? ~ 


( 4 ) 

( 5 ) 


and, for the component of force F along any {»th s. 


¥ = 


DV 

bjr 


( 6 ) 


Note. For a distribution of attracting matter which does 
not extend to infinity, V tends to zero as P tends to infinity; 
and, indeed, rV tends to M, where r is the distance from any 
fixed point to P, and M is the total attracting matter. This 
10 
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follows from the formulae for V given above, since r/R tends to 
unity as P tends to infinity. 

Electric and Magnetic Potentials. In dealing with electric ' 
and magnetic potentials, it is found that the charges are of two 
kinds, described as positive and negative; and that like charges 
repel, unlike charges attract each other, according to the law 
wpWj/R 2 . The potential in such cases is given by the same 
formula as before, and is the work done against the forces due 
to the system in bringing a positive unit from infinity to the 
point P. The component forces are then given by the equations 


X = 



DV 

V 

i)V 

cU 


Z = 


IV 


( 5 ') 

(6') 


§ 3. Some Properties of the Potential. The following 
theorems on the potential due to masses which attract or repel 
according to the law m^n.J R*‘ are of importance ; proofs are to be 
found in all treatises on the mathematical theories of attraction 
and electrostatics. 

Gauss's Theorem. Let S be a closed surface surrounding a 
region E containing attracting matter whose total mass is M ; 
then if F is the normal component of the force at any {>oint of S 
due to the attraction of the mass within S and also of any matter 
external to S, 


- - 47rM. . . (7) 

the integral being taken over the whole surface S, and F being 
regarded as positive when the normal force acts away from E- 
If n denotes the normal measured away from E this equation 
may be written 

.( 8 ) 


For electrostatic forces these formula: become 


jV«7S = 4rrM, 
P^r/S = — 47tM. 


( 7 ') 

(8') 


and 



CH. VI!!.] 


POTENTIAL THEORY 


H7 


For a surface distribution of attracting matter of density 
this theorem leads to the formula 


av av 

a « 2 


- 4™i 


(9) 


where and n t are the normals on each side of the surface 
measured away from the surface. (These normals are, of course, 
collinear.) For the surface distribution on an electric conductor 
it can be shown (cf. Ch. X., § 1) that the force at an internal 
point vanishes, and thus formula (9) becomes 

av 

... .») 

Gauss’s Theorem can be established as follows. Consider 
an attracting particle of mass m at the point P, and let a cone 
of small solid angle 8 a> be generated by radii through P. This 
cone cuts the surface at the [joints O,, O,, . . . taken in order 
from P ; the parts of the surface cut off by the cone at these 
points are SS^, . . ., and the outward-drawn normals are 
denoted by . . . 

The attracting force at Q, is m' PQ,*, and the component of 
this along «, is - m cos a PQf, where a is the angle between 
PQj and n v Thus the outward normal force across SSj is 

- wz8Si cosa'PQy and this is equal to + m 8a>, according as 
cos a is positive or negative. 

Now, if P lies outside E, the cone will cut S an even number 
of times, and the signs will be plus and minus alternately, so 
that the total normal force across 85 ^ SS... . . . will be zero. 
On the other hand, if P lies inside E, the cone will cut S an 
odd number of times, the signs being minus and plus alternately, 
so that the total normal force across SS^ SS^, . . . will be 

- wzSoj. Hence the total normal force across S due to the 
particle at P is 

- j" mduj = - 47 rtn, 

when P is inside, and is zero when P lies outside E. Thus, 
summing for all the particles within and outside E, w r e obtain 
Gauss’s Theorem. 

Laplace's Theorem. For points external to the attracting 
matter 


S s V 8 S V 8 2 V 
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This may be deduced from formula (4) by differentiation. The 
theorem also holds in the theories of electrostatics and magneto¬ 
statics. 

Poisson's Theorem. For points within an attracting or re¬ 
pelling mass of density p 

V 2 V = - 4-rrp. . . (I l) 

To prove this theorem, put U = 1 in the formula (II., 6); 
then 

JJjv : W£ - 
- - 

by (8) and (S'). But this identity hold.-, no matter how small 
the volume £ may be ; hence, at all points of the mass 

V‘‘V = - 47 Tp. 


Laplace’s Theorem is a particular case of Poisson’s. 

§ 4. Expression for the Potential in terms of Spherical 
Harmonics. For any distribution of attracting matter (or of 
electricity or magnetism) the potential V at a point P (r, 6 , <}>) 
external to the matter can be expressed in the form 


V = Y„ + rYj + r- Y, + ... + r“ Y„ + 


+ 



Z n 


+ + 


( 12 ) 


where Y„ and Z„ are surface harmonics of degree n, provided 
that the sphere whose centre is the origin and radius r does not 
pass through any of the attracting matter. 

For 

(7>V- sin B'dr'dB'd# 


V 




R 


where p is the density at the point Q(r, 9 ', <f>') of the attracting 
matter and R = PQ, the integral being taken over the volume 
of tlie attracting matter. Now 

R 2 = P + r“ l - 2rr cos y, 


where cos y = cos 6 cos 9 ' + sin 9 sin & cos ( <j> - Hence, 
if the volume of the attracting matter be divided into two parts 
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£ and £', such that, throughout £, r > r, while, throughout 
£', / <V, then in the first region 

ir r r n 

£ = pP„(cosy)+ p,P,(cosy) + . . + P„ ( cos y) + . . 

and in the second region 

£ - \ Pd (cosy) + ^.P, (cosy) + . . + ; j + I P„ (cos y) + . . . . 

Accordingly 

V - j? sin0 drdd'd# 

>« « 0 « 

+ + 1 j j{ P r ' n + ' i ’>> ( cos y) sin dr'dd'd<f>’, 

>» 0 

where the integrals in the first summation are taken over the 
volume £, and those in the second over the volume £'. 

If in these integrals \\e expand P„(cos y) bv means of the 
Addition Theorem (VII , 34), we obtain an expression of the 
type (12), where Y„ and Z n are of the form 

n 

A Q P n (cos 0 ) + (A jn cos >h 4 > + B,„ sin ;«^)T“(cos 6 ), 


and the A’s and IVs are constants. 

Note. Since P„(cos y) = 1, 

Z„ = SSS p ' r ' 1 sin 6 dr i/d'tty' — M, 

where M is the mass of attracting matter \shich lies in the 
region £'. 

Corollary I. If all the attracting matter lies within the 
sphere with fhe origin as centre and r as radius, 


V = 




Z, 

r* + ' ■ 


Corollary 2. If all the attracting matter lies outside the 
sphere with the origin as centre and r as radius, 


V = Y„ + rYj + r% + . . . 
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Corollary 3. If the distribution of attracting matter is 
symmetrical about the .sr-axis, 

V - (A 0 + ?«)P o (cos 0 ) + (V + ^P,(cos 0 ) 

+ (A,r* + ®j^P a (cos 0 )+ ... (13) 


For the coefficient of ^ (;«$)T“(cos 6 ) in Y n or Z„ is of the 


form 


11 jpV* Of)T™(cos d') sin ffdrd&d<f>\ 

and, since p is independent of <f>\ this contains a factor 


f 

J 0 


sin 

cos 


O <f>’) d<f>', 


which vanishes except when tn is zero. 

Corollary 4. The function ft- + , where l, m, 

iu- i>v Zz 

« are constants, can be expressed in the form 

Y 0 + r\\ + t* Y, + dYj + . . . 


+ Z ‘ + \ + 
r- 7 J 7 ^ 


For, let V p be a solid spherical harmonic of integral degree 

/, and let U„ = Z^ 7 ' 4- >«-- p + Then, if/> is a positive 

iir iv d~ 

integer, U,, is a homogeneous polynomial in x, y, z of degree p- 1. 

But 

(4 + ”V + 4)^ Vp = 0 

and therefore 

,,{?V P *V P JV P \ 

v Va 7 + '» 17 + * S.- ) - °' 

so that Up is a solid spherical harmonic of degree/ - 1. If p 
is zero, Up = 0 . Again, if / is a negative integer - q - 1, 

V- f -, 


w 

f*q + 1 ' 
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where W ? is a solid spherical harmonic of degree q ; thus 

K„ 


U„ 


w f? 4 - 1 
+ 3 > 


where K ? + , is a homogeneous polynomial of degree q 4- 1. 
But this function satisfies Laplace’s Equation ; hence K ? + , is a 
solid spherical harmonic of degree q 4- r, and 

S„ 


U = *±' 

where S ? + , is a surface harmonic of degree q + r. Thus, if 
5 7 ) 7 > 

the operator 4- m + be applied to (12), we obtain 

. . . . , iV av w 

the required expression for 4- w + . 

§ 5 Potential of a Thin Uniform Wire bent into the 
form of a Circle. Let c be the radius of the circle, and M the 
mass of the wire Take the centre of the circle as the origin 
O, and the perpendicular through O to the plane of the circle 
as the c-axis. The potential of the wire at the point (0, 0, z ) is 

v which, for j z j <r, can be expanded in the 


then 

form 




M ( 1 s~ 1 

c V ~ 2 r + 




•I' • 

But, by Corollaries 2 and 3 of § 4, the potential V at any 
point P(r, 0 , <f>) for which r < c can be expressed in the form 

V = A„P 0 (cos 6 ) 4- AjrPjfcos 8 ) -1- A.HP/cos 0 ) + ... (15) 
Now, at points on the positive c-axis, s = r, 6 = 0 , and 
P„(i) «a 1, so that (15) becomes 

V = A„ 4- .V + 4-.(16) 

But, for all values of c such that - c < z < c this must be equal 
to (14), and thus the coefficients of the various powers of z in 
(14) and (16) must be equal. Hence (15) can be written 

V =M/p,,(cos0) - 1 !*P,(cos0) 4 ‘ ^ ^P<(cos0) - . . . ). 

(‘7) 
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Similarly, when r > c, 

M = M r _ i c 1 i . 3 £ "I 

- 7 (? + 2 s ) *1 2^ + T7^S* /’ 

and V = A^-P/cosfl) + A^P^cos 8 ) + A» , | P./cos 0 ) + 

so that 

V = ^|P 0 (cos d) - ICp.,(cos&) + '--^I\(cos0) - . 

If we apply the substitution (V., 46) 

P„(cos 9 ) = Lrp_±y<f 1 ' - >*) cos«A|» 
ttJoI r I 

to the terms of (17), we obtain the formula 

v _ Mr ^ 

TT J«[^ +1-4- s /(-- - t~) COS </'! ”]! ' 


} 


and similarly, from the formula (V., 48) 


P „(cos 9 ) = If 
rrj „ 


\z + v /(~’ - A) cos i/j 

l 



and (18) we obtain the same result. 


Example. If M is the mass of a uniform thin hemispherical shell of 
radius c and if the centre is taken as the origin with the shell entirely 
above the (x,y) plane, prove that its potential V is gnen by 

V = [p o (cos0) + ‘ (J) P,(costf) - ^ ' ' 4 { r t ) Pal cos 6) 

+ 2 j 4V6 (r ) P ^ cos ^ • ]- lf r < c > 

V “ 7[^ cos0 ) + 2 (r) P ^ cos0 ) ~ 2 4 (^) P ^ cos 6 ) 

+ T.\'.lQ P » (cOSP) - • • ' ]* ifr>C - 

§ 6. Attraction of a Uniform Circular Lamina. 

Theorem. The solid angle subtended by a dosed plane curve 
at any point P, is proportional to the component attraction at 
the point perpendicular to the plane of the curve, due to a plane 
lamina of uniform density and thickness, bounded by the closed 
plane curve. 



ch. viii.J 


POTENTIAL THEORY 


153 


For the solid angle fl is given by 




cos 9 


dS, 


where r is the distance from P to a point Q on the lamina, 9 is 
the angle between PQ and PR, the perpendicular from P to the 
plane of the lamina, and the integral is taken over the area of 
the lamina. Also, if p is the density, and k the thickness of 
the lamina, the component attraction in the direction PR is 


w 


kp 


j £ cos 6 dS = kpLl, 

and thus the theorem has been proved. 

Expression for the Solid A nglc subtended at any point by a 
Circle in terms of Legendre Coefficients. Take the origin at the 
centre of the circle, and the cr-axis perpendicular to the plane 
of the circle ; then if V is the potential of a uniform plane 
lamina bounded by the circle, the component force due to the 


■ -n k SV 
-axis will be —- or 

uZ 


attraction at any fxiint parallel to the 

- kpfl, where II is the solid angle subtended by the circle at the 
point. Hence, assuming that the formula (13) holds forV, we 
deduce from § 4, Corollary 4 that fl can be expressed in the form 

fl ' " ■ ' ' - ■ 1 


A ( ,P„ (cos 6 ) + (A y r + ^‘)P,(cos 9 ) 


^A ,r + lh(cos 6 ) + 


But if Q is the point (o, <•>, c) on the positive .r-axis, and E 
is any point on the circle, the value Dy of fl at Q, being the 
solid angle sustenderl at O bv the part of the sphere of centre 
Q and radius OK bounded by the circle, is 

CIq = f 27 rr sin 9 ' rdd'jA , 

where r = QE and 6 is the angle OOE: thus, if c is the radius 
of the circle, 

4 - 4 


Hq ~ 


27 t(i - cos 6 ) = 

- Hi©’-HO‘*:rU©‘ 


, if z < c 


s> c. 
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Hence, as in the previous section, for any point for which 
* > 0 


A *» 2ir|p u (cos 8 ) - -Pj(cos 8 ) 


+ 2 C) P -‘( cos(9 ) ~ 2T4Q P i( cos9 ) + • • 

• }, if r<c 


(19) 

f I lc\' 2 I . 3 /c\* 

= 2 w \ 2 ir) ? i( cos0 ) ~ 2.4W P ->( cos ^) 


+ 2.4. b(r) P ^ COS ^ ~ • • 

}. *f r > c - 


For points at which z < 0 these formulae become 


A — 27 t^P„(cos 8 ) + ^Pj(cos 6 ) 

- ~ 2 Q P .-(cOsfl) + y P,(COS0) - 

= 2n {~ P l( C °^) + 1 l (S) P 3 (COS0) 

SQ'lVcosfl) + 


1 3 5/ fS 

2 4 6' 


• }, if 

(19') 


\ 


, if r > c. 


Corollary. A 


. 2w - 3 r r . 


I - 1 + N /(~‘ - >~)cos «/, 


+ N / (c J - >-‘)cos l/l} 2 ]l 




Potential of a Uniform Circular Lamina It has been 
shown above that if V is the required potential, then at any 
point on the positive --axis 


so that 


DV 

7 >z 


kpZTT |l 


V = 2 nkp\^J{P 


+ 


■J{r + -)}’ 
~ 2 ) - ~i + C. 


Now, when z tends to infinity, the expression in the bracket 
tends to zero, as can be seen by expanding it in descending 
powers of z ; but V also tends to zero, so that C must vanish. 
Hence 


V = y W + *) - s\, 



CH. VIII.] 


POTENTIAL THEORY 


155 


where M is the mass of the lamina. Thus 

I . I 2 * I . I . 3 / 


V 


+ 


2 M 

/ 

2 M f i c 1 1.1/ ... 

2.4.0 




Z+ -- ,- 

2 C 2,4c 3 2.4.6^ 

■ 2 ' ' A I.I.3/ 


} 


, if 2< c 


■ •}- Uz > c - 


C* (2 3 2.4 

The potential at any point for which 2 >• 0 is therefore 
given by 

V = — jp o (cos 0 ) - ^P^cos#) + 1 


P 2 (cos 8 ) 


, if r<c 
( 20 ) 


- 3-^0 ,p * <cos9) + - - ■ 

+ l.’SQ'**-™*- ■ ■ - )- itr>e ' 

For 2 < 0 the sign of the second term in the first formula 
is changed, while all the other terms remain unaltered. 

Corollary. 

V - ~ T [/ 4. {| jr | + v /(/ - /)cos >p\ : ]idi/j - 

rrr J „ r 


§ 7. Potentials of a Magnet and of a Magnetic Shell. 

Let A and B be the positive and negative poles of a simple 
magnet, m and - m the strengths of these poles. Then BA is 
the Axis, C, the mid-point of BA. is the Centre, and 2am or M, 
where BA — 2 a, is the Magnetic Moment of the magnet. The 
direction BA is the Direction of Magnetisation. 

Potential of a Simple Magnet. Let r be the distance of a 
point P from C, and let 6 be the angle ACP ; then the potential 
V at P is given by 

in m in m 

AP ~ BP = ^{P - 2 ar cos 8 + cr) ~ \J(f+ ~ar cos 8 + a*) 

= M j~P,(cos 0 ) + " P 3 (cos 8 ) +•••}, (21) 

provided that r > a. 
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For a small magnet, when {a\rf is so small that it may be 
neglected, the potential of the magnet is taken to be 



M 


P^cos 9 ) = 


M cos# 


(22) 


Magnetic Shells. A magnetic shell is a thin sheet of 
magnetisable substance, magnetised at each point in the direc¬ 
tion of the normal to the sheet at that point. If 8 S is a small 
area of the shell at a point Q, and SM the magnetic moment 
of this portion of the shell, the Strength of the shell at the point 
Q is 8M/8S. If the strength is the same at every point, the shell 
is said to be Uniform. 

From (22) it follows that the potential at a point P of 
a thin uniform magnetic shell of strength J is 

p7-V;, 


where r = QP, 9 is the angle between QP and the direction of 
magnetisation at Q, and the integral is taken over the area of 
the shell. Thus the potential at P is J ft, where II is the solid 
angle subtended by the shell at P. 

If now the shell is bounded by the circle ~ = 0 , xr + y 1 ~ r, 
and has its positive face on the side towards the positive rr-axis, 
it follows from (19) that the potential for a point on the positive 
side of the shell is 

V = 2 tt) [p (J (cos#) - f P,(cos 9 ) + 2 © P 3 (cos 6 ) 

- !©© F .'.( c °s 0) + • • • ). i (r<e, 

= 2rr J {2 (r) P i( cos0 ) - 2 /4Q F »( ros0 ) 

+ 2© 6© F ‘( cos *) l{r > c - 



CHAPTER IX 


POTENTIALS OF SPHERICAL SHELLS, SPHERES 
AND SPHEROIDS 


§ i. General Theorems on the Potential. The following 
theorems will be found useful in some of the further applications 
of the Spherical Harmonics to Potential Theory. 

Theorem i. If the functions Vj and V, satisfy Laplace’s 
Equation throughout a region E, and are equal at all points of 
S, the bounding surface of E, V, and V, are equal at all points 
of 27 . ' 

For, let V, - V.. - V ; then the function V has the value 
zero at all points of S, and satisfies Laplace's Equation through¬ 
out E Hence, if in Green's I heorem (II , 6) we put V for U, 
we get 



Here the integrand cannot be negative, and therefore the 
equation can only be satisfied if 

/d\ v /D\ \" /i\ v 

Lr) + (J + W 

vanishes at all points of E ; this, again, can only be the case if 
each term is zero, and so, throughout E, 


dV 

dir 


= U, 



dV 

dc 


= 0 . 


Hence V is constant, and, as its value on S is zero, it must 
vanish throughout E. Thus, at all points of E, the functions 
Vj and V 2 are equal. 

Theorem 2. If the functions and V 2 satisfy Laplace’s 

dV dV 

Equation throughout the region E, and if — = - - 8 


at all 


>57 
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points of the surface S, the difference between V\ and V 2 
remains constant throughout £. 

£>V 

For, if V = Vj - V 5 , — vanishes at all points of S, and 

V satisfies Laplace’s Equation throughout E. Now in Green’s 
Theorem (II., 6) put V for U, and as in Theorem I we get 

* v = o, SV = o, = 0 

<Xr dy ds 

throughout E, so that V and therefore V, - V 2 is constant. 
Note. If the region extends to infinity, V must vanish 
there, and therefore V, and V, are equal. If the legion does 
not extend to infinity, Vj = V 3 + C, where C is a constant. 
The presence of the constant is due to the fact that a constant 
potential gives rise to no forces 

§ 2. Potential of a Thin Spherical Shell of Given Sur¬ 
face Density. Consider a spherical shell whose thickness is so 
small that it may he neglected, and let the origin be the centre, 
a the radius, and a or a{ 6 ', <j>') the surface density of the matter 
composing the shell at the point (a, 0 , <f>) Then the potential 
of the shell at the point P(r, 9 , <f >) is 

v-jxrr- « 

where R 2 = r 2 + a 1 - 2 ra cos y , (2) 

and cos y — cos 6 cos 9 ' + sin 8 sin 6 cos - <j >) (3) 

If P lies outside the sphere, r > a, and 1 'R can lie expanded 
in descending powers of r, so that the potential at an external 
point is 

f 2 'f l 1 a 

V ‘ = J a J_ tnPfyd# {-P 0 (cosy) + pPi(cosy) 

o T 

+ pl’/cosy) + . . . I 

“ a « + . r2w |-1 

= 2 J pr+"ij 0 J _ <rP»(cos y)dfid(f>'. 


As in Ch. VIII, § 4 , it follows that 


a " + 3 


V, 


(4) 
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where 


Y„( 0 , 4 ) = | | a¥ n (cosy) cffj.' d<f>' . 


( 5 ) 


is a surface harmonic of degree n. 

Similarly, if P is an internal point, r < a, and the potential 
is 


V, 


J j" 1 P 0 (cos y) + r P,(cos y) 

+ / p i> X cos y) + 



,Y,(6>. <f>). 


1 

J 

( 6 ) 


Note I. The first term in (4) is M V, where M is the mass 
of the shell; for 

M j" | oa 1 dfj.d^> 

Similarly the first term in (G) is M <; [Cf. Ch. VIII., § 4, Noti r.] 
Again, assume that, as in VII (41), (42), the function 
a(ff, 4 ) can be expanded in a series 

< 7 ( 0 , 4 ,) - 4 ), . . (7) 

m 0 


where Z„,(0', 4 ) * s a surface spherical harmonic of integral 
degree m, and also that the series obtained by substituting (7) 
in (;) can be integrated term by term. Then, from VII. (29) 
and VII. (33) we deduce that 

Y„( 0 , 4 ) = 477 Z„( 0 , 4 ), 

2n + 1 


and, consequently, that 


V, = 4 »rV —--r M 6 

2 n + I a 1 


. 4 \ 


( 8 ) 


and 


( 9 ) 
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Note 2 . If the series ( 8 ) and ( 9 ) are convergent when 
r ■» a, the potential at a point on the sphere is 


00 

4rra ^- 1 — Z n (9, (f>). 

2n + 1 


(10) 


n -0 


Note 3 . If <7 = Z<£')> 


V, - - 47T r ^ V, = i~M 6 ' *)■ 

2n + 1 r" +1 2« + I a 1 


W +• 3 


47T 


In particular, if a is constant, (8) and (9) reduce to the well- 
known results 


V, 


M M 

} » 1 — 

r a 


Example t. 


If a — c cos ft', where c is a < onstant, show that 

.. Av a* ., 4t 

V, = c cos ft, \ , — , r cos ft. 

3 3 


Example 2. If a = A cos J fl' + H sm 2 9 ' cos-< 3 ' + C sin- 1 #' sin 3 ^', 
show that 

V, = 4rr-Yo(/3, 4,) 4- %• Y JP, <b\ 

r 3 r 

V, - 47 ra\\,( 8 , 4 ) + 4 ; y/fi, *), 

J a 

where Y 0 (9, <j>) = $(A + B + C) 

and 

Y 3 (ft, f) = i(2A - 13 - C)Pj(cos 9 ) + i(B - C) cos 2<f'n (cos ft). 

[Cf. Ch. VII., ex. 5 ] 

Example 3 . The surface density at any point s') of a spherical 

shell with the origin as centre and a as radius is a - m\y ; show that 

„ Avam Atiam /a\* 

V, = - iK, V e = - - xy{ 1 . 


Example 4. Matter of mass M is distributed on a spherical surface 
r = a so that its density at any point is proportional to the square of the 
distance of the point from the point ( 0 , 0, b) outside the sphere ; prove 
that 


V* 


1 2 a‘‘b s t 

r 3 (<P + 6‘) r')’ 


§ 3. Potential of a Thin Spherical Shell when the Value 
of the Potential on the Surface is given. First of all, suppose 
that the potential V on the surface is equal to Y n (0, <j>), where 
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Y„( 8 , <j>) is a surface harmonic of integral degree n ; then the 

function V< = Y n ( 0 , <f>) satisfies Laplace’s Equation at all 

points within the sphere, and is equal to V on the surface of 
the sphere. From Theorem 1 of § 1 it follows that V, is the 
value of the potential within the sphere. Similarly, since 
/a\ ™ + 1 

V„ =* ( - ) Y n ( 6 , <f>) is equal to V on the surface of the sphere, 

and, like V, tends to zero when r tends to infinity, V e is the 
value of the potential outside the sphere. 

Next, suppose that, as in VII. (41), V has been expressed 
in the form 

30 

V = *); • • ■ (II) 

n *- 0 


then it follows as in the particular case just considered that 


» 



v. - 2 , «■ ■ ■ 

* «* 0 

• (12) 

and 

n -» 0 

• (13) 


From the formula (VIII , 9) 


a 


we deduce that 


1 r ■ 
Lim 

4 ' 7r r —> a 


I _ av ' 
l 


+ 



<7 = 



i ) y „( 0 , 4>y 


(14) 


Note. By putting --^--Y n ( 0 , <f>) for Z,\ 9 , <f>) in (10) we 

can deduce (12), (13), and (14) from (9), (8), and (7) respectively. 

§ 4. A Theorem on Inverse Points. If P« and Pj are 
inverse points with regard to the sphere r = a (i.e., if O, P 0 , and 
P 1 are collinear, and r^r x *» <z\ where OP 0 = r 0 and OPj = r,), 


11 
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the potentials V 0 and V, of the surface density of the sphere 
at these points are connected by the relation 

Y« = l = . . (i 5 ) 

V, r, a- • • • 05; 


Suppose, for example, that P 0 is an internal and ?! an ex¬ 
ternal point; then, by (12), 


v „ - % « 


-S©' Y -(^) 

n — 0 


by (I3> 

I. This theorem can 
also be deduced from the 
geometry of inverse points. 
For, let a particle of mass tn 
be situated at a point Q (Fig. 

17) on the sphere, and let v 0 
and be the potentials of this 
particle at P a and P t . If 
OP n ?! cuts the sphere in A, 
QA bisects the angle P () QP,. 
Fig. 17. Then 

Vo = WQPq _ Q p i = AP, = r \ - a _ >'] - a = r x . 
fc'i w/QPj QF 0 ?„A a ~ a - «-;>-! a 

and, as this holds for all positions of Q on the sphere, it follows, 
by addition, that 

V 0 = *\ 

V! 

Note 2. If particles of masses w 0 and m lt where 

Wj = r# = a 

a r,’ 
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are situated at P 0 and P lt their potentials V 0 and V x at any point 
of the sphere are equal: for 

Y« = w„/P ? Q = 

Vi mj P,Q 

§ 5. Poisson’s Integrals. If V( 0 ', the value ofV on 
the sphere r = a, is given, it is possible to express V, and V e in 
a form in which the spherical harmonics do not appear. 

For, from (11) and (VII., 41, 42), 

Y„( 0 , 4 >) - -^--£' 1 ' V( 0 \ f)|P„(^)P„ 0 v') 

« 

+ 2 V cos m{4> _ f 

(» + *«) ! J 

m «= i 

= 2W tJf’T V(fl', <^’)Pn(cOS yyi[t'd<j>', 

4 7r J11 J -1 

by (VII., 34); and therefore, from (12), 


V ‘ = + ' )(£)“£’£ W t')P n (cos 

n ™ 0 

00 

= i£T , V(0 ’ f) [2 ^ + OQ^nCcOSy)]^'. 

n " 0 

But, by (V., 38), the sum of the series in the square bracket 


<<<r - r) 

(<r - 2 nr cos y + /-)! 


Hence, if r < a, 

v zj*> r f 1 MW ,, ~ 

4 rr J 0 J - 1 (r 1 - 2ar cos y + a s )I 

Similarly it can be shown that, for 

v = <** - ^ rr Wi mw . (17 ) 

4 77 Jo J-^r 1 - 2<wcosy + a s )i ' 

§ 6. Potential of a Thick Spherical Shell when the 

Density is given. Next, consider a shell of attracting matter 
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and the coefficients A, A m , B TO are functions of r alone. As- 
bounded by the concentric spheres r = a, r =» b, where a<b, 
and let p or p(r\ O', $) be the density at the point (r, ff, <f>') of 
the shell; then the potential at the point P(r, 6 , <f>) is 

v - JXf , . (ig) 

where R 2 = r 1 4- r - - 2 rr cos y, 

and cos y = cos 6 cos 6 ' + sin 6 sin $' cos ( <f> - <f>) . 

For points external to the sphere r ]> r, and i/R can be 
expanded in descending powers of r ; proceeding as in § 2 we 
find that the potential is 


where 


on 

V, - 2 $), • . (19) 

»r - 0 

Y„( 0 , </>)=[( [ p(r', 0 \ <f>')r’ n + 5 P„(cos y)dp!d$dr (20) 

J aJ 0 J — 1 


is a surface harmonic of degree n. 

Similarly, at points in the spherical hollow within the shell 
r<r', and 

co 

V, = ^ r n Z n { 6 , <f>), . (21) 

n — 0 

where 

p(r, 6 ', " _r ‘P n (cos y)dp- d<j> dr. (22) 


m l 

. 


Note x. The series (19) holds when r = b, and the series 
(21) when r = a. 

Note 2. The first term in (19) is M jr, where M is the mass 
of the shell. 

Now, if p be regarded, for any value of r, as a function of 
ff and <f>', it may be expanded, by (VII., 41), in the form 

00 

p(r, &, f ) = X n (r, 0 ‘, f ) • (23) 

n - 0 


where 
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suming that the series (23) can be integrated term by term over 
the volume of the shell, we deduce from (20) and (23) that 


Y n ( 6 , 4 >) =. f f'f X„(r', 6 \ <f>y*+ *P n (cos 

J aJ 0 J -1 


4 w 

2 « + 

n 

y|cP„(ju) + ^ (C m cos m<f> + D m sin 


tv I 

( 25 ) 

by (VII, 3 

3), where C = A r' n + -dr', 

J a 


C m = f A m r' n + 5 dr', D r „ = f B m r n + *dr. 

(26) 

Thus 

j a j a 


V, 

“ 4W 2 2« J -Ti W' + 'dr>. 

( 27 ) 

Similarly, from (22) and (23) 


Z„( 0 , <f>) = 

rb r‘iit pi 

x„(r, e\ <f>)r "» + ■ P Tl (cos y)dy d$ dr 

J a J u J — 1 


= 

{ a> -« 



+ N)(C,„ cos w</> + D,„ sin T"(/*) j, 

(28) 

where 

C = | Ar' 


c\„ 

= | o A <« r ~ n + l Jr\ D m = | B m r + l dr. 

( 29 ) 

Hence, from (21), 


v. 

” n ^ 

= 4 " ^ - r - - f X,(r, (f>)r' ~ " + 1 u'r'. . 

2« + lj„ 

n - 0 

( 30 ) 

Note 3 

. If p is constant, X # = p and X„ — 0 for « = 

I. 2, 

3. ■ • • ; ; 

hence 



V. = M - V, = 27 rp(/r - 
r 


Note 4 

.. If p(r, 6 \ <£’) is a rational integral function of 

x, y, s' oi 

degree m, V, is a rational integral function of.r, 

y, s 



166 


SPHERICAL HARMONICS 


[CH. IX. 


of degree m also. For (23) can be derived from (VII, 38), and 
tn is the highest degree of the surface harmonics so obtained. 
Similarly V e is a rational integral function of x, y, s of degree in 
divided by r®”* + *. 

Finally, the potential at a point within the mass of the shell is 
obtained by adding the potential V e for the shell bounded by the 
spheres of radii a and rto the potential V, for the shell bounded 
by the spheres of radii r and b. If this potential is denoted 
by V p , 




- 1 f X„(r, 6 , <j>)r n + -dr 

J a 

+ r” fx n (r, 6 , * + 'dr 


(30 


Of course V p does not satisfy Laplace’s Equation : the 
reader can easily verify that it is a solution of Poisson’s Equation. 
Note 5. If p is constant, 

V, = 3 p-- - + rp(lr - l~) = 2t rp(b- - J- - , y )■ 


The Potential of a Solid Sphere. The expressions for the 
potential of a solid sphere can be deduced from (27) and (31) 
by putting a equal to zero. 

Density a Rational Integral Function of the Rectangular Co¬ 
ordinates. It was shown in Note 4 above, that, when the density 
is a rational integral function of the rectangular coordinates, so 
also is V, To obtain a formula for V, we first of all assume 
that the density p(x', y, z") is homogeneous of degree m in 
x\y, z \ then, by means of (VII., 38) we can put (23) in the 
form 

p(x',y', z) = Y m + r' 1 Y TO _., + + . . ., 


where Y n is a solid harmonic of degree n ; and so, comparing 
this expansion with (23), we see that 

X„(ri, d‘, <f> ') = r' m ~ »Y„(/, 6', <f >'), 

where m - n is even. As Y„(r’, 9\ <f>') is homogeneous of 
degree n in f, it follows that 

X»(/, 0, <f>) - r m r ~ "Y n (r, $, if>). 
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Hence, from (30), 


/m - n + l J,) 


I b m - " + 5 - a m ~ n + 1 

4 - 2 ft #)- 


m - n + 2 


2 n + 1 

where n = m, m - 2, m - 4, . . . 

Similarly, from (27), 

1 Y„(r, Q, <f>) b m + n + 3 - a m + n 

2 n + 1 + 1 m + n + 3 


( 32 ) 


V, = 47 T 


( 33 ) 


If p(x'< /< ~ ) is not homogeneous in z, the values of 

and V, are obtained for each homogeneous part of p, and 
then added. 


Example. Up - ax' + by' + cz\ show that 

2 TT 

V, - —{b l - iP'j'.ai + by + cz). 


V. = 

> 5 V 


(t'j 


a t + by + iz 


§ 7. Equivalent Distributions of Masses. It will now be 
proved that there is one and only one surface distribution of mass 
a( 9 , <f>) on a thin shell r — b which has the same effect at points 
external to the shell as a given distribution of density p(r, 9 , <f>), 
in a thick shell (or solid sphere) bounded externally by the 
sphere r — b. 

Let V, and W, be the potentials of the thin and thick shells 
respectively: since their effects at external points are the same, 
it follows that 

av, = aw, av, = aw, av, = aw, 

2n ~iv ’ tv V ’ 

so that V, = W, + C, 


where C is a constant. Since V, and W, both vanish at infinity, 
this constant must be zero, and therefore V, and W, are equal. 

By comparing (27) and (8) we see that, as these potentials 
are equal for all values of r greater than b, 

Z n (9> 4>) =* | 0 . ^)(/>) dr < 
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where 

p(/> 6 ‘, f) = j£x n (/. 9‘, 4 ,'), < 7 ( 6 ', f) = 

ft — 0 ft - 0 

Thus a(ff, ^') is uniquely determined when p(r , 6 ‘, <f>) is givea 
i. The converse theorem does not hold. 

Note 2. As the first terms in both expansions, (27) and (8), 
are of the form M/r, the total mass is the same in both cases. 

It can be shown in exactly the same way that for a thick 
shell bounded by the spheres r = a,r = b, where a < b, a surface 
distribution over the sphere r = a can be found which is 
equivalent at all points within the hollow' to the mass distribution 
of the thick shell. In this case, however, C is not necessarily 
zero, so that the two masses need not be equal. This is due to 
the fact that a uniform distribution of mass on a spherical shell 
gives rise to no forces within the shell [cf. § 6, Note 3]. 

§ 8. The First Boundary Problem for the Sphere. If the 
value of the potential is given at all points of the boundary of a 
region, the problem of determining the value of the potential at 
all points of the region is known as the First Boundary Problem. 
The solutions of this problem for a region bounded by a thin 
spherical shell are given in formula.- (12) and (1 3). For a thick 
spherical shell the values of V, and V e are obtained in the same 
way. 

Thus, if, at the external boundary r = b, 

30 

V = f(B, <f>) = ^ *)• • • (34) 

n - 0 

then V ‘ = 2 (r) Y ^ 6 ’ & ; • (35) 

n — 0 

while, if, at the internal boundary r = a, 

CD 

V = F (9, f) = ^ Z n (9, <}>), . . (36) 

« - 0 
CO 

V. = 5 ©” z »(0. 4>)- 

M tm 0 


then 


(37) 
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Example. If V has the constant value C on the sphere r = a, 

V, - C. 

Poisson's Integrals. As in § 5 it follows that 

V- _ ~ >*) (“'f 1 F(g', Wu'd# 

* 4 77 Jo J-i(r-' — 2a>-cosy + ’ 

v _ ^- ^ rr 1 f * 

* 4 7T J 0 J - 1 (r 2 - 2^r cos y + v 

Space bounded by Concentric Spheres. Again, let V be the 
potential in a region bounded by the spheres r = a, r — b, where 
a<^b, and unoccupied by attracting matter, and let the values 
of V on r = a and r = b be 

00 

m *) “ ]£ Z n(P, <t>), ■ ■ (40) 

ft - 0 

X 

and /(M) - 2 Y »(*> *) ’ • UO 

n — 0 

respectively. In the region dgrg b, V can be expanded in 
the form 

oo x 

v = 2 ^ Xn(01 ^ + 2 r_ "' ,x ^ ^ • (42) 

n ■■ 0 n *» 0 


the first part of the expression being due to the matter external 
to the sphere r = b, and the second part to the matter within 
the sphere r = a. 

When r = b, 


« oo 33 

v - ^ Y " w # - 2 * nXn{0, ® + 2 6 ~" ~ ix '^- 

« — 0 r» — 0 « ■ 0 

and, when >- =3 


V - Z N (0, <A) = 

f» - 0 


2 + 2 ■" ■ * x »(*• 

■ - 0 •: - 0 


It follows that, for « = 0 , 1, 2. 

Y„(0, *) - b n X n (8, <f,) + b- n - 'X'„(0, 0). 
Z n (6, <f>) » a"X n (0, + « - » - l X„(0, <£) ; 
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and, by solving these equations for X n ( 0 , <f>) and X' n ( 0 , <f>), and 
substituting in (42), we find that 


V = 



n-0 


a n r~n-')Y n (8, cf>) + {b n r~ n ~ l 
b n a~ n ~ l - 


r »b-'-' )Z n (d, <f>) 
(43) 


Example. If the values of the potential on the spheres r= a and 
r 6 are constant and equal to A and B respectively, show that, for 
« SrS*, 

Y _ Bi r - a A a b - r 

r b - a r b - a 


§ 9. The Second Boundary Problem for the Sphere. 

It may be that, instead of being given the value of the potential 
on the surface of a region, we are given the partial derivative of 
the potential with regard to the normal to the surface (i.e. the 
component of the force along the normal to the surface); it will 
be assumed that the normal is measured away from the region. 
The problem of finding the potential at all points within the 
region is called the Second Boundary Problem. 

First of all, consider the potential V, at points external to 
the sphere r = b\ the derivative of V e with regard to the 
normal to the surface of this exterior space is given to be 
f(0 , <f), so that 

r ;>v, i 


and V, satisfies Laplace’s Equation at all points outside the 
sphere. 

We assume that V e can be expanded in the form 

so 

V ( = 

n — 0 

so that 


Then, if 



ft 4- I 

j,<i +"a < f > )- 

W 0 


30 

m <t>) - ^ Y ^ 9 ’ v 

n — u 

*»<*. <f>) - y + ;x n (d, 4,), 


( 44 ) 
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and therefore 




n •» 0 


( 45 ) 


As this potential satisfies the given conditions it must (§ 1, 
Theorem 2, Note ) be the required solution. 

Next, let V; be a function which satisfies Laplace’s Equation 
within the sphere r = a and satisfies the equation 



F(0, 4) 


on the sphere, where F(8, <f>) > s a given function. If 


m 4) = ^ z n ( 0 , 4) 

♦» - 0 


it can be shown that the value of Z„( 0 , 4 ) must be zero. For 
(VIII., 7) the surface integral 



' f ( F (0, 4)‘^4 

4^rJJ_, 


is equal to the total attracting mass within the sphere, which in 
this case is zero : hence 



Z„(0, 4)d^ui4 ~ 0. 


But, if n 


I, 2 , 3 , . . . 

nr zm 4 \w 4 - o; 


and, since Z o ( 0 , 4) > s a constant, 

L 1 4^^4 = 4^(0, 4)- 


Hence Z„( 0 , 4) ‘ s zcro - anc ^ 

00 

m 4) - 2 Z n (6,4). . 

n — \ 


(46) 
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We now assume that 

v< - ^x n (0, ft. 


which gives 


n-0 


pv 

_ <>r 


co 

‘1 ^ »«” 

- r ■= a 


" ’X n ( 0 , £). 


As this is equal to F($, <f >), it follows from (46) that 

Z„( 0 , 0 ) = ^), » = I, 2, 3, . . . 

Hence 

v, = c + ■ 


(47) 


where C is the value of X 0 , and is the constant of § I, Theorem 
2, Note. 

§ 10. Potential of a Homogeneous Spheroid. A solid 
body which differs very little in shape from a sphere is called a 
spheroid. The equation of the surface of such a body may be 
put in the form 

r = a{\ + of(6, <£)}, (48) 

where a is a small quantity; it will here be assumed that a is 
so small that its square and higher powers may be neglected. 

Theorem 1 . If the density p of the spheroid is uniform, its 
potential is equal to the sum of the potentials of the sphere 
bounded by the surface r = a and of a thin spherical shell of 
radius a and surface-density a = paaf(0, <f>). 

For, if V is the potential at the point P(r, 9 , <f>), and 
Qi(F, 6', <f>) is any point of the spheroid, 

[”■> pr" l dr dpdty 


ns 


r. 


where PQ, = R, and =' a[i + Then 

V = V, + V„ 

' where 

ri» r 1 C a pr~dr dpi d<p 


v ' - ns 


R. 
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is the potential of the sphere, and 

fin fl V/ d/j.'d<f>' 


'■ - r;r j: 


Ri 


If P lies outside the sphere 

V 2 = J "J 1 }V 2 {2 ^, p »( cos y)}^M rf f 

« — o 

„ rr 

JjJV* n + 3 ^ n + 1 i 

ft - 0 

Here expand r, n + 3 = <j n + ! {I + a/(fl', <£')!" + ’ 

in powers of a; then, neglecting a 2 and higher powers of a, we 

have 

v, = f o 'f />{j£« n+ ^) 1, ; ( “ s 1 y) }^'^' 


n ™ 0 


= 0 °{ 2 >*' ,Pn(cosy) } < * s ^ iV ^ 

»—1> 

_ j‘ 2 ' r J' o‘*'dpldj> 

where R is the distance of P from the point (a, 6', ft) on the 
sphere r = a. This is the potential (i) of the thin spherical 
shell of density a. By expanding R! in ascending powers of r 
the same result can be obtained for points within the sphere 
r — a. 

T 

Corollary I. If f( 0 , <f>) = ^ Y n (6, <f>) 

« — 0 

the potential at points external to the spheroid is, by (8), 

V, - $ —+ 4 it pa- x 'V-- — Y n ( 6 , <£). (49) 

3 r dm 2 n + 1 w 

M - 0 

Corollary 2. The potential at an internal point is, by (9) 
and § 6, Note 5, 

00 

V, » 2irp(a- - Jr 1 ) + 4-nperx ^ _L_Q Y»( 0 , $). (50) 

■ “ 9 
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Example i. If the ellipsoid -- + { + ^ = i is a spheroid, express 

a* o* C* 

the radius r in terms of spherical harmonics. 

[Put a = c(i + o), i = t(i + / 3 ), where the squares of a and |S can be 
neglected : then show that (cf. Ch. VII., ex. 0 
r = <r{i + osin s 9 cos»^ + 0sin a Ssin»^} 

= C{1 + i(a + P) - i(a + j8)P 2 (C0S 8) + i(a - 0) COS 2* T’(COSff).] 

Theorem 2. If M is the mass of the spheroid bounded by 

CO 

r = aji + a ^ Y «( 0 - £>} - 

B-0 

then 

M = j-rrp^l 1 + 3«Y 0 [.(5 1 ) 

For 

M = J'J' ^pr i d/dp.'d<f>' 

- J J \pr'dpd$ 

- fl>{. + 3« 2 Yn(9 ’’ * 

= I + 3*V 0 l. 

Corollary. From (49) it follows that 


M 


X --(*)" Y - (e - <S2) 


Example 2. 
and get 


For an oblate ellipsoid of revolution put /3 = o in ex. 1 , 
r = C{ I + ja - }aP.j(cos 0 )}. 


Then, from (52) and (51), 

V* = ^ - ?>rp<r 3 aVn P 5 (cos0) = — - *aM f P 3 (cos 8 ). 
r 3 5 Vr/ r 5 r" 

Theorem 3. If the origin is the centroid of the spheroid 
bounded by 

oo 

r~a{ 1 + a 2} Y n (M)}, 

>»-0 

the term Y^ff, <j>) must vanish. 
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For, if (x, y, z) is the centroid, 

i*2i rev rt 


Mr =» p f f f r l (y sin & cos <f>') sin 0 ' dr dffdtf 

Jo J 0 J0 

rlif rv 

= p I J J-r^sin 8‘ cosf) sin 8' d8'd$ 

J (I J o 

= | 1 1 + 4a Y n (ff, </>')|(sin 8‘ cos <f>') sin 8’ dB'cfy’ 

= pfffaf f Yj( 0 ', f^sin 8' cosfi) sin 8' dd'cfy', 

J 0 J I) 


since sin 0 'cos <£' is the surface harmonic cos <f>' T J (cos 8‘). 
Therefore, since x = 0 , 


and 


f f Y/ 0 ', <£')(sin 0 ' cos $') sin & d8'd<f>' — 0 . 
J (I J (I 

Similarly, since y and c both vanish, 

raw rw 

J J Yj(0', <£')(sin 6 ' sin <f>’) sin 8 ' d8'd$ = 0, 

f f Y,( 0 ', <f>')(cos 8 ) sin 8 ' dd'd<f>' — 0 . 

J ft J 0 

Now Yj(F, (j}') is of the form 

A cos 8' + B sin 8' cos cf>' + C sin 6' sin <£', 


( 53 ) 

( 54 ) 

( 55 ) 


where A, B, C are constants. From the equations (53), (54) 
and (55) it follows that A, B, and C all vanish. This may be 
shown either by direct integration, or by multiplying (35), (53) 
and (54) by A, B, and C respectively and adding ; this gives 

f f;Yi(0'. 4 >yr sin 8 ' dddfi = o, 

J 0 J 0 


from which, as the integrand cannot be negative, it follows that 
Yj(0, 4>) > s zero for ah values of 8 and <£ on the sphere, and 
therefore vanishes identically. 

§ 11 . Potential of a Heterogeneous Spheroid. If the 

spheroid is not homogeneous, but consists of strata of different 
densities such that the surfaces of equal density differ but little 
from a sphere, the potential can be deduced from the results of 
the previous section. Let any surface of equal density be 

r -* d {1 + a/(0, <j>, a')}, . . . (56) 
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where a is so small that its square and higher powers may be 
neglected, and a' is the parameter of surfaces of equal density. 
The external boundary of the spheroid is the surface of equal 
density whose parameter is a ; the density p is a function ¥(a) 
of a alone, and 

oo 

/(<?, 4 >> *') = ^ Yn(d ’ 

o-O 


When the surfaces of equal density are all similar, /(&, </>, a) and 
Y n (d, <f), a ) are independent of a. 

If now V(a') is the potential of that portion of the spheroid 

dV(a) 

which is bounded externally by the surface (56), 

measures the rate at which V(a') varies with a'. But if the 
spheroid bounded by this surface were homogeneous, of density 
p = F(V), the potential would be, from (49), for an external 
point, 


U*0 = i~- + 4 rrpa^ 2 sTTtG)" Y "^ +’ fl '> : 

n -0 

and, from (50), for an internal point, 

00 

U,0') = 2t rp(a' 2 - V) + 4npa'-a ^ 2n V i(I’) Y "^’ 

Since the density in this case is that of the stratum a, the 
derivatives of these functions with regard to <?', p being treated 

as a constant, give the corresponding values of ~^r%— ; so that, 
for external and internal points respectively, 


Hi } 


dd P'ba [p 


Hence, for the complete spheroid, the potential for external 
points is, 


v - - J/&G t + irri (v)" +v -w * *}* 


M 


H>l{2 sVi or) 


» 0 
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Spheroidal Shell. For a heterogeneous spheroidal shell 
bounded by surfaces of equal density at which a! — a and 
a! «»■ b, where a <C.b, the limits of integration are taken to be 
a and b in place of 0 and a. At an internal point, 

V< =4»rf pddd + 4rraf p ? Y„(0, <f>,d)\dd. 

J a J a Srt 271 + l a 1 J 

H t* 0 

( 5 «) 

For a point in the body of the shell on the surface whose 
parameter is a', the potential is 


V. 


, f I a " XT' 1 1 

= 4 ff l p + * > , 

J a L r r" 1 ‘ 2« - 


+ i iw 


” 3 Y„(0, cf>, a')'. 


da 


b - i 

+ 4 1T ( p[ «' + * ; ~ " * 'Y„( 0 , 4 >- «')( 

J** l 2n 4- I dtf 


da\ 

( 59 ) 


When the integrations have been carried out, V p is expressed 
as a function of r, 0 , <f>. and a'. In differentiating partially with 
regard to r, 0, </> in order to obtain the corresponding com¬ 
ponents of attraction it should be borne in mind that a' is a 
function of these co-ordinates. It can, however, be shown that 

the value of L \“ is zero, so that the correct values of 

2a Dr 20 


DV 

- " are obtained if a' is treated as a constant. 

2<f> 

as follows:— 


The proof is 


J>v, 

2 a' 


■ 4 W PI 


r + a i r*‘ + l 2« + I n } 


7 'm +3 


r'* 4 ' 1 + l ^7 


D Y„( 0 , f A 


3 t> 

X - * I > Jl ti ~2 

-" + *2 L — ^ 


r* i 

n n_J 2w+ i <Vr 


* «')} 


13 
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In the term ~ put r - a |i + a ^ Y n (0, <£, tf') j ; then 

n -0 


'2 *° 

~ = ^ Y »( e ’ 

n — 0 

powers of a above the first being neglected. In the terms of 
which a is a factor we may put r — a, since any closer approxi¬ 
mation would introduce powers of a above the first : thus 

II 

00 

a “ a>0L ^ Y n (0, <f>, a) 

n « 0 


OB 

+ -2 {4ii Y ^ * »') + -•)} 

n =® 0 

= 0. 

oo 

- a' + a ^ ■*') 

- Ji , *■ «■)} _ 
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APPLICATIONS TO ELECTROSTATICS 


§ i. Distribution of Electricity in a Conductor in Electrical 
Equilibrium. When a conductor is in a condition of electrical 
equilibrium, the sum of the electrical forces due to the distribu¬ 
tion of electricity within and without the conductor must be zero 
at all points of the conductor. For, if not, a further move¬ 
ment of electricity in the conductor would take place, and this 
would contradict the hypothesis of electric equilibrium. Thus, 
at all [Mints within the conductor the components of force 


iV 7 >V iV 
iu ’ “ <>/’ “ ic 


are all zero, so that V is constant. Also, throughout the con¬ 
ductor 


-V 


+ + 
ir \iu-y bi'Vbr / 


b / —"'l 


0 ; 


and therefore, from Poisson's Theorem (VIII., I i) it follows that 
there is no electricity in the interior of the conductor. Thus 
the charge of electricity on the conductor lies entirely on the 
surface. Since the force within the conductor is zero, the 
density a of this surface distribution is given by the formula 
(VIII., 9)- 

i DV 

a - - . , 

477 bn 

n being the normal measured away from the conductor. The 
force at the surface must be in the direction of the normal, for 
if there were a tangential component of force a movement of 
electricity would take place along the surface of the conductor. 
The potential V, due to charges on and outside the conductor, 
is therefore constant throughout the conductor. For a system 
of conductors this must be true for each conductor, but the 

i79 
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potentials of the different conductors may differ from each 
other. 

§ 2 . Distribution of Electricity on an Insulated Conduct¬ 
ing Sphere. Let a quantity M of free electricity be com¬ 
municated to an insulated sphere whose surface is r = a, and 
let the sphere be subjected to electrical forces arising from a 
distribution of electricity external to the sphere. From Ch. 
VIII., § 4, Cor. 2 it follows that the potential U of this external 
distribution can, within and on the surface of the sphere, be 
expanded in the form 

u = 2 *)• ■ • (0 
n « 0 

If, moreover, the surface distribution a on the sphere be 
expressed in the form 

° = S z ’ 19 ' • (2) 

» « 0 

the potential V of this distribution is, by (IX., 9), 

30 

V = 4n 2 , /- .Z»(* • ■ (3) 

ft — 0 

Now within and on the sphere the potential has a constant 
value, C say, so that 

co 

u + v - 2Q"{ y "(*. ^ + I?Tl Zn(e ' 4) ] = c (4) 

n - 0 


at all points of the sphere. From this equation we deduce 
that 


Y„( 0 , 4 >) + 


-W-Zjfi, <f>) == 0 , 

21t + I 


(5) 


for n = I, 2, 3, . . ., and that 

Y»(0, + 4 ™Z.(0. *) = C. 


By means of (5) all the Z's except Z 0 can be expressed in 
terms of the Y’s; as for Z 9 , from Ch. IX., § 2, Note 1, the 
first term in (3) is M/a, so that 


Zo(0, 4>) 


M_ 

4 wa“ 
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The constant potential Y 0 gives rise to no forces, and has 
therefore no effect on the distribution of the electricity on the 
conductor. 

Thus, finally, 

oo 

* - “ - / T( 2 « + I)Y„( 0 , <f>). . . (6) 

4 ircr 4 ira 

n -* i 

This density a is made up of two parts: firstly, the uniform 
distribution M j(47ra 1 ) which would be the density of the charge 
M on the sphere if no external forces were present; and, 
secondly, the density 

» 

- 1 X* (2fi + i)Y„f0, <f>) 

47 7(7 

n — 1 

induced by the external forces. This would be the actual dis¬ 
tribution if no free electricity were communicated to the 
conductor. 

These results can also be obtained as follows. Within and 
on the sphere the potential of the surface distribution whose 
density is to be determined is, from (1), 

*s 

v > = c - 2CT V " (<? ^ ): ■ • (;) 


and, from the value of this potential on the sphere r = a the 
corresponding external potential is found (IX., 1 3) to be 


V, = jC - Y„(0, <f>)f - j? (*)" " ’y„(0, 4>). (8) 

W » x 

Now, if V, and V, are the total external and internal 
potentials, 


1 

47T 


, nv, 


but the potential of the external distribution makes no contri¬ 
bution to a, since its partial derivative with regard to r is 
continuous at the surface of the sphere. Hence 

3 V , 3 \ 1 ] 


1 
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where V, and V, are given by (8) and (7) : this formula leads to 
(6), provided only that we note that, since Lim (rV«) = M, 

r —► 90 

{C - Y 0 (6, 4 >)}a = M. 

§ 3. Insulated Sphere and External Point-Charge. 

Suppose that a charge M of free electricity has been com¬ 
municated to an insulated spherical conductor bounded by the 
sphere r — a, and that, at an external point A(c, 8', <£'), where 
there is a point-charge of strength m. dhen, at the 
point (r, 8, <f>), where r <^c, (1) becomes 


U 


where 


m 


^J(c - 2.cr cos y + r) 


cc 

^ (JO I> >‘( cos v)> (9) 


cos y = cos 6 cos 8' + sin 8 sin 8' cos [<f> - 4> ); 
hence, from (6), 


M 

4 Ira¬ 

m 

4mzc 

ft am 1 

(2 n + 

l)(JJ) Pn(cosy) 

ni 

___ _L 

w f, _ 


c[r - cr) 1 

47 rd- 

437^1 

(F 1 

2 ca CO', y + a'-)’ 1 

M 

«_f, _ 

*1 


—0 + 

4 na- 

4 ni 7 c\ 

R 3 }’ 



. (io) 


■ 00 


where t is the length of the tangent from A to the sphere and 
R is the distance of the point P (a, 8, (f >) on the surface of the 
sphere from A. 

If a denotes the part of this surface-density which is induced 
by the point-charge at A, 


jq, 

i,TTOC 1. 


R 3 j ’ 


( 12 ) 


By means of this formula the distribution of the induced elec¬ 
tricity over the sphere can be ascertained. If AO cuts the 
surface of the sphere in B and B' (big- i8), a is constant on 
those circles of the sphere which lie in planes perpendicular to 
the diameter BB'. For any point P(a, 8 , <f>) on the sphere y is 
the angle AOP, and R — AP. 
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At B, y ■= 0 and R = c - a, so that, since t 1 = c 1 - a\ 

, m( + a)) 

a = 4trac\ (c - afj’ 

which has the opposite sign 
from m. 

At IV, y — n, R •— c + a, 

and 

«_/, < c __r_ a y\ 

° = 4rrac\ (c + a)-]' 

which has the same sign as m. 

If y = tt/2, P is a point 
such as C on the great circle 
whose plane is peqjendicular to B 1 V, R = ^/{c + a"), and 

, m ( c(r - a : )\ 

(r + a 1 )-) 

so that here o' has the same sign as m. 

Again, if P is a [joint such as T on the circle of contact of 
the tangents from A to the sphere, cos y = ajc, R = /, and 

, _ J«_f _ \ 

a 47t< 2( \ 1 >/(c‘ - a-) I’ 



which has the opposite sign from m. 

In fact the induced electricity of the opposite sign from m 
gathers on the side of the sphere next to A ; that of the same 
sign as m on the side away from A. 

To determine the position of the circle which separates the 
negative from the positive induced electricity, we put o' = 0 in 
(12), and find that R = or, if, for this circle, y = y,, 

J = <4 - 2 r <7 cos yj + or, 

so that 


COS y, 


r + tr - r^(r - <r’)^ 
2 ac 


The total quantity of induced electricity of the same sign 
as m is 
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m 




piracy 
mr 

= --I - a cosy+ 


—^-- —\ 2na 2 sin ydy 

ary- J 

4'. 


(c 2 - 2ca cosy + <r) 
c 2 - <r 

^/(r 2 - 2m cos y + 
r 2 - rt" 


m r 

= -^ + acosy 1 -^ y j 

= + <r ~ 3^(r ~ 

The potential for internal points of the induced electricity 
is, by (10) and (IX., 7, 9) 


V. = - m 


go 

2 /t' P, * (cos y) = 


- u, 


so that the constant potential of the sphere when uncharged is 
U + V, = m'c. For external points, by (IX , 8), the potential 
of the induced electricity is 


V, = - 



a m + 1 
{erf + 1 


F n (cos y) 


a 

nt . 

c 

r 

where c 0 = a*/c ; thus 




m 


a 

c 


2 re,„ cos y + <y) ’ 


a a 

m . m . _ 



(13) 


where R 0 is the distance from the point A 0 (c 0 , 6 ', <f>') which is 
the inverse of A in the sphere. 1 he effect at points external 
to the sphere of the induced electricity is therefore equivalent 
to that of two point-charges, the one of strength ma]c at O, 
and the other of strength - ma'c at A 0 . 

§ 4. Distribution of Electricity on an Uninsulated Con¬ 
ducting Sphere. If the sphere is connected to earth by a 
Conducting wire it is said to be uninsulated , and its potential 
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has the value zero. In (4) the value of C is then zero, and (5) 
holds when n = 0, so that (2) becomes 

an 

* - - - V(2*+i)Y n ( 0 , <j>). . . (14) 

4na 

* = 0 


The total charge of electricity on the sphere in this case is 


M' = 



n<rd\iA§ - - a Y„( 0 , rf>)- 


(‘ 5 ) 


§ 5. Uninsulated Sphere and External Point-Charge. 

For a point-charge of strength m, at A(r, &, <f>'), where c > a, 
U has the value (9), and, from (14), 

ff = - 4 nac ^ ( 2W + OC) P -( cos y) ' • (l6 ) 

n — 0 

tn ric 1 - a 1 ) 

~ — , — - ., by V., 38. 

4 m/c (c- _ 2 az cosy + a-y 

ntt‘ 

47t</R - *' 


The induced electricity is therefore all of the opposite sign 
from that of m, the electricity of the same sign having all been 
driven to earth. The total charge on the sphere is, by (15), 
- ma<c. 

The potential due to this induced electricity at an internal 
point is, by (IX , 9 ). 

V..- 

n — 0 


which, added to the potential U of the inducing charge at A, 
gives potential zero throughout the sphere. 

At external points the corresponding potential is, by 
(IX., 8), 


V, 


,1 - « 


a 

m . 

c 



as in (13); thus V, can be regarded as the potential due to a 
charge - majr at A 0 , the inverse of A in the sphere. The 
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effect of the charges m at A and - ntajc at A 0 is thus to give 
zero potential on the sphere, a result which could be immediately 
deduced from Ch. IX., § 4 , Note 2 . 

§ 6 . The Green’s Function. The Green’s Function for a 
given region 2 and a point A (the pole) within the region is a 
function V which satisfies Laplace’s Equation at all points P 
within the region, A excluded, which has the value zero at all 
points of S, the boundary of 2 , and which is such that 
V - i/R, where R = AP, tends to a definite limit as P tends 
to A. 

V is clearly the potential in the region 2 when the boundary 
S is uninsulated, and a unit point-charge is situated at A. The 
corresponding potential when the charge at A is of strength m 
is mV. 

The. Green's Function for the Region enclosed by a Sphere. 
Let the sphere be r = a, and let P and A be the points ( r, 6, <f >) 
and (e, 61 </>’), where a ; then 

R = *J{r 2 - 2cr cos y + F), 

where cos y = cos 6 cos O’ + sin 9 sin 6‘ cos - <f ); 
so that, if P lies on the sphere, 

CD 

e - • ■ - on 

«- 0 

Now the function which satisfies Laplace’s Equation within 
the sphere, and has this value on the surface, is, by (IX., 12), 

■ ■ ■ <‘ 8 > 

« - 0 

If this function be subtracted from i/R, the resulting 
function 

- v = 1 - V ^ P„(cos y) 

R 4 <r w + l * n 

n — 0 

vanishes on the surface of the sphere, and is therefore the 
Green’s Function required. 
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The series (18) is convergent for values of r less than a-jc, 
and has the sum 

a 

*V{‘ - + ©1 _ k; 

where R 0 = ^/(r,,' 2 - 2 cy cos y 4- r 2 ), 


and ~ tvjc : thus R 0 is equal to A U P, where A # is the inverse 
of A with regard to the sphere 
Hence 


V = 


R 


a 

c 

r"’ 


( 19 ) 


so that the Green's Function is the sum of the potentials of a 
unit point-charge at A and a point-charge of strength - a'c at 
A 0 . As in the case considered at the end of the previous section, 
this could be deduced from Ch. IX , § 4, Note 2. 

The Green s Function for the Region external to a Sphere. 
If A(y, 0 ‘, where is a point external to the sphere 

r = a, then, on the surface of the sphere, 


I 

R 



a" 

c n + 1 


PnCcosy), 


ft - M 


so that the required Green’s Function is 

, . I + ' r, - x 

V “ R " 2 , {ir ) n + 

n ~ D 

a 


(20) 


I e 

R “ K/ 


( 21 ) 


where, as before, R 0 = A 0 P, A 0 being the point inverse to A 
with regard to the sphere. It will be noticed that the formulae 
(19) and (21) are identical in form, but that the positions of A 
and A w are interchanged in the two cases. F'rom the equation 
(21), multiplied by m, the results of § 5 can be deduced. 

The Green s Function for the Region bounded by Two Concen¬ 
tric Spheres. Finally, if A(r, O', <f>') lies in the region between the 
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spheres r =» a, r = b, where a then, from (17) and 

(20) the values of Y n and Z„ in (IX., 40, 41) are 

= ~f) n + ‘^“(cos y)> Z n — ftt + il «( cos y)' 

By inserting these functions in (IX., 43) we deduce that the 
Green’s Function is 


I P„(cos y) f c" 

_ _ ^ - Li -J (ysn + 1 _ a ‘ 


an + i\ 


+ ( - ) »T 1 (^ + ’ * ^‘ + 1 


)]• (22) 


§ 7. Thick Spherical Conducting Shell under the Influ¬ 
ence of External Electrical Forces. Let the shell be 
bounded by the spheres r = a, r - b, where a <^b. The 
inducing charges lie outside the sphere r = b, and therefore, at 
points within the sphere, the inducing potential U can be 
expressed in the form (Ch. VIII., § 4, Cor. 2), 


u = 2 w 

n <- 0 


The charge on the shell must he on the surfaces r =* a and 
r = b ; let a be the surface density on r = b, and r that on 
r = a, and let a and r be expressed in the forms 

co an 

a = ]gz„(*, <f>), r = >► xje, 4 -y • (24) 

n — 0 « — 0 


Then, at points throughout the shell, the potentials V and W of 
these two surface distributions are (IX., 9, 8) 


« 

» - 0 

2 1 /tf\ n + 1 

2 n + ,(r) 


« - 0 


(25) 

(26) 


c, 


But, throughout the shell, the potential has a constant value 
so that 


U + V + W =. C; 


(27) 
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therefore, omitting the arguments of X„, Y n , and Z n> we have 


Since this equation holds for all values of /'between a and b, 
the coefficients of all powers of r on the left-hand side, except 
r°, must vanish. From the vanishing of the coefficients of 
negative powers of r it results that every X„ is zero, and 
consequently r — 0 ; so that the electrical charge is entirely 
confined to the outer surface of the conductor. Equation (28) 
then reduces to (4), with b in place of a. It follows that the 
electrical behaviour of such a shell subjected to externa! 
electrical forces is exactly the same as that of a complete sphere 
of radius b. [See §§ 2, >] 

The same holds true if the shell is connected to earth. 
[See §§ 4, 

§ 8. Thick Spherical Conducting Shell under the 
Influence of Internal Electrical Forces. In the next place, 
let the inducing electrical forces arise from a distribution of 
electricity in the hollow space bounded by the interior surface, 
r *=> a, of the shell. The inducing potential U can then, for 
points outside this surface, be expressed in the form (VIII., § 4, 
Cor. 1) 

u - 2 0 " + ,Y - ( * +>• ■ ■ (29) 
*• *- 0 


while V and W have the forms given in (25) and (26). 

Accordingly, if the constant potential throughout the shell 

is C, 


■ - 0 

which gives 

Z„ = 0 , for rt = t, 2, 3, . . ., 
4jr//Z 0 = C, 


and X„ » - “/i-’t.- 1 Y„, for « = 0 , t, 2, . . . 

4na 
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In this case the inner surface is charged, the density being 
given by 

r= - -L_jT( 2 * + r)Y JL 0 . 4 ) . . (31) 

4 ita 

n 0 

The potential of this charge at points external to the sphere 
r = a is, by (IX., 8), 


so that the distribution on the inner surface cancels the effect of 
the inducing charges at points outside the sphere r = a. The 
total charge on the inner surface is 

j" j" ra-Jfidtf) — - a\ 


which is equal and opposite in sign to the sum of the inducing 
charges ( cf. Ch. VIII., § 2, Note). 

As the amounts of positive and negative electricity due to 
induction are equal, the total charge on the outer surface r = b 
is M + aY 0 , where M is the free electricity with which the shell 
has been charged. The density of the distribution on the outer 
surface is therefore 


a 


M + «Y 0 _ Z( 

4 Trb 1 


The induced charge aY 0 on the outer surface acts at external 
points as if it were a point-charge at the centre; as this charge 
is equal to the inducing charges in the hollow enclosed by the 
shell, it follows that the effect of the shell at external points is 
to cause the inducing charges to act as if they were concentrated 
at the centre of the shell. 

Uninsulated Thick Shell. If the shell is connected to earth, 
C =» 0, and therefore Z 0 =■ 0 and cr = 0. The outer surface 
is then uncharged, while the distribution on the inner surface is 
the same as before. 

Uninsulated Thick Shell Surrounding a Point-Charge. If 
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there is a point-charge of strength m at A (c, 6 ', where c < a, 
then, if r > c, 


U - - 


c 


2 G) B+ p »( cos y)- 


n — 0 

so that, in (29), 

in /c\ n + 1 

Y rl&, <f>) = c \a) l ’»( cos >')- 


and therefore, from (31), the surface density r on the inner 
surface is 


47uic 


^(2«+ .)Q l’^COSy,. . (32) 


This surface distribution, with the point-charge at A, gives 
potential zero on the sphere r — a. The series (32), when 
summed by (V., 38), gives 


in a- - r 

4?r a (a- - 2 ac cos y + r)- 


( 33 ) 


Note. The distribution of electricity on a shell bounded by 
two eccentric spheres, and the distributions on two spheres 
external to each other, can be deduced from the results obtained 
in this chapter, by, in each case, inverting the spherical surfaces 
with regard to a sphere whose centre is at one of the limiting 
points of the coaxal system to which the spherical surfaces 
belong. The details of this process will be found in treatises 
on the Mathematical Theory of Electricity, and will not be 
given here, as these problems are fully discussed by an 
alternative method in Chapter XII. 

§ 9. Isolated Conducting Spheroid. Let the equation 
of the surface of the spheroid be 

r = a{i + a. F(#’, <f>) J, . . (34) 

oO 

where ¥{ 6 \ f) = ^ v -(^. $')■ • (35) 

« -0 

Then, i c is the radius of a sphere whose volume is equal to 
that of the spheroid, 


<? - ^(1 + 3aY # ) 
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by (IX., 51). Hence, discarding powers of « above the first, 
we have 

c = a{\ + aY 0 ) . ■ (36) 

The equation of the surface can therefore be written 

r = c{l + aF(0\ f) - aY„} 

= c{i + xf( 6 \ f)|, . • ( 37 ) 


where f( 0 \ f ) = ^ Y n ( 0 \ </>'). . (38) 

U =» I 


We assume that there are no external electrical forces in 
the field; so that, if a is the surface density, the potential V at 
the point (r, 0 , <f>) is given by 


_ ff 1 arv/pV/f 

J„ J- 1 cos v R ’ 


( 39 ) 


where v is the angle between the outward-drawn normal to the 
surface at the point (r, 0 ', <j >) and the radius through that point. 
The factor cos v can be omitted, as 


cos v = 11 


(\ Sr V + 

( 1 

w) 

\r sin 0 ' / 


and this differs from unity by a quantity of which 00 is a factor. 
At a point (r, 0 , <f>) within the spheroid, 1, R can be expanded 
in ascending powers of r, and 


v - 

fi 0 

Now, within the conductor V has a constant value C, so 
that it is independent of r, and consequently the coefficients of 
r* in (40), with the exception of r°, must all vanish ; hence 


J 


ar M (cos yjffyi dtp 

y'n - 1 


(40) 


ff 1 gP n (cos rWdf = 0 

JJ-, r n ~ 1 


I. 2, 3, . 


( 41 ) 


If a were zero, a would have a constant value cr 0 =* M/^rrc 3 ), 
where M is the total charge on the conductor. When a is 
small we may therefore assume that 

30 

a = o 0 |l + a ^ Z n ( 0 ', <£')j. 

« — 0 
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But the total charge on the spheroid is 

M = | 2 '|‘ or^'d'f,' ■ 

and here, using (37) and (38), we may write 

00 

^ = «*{i + a ^ Y«(0', f)] 2 

n — 1 
co 

= 1 + 2a S Yn(0 '’ *'>} ; 


so that 


or “ “ ra, 


an co 

„ j 1 + a V* Z„(0', <f>') + 2 * Y„(0', f) j. 


When this expression is inserted in the integral, it gives 
M = 4-nra^i + aZJ ; 

and therefore, since M = 4 trea^, Z 0 must be zero. Thus 

oc 

a - <t„{i+*2 Z "^' • O 42 ) 

n -* t 

Again, from (37) and (38) we deduce that 

x- 

/.,{■ -<»- 0» ^ V.(»'. f)}. 

It — I 

so that 

an _ 

1 + a 2 • f) - (« - OY„(0', *)}]■ 

n «- 1 

On inserting this expression in (41), we deduce that 

- (« - *)* = 0. 

Hence 

z*(0, <£) = (» - i)Y,.(0, <£), « = i, 2,3. • • •; 

and consequently 

30 

M 


4 il 1 +at 2 ( "' l)Y " (9 ' f) )' ’ (43) 


l 3 
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is 

C 


Finally, from (40) and (41), the potential of the conductor 


j* ^ r'ad/j.'d<j>‘ 


= | o | ^«r 0 [l + a {Z n (6\ <f>‘) + Y„(6', <f>')}~^dfi'd<f>' 

n =* 1 

M 

■* = ~. 


(44) 


Example. Take the oblate ellipsoid of revolution 
i 5 + v 5 r’ 

■« a + air- ly~ 

where o is so small that its square and higher powers may be neglected. 
The polar equation of the surface may be written 

t' - a(i - a cos ,J fl') = a[l - o{J + $P.,(rosfl’)}] 

= c{[ - a. 3P,(cosa’)}, 


where c = a(i - ja) Hence, from (43), (37), and ($ 8 ), 


= 4 ^{' - a ' 3 Pj(COS0 ')} 
Mr 2 23 cos’ O’ 

~ 4’raU 1 + 3 ° ' 3“ 2 

= 7 . ^, 0 :+ a « n *0 


H 

J 


a 



CHAPTER XI 


ELLIPSOIDS OF REVOLUTION 

§ i. Transformation of Laplace’s and Poisson’s Equations 
to an Orthogonal System of Curvilinear Co-ordinates. Let 

the Cartesian co-ordinates x, y, z be expressed in terms of new 
variables A, fi, v by the equations 

jr = /(A, p, v), y --- <f>(\, p, v), e = 0 (A, p, v). (i) 

If the variable A has a constant value assigned to it, the point 
(x, y, z) will lie on a fixed surface whose equation is obtained 
by eliminating p and v between the three equations (i). For 
varying values of A we thus obtain an infinite system of such 
surfaces, with A as parameter, and there 
are two corresponding systems for the 
parameters p and v. If the surfaces 
whose parameters are A, p, and v intersect 
in the point (.r, y, z), A, p, and v are called 
the Curvilinear Co-ordinates of the point. 

The polar co-ordinates r, fl, <f> constitute 
such a system of curvilinear co-ordinates. 

If, as in the case of polar co-ordinates, 
the surfaces of the different systems in¬ 
tersect at right angles, the system of 
co-ordinates is said to be Orthogonal. 

Now let the three surfaces which pass through a point P 
(Fig. 19) intersect along the curves PP,, PP.., and PP,: the 
surfaces P a PP 3 , P 3 PP,, P t PP a belong to the A, p, and v systems 
respectively. Along PPj p and v are constant, so that the 
direction-cosines of the tangent at P to PP 1 are proportional to 

SX’ ’ ^ ence t ^ e ‘ r va * ues are 

l lx 1 iy I Is 

1 l\' 7 DA’ 7 SA’ 

>95 



I-'io. 19. 
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where 

Similarly, if 




~V{® ,+ £) ,+ 01' 


the direction-cosines of the tangents at P to PP 2 and PP 3 are 


I 3r 

1 3 v 

1 3c 

#« 3/i 

m 3/t 

m 3 /1 

1 dr 

1 3.r 

I 3c 

M 3l>’ 

« 3r 

tl bv 


It follows that the necessary and sufficient conditions that 
the system should be orthogonal are 

Ir dr + bv 3v 3c 3c = o 
3A 3/i 3A 3/i 3A 3/i 

**■** + 3/ 3r + 3- 3- = 0) r,) 

3/i 3v 3/i 3y 3/i 3r 
dr 3r + 3/ 3r + 3c 3c = q 
3v 3A 3 v 3A 3r 3A 

Again, let c,, s 2 , s 3 be the lengths of arcs of the curves 
PPi, PPj, PP 3 measured from fixed points on these arcs to P; 
then 

/Vr / f />y\ ^ ‘ /^r\ 


:s' * ♦ ©} - < 


and similarly 


Hence, if the system is orthogonal, the elements of surface 
ifSx, dS 2 , i/S a of the surfaces P S PP 3 , P 3 PPj, PjPP., at P are 

dS : = ds, 2 ds., = ntndfidt/, 

dS 2 = = nldvdX, (j*) 

</S 3 = ds x ds t ■= ImdXdp,, 

and the element of volume at P is 

dV = dsjdsjdst - ImndMpdv. ^ 3 "') 
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Now, if Green’s Theorem (II., 6) with U = 1 be applied 
to the region bounded by the surfaces (Fig. 20) PP S P 4 P 8 , 
P,P 5 P.P7. PP,PrP 8 . P*P & P.P* PPiP,P*. P 3 PtP.P 4 whose para¬ 
meters are A, A + 8A, /x, /x + fyx, v, v + Sv, respectively, it 
gives 


P. 



lmndXrlyulv = 


til D/x 


-n!dvd\ 


n» + \\i 


(4) 


where the integrals are taken over the six Mirfaces in the order 
given. In the first two of these integrals /x and \> have the 
same values, while the value of the remaining parameter is A in 
the first and A + 8A in the second ; hence the first line in the 
right hand side of equation (4) can be written 



dV 

DA'. 




the volume integral being taken over the whole region. The 
remaining surface integrals can be transformed into volume 
integrals in the same manner, and we thus obtain the equation 


M 

M 


V J V 7 inndAi/fj.dv = 


7 D /m n 

7 >V\ 


ml 

(DAW 

i\) 

+ 

\»i 


5 , /»! D\ ' | It/tndXdpuiv. 
)i\ n 'iv ) J 


Since this equation holds no matter how small the region 
of integration is taken, it follows that 


v'-v - 


I f ^ tmn DV\ D nil DV\ d /lm DV\] . 

/w«(i)A\ '/ SA / hp ) DiA n Dv /J ’ 


and by putting the expression on the right equal to 0 or - qrrp, 
we obtain the transformed equation of Laplace or Poisson as 
the case may be. 
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§ 2 . Prolate Ellipsoids of Revolution. An ellipsoid of 
revolution, in which the axis of revolution is longer than the 
equal axes, is said to be prolate or elongated, while, if the axis 
of revolution is shorter than the equal axes, it is called oblate 
or flattened. In dealing with prolate ellipsoids of revolution a 
system of curvilinear co-ordinates (r, 9, <f>) is employed which 
is given by the equations 

■*■'= •>/(** - e 2 ) sin 9 cos <f>, y = - e 1 ') sin 9 sin <f>, 2 = r cos 9 . 

( 6 ) 

When 9 and <f> are eliminated from (6), the equation 


x- + jr 


+ —, = 1 
r 


( 7 ) 


is obtained: this is a prolate ellipsoid of revolution, so that 
the r-system of surfaces consists of conicoids of that nature, all 
of which have the same foci (0, 0, ± e). 

The elimination of r and <j> leads to the equation 


e l cos J 9 


x l + y 

e l sin*’ 9 


( 8 ) 


which gives, as the 0-system of surfaces, a system of hyperboloids 
of rotation of two sheets, confocal with the system (7). Also, 
by elimination of r and 9 , we find the <f >-system to be the 
system of planes 

y = x tan <f>, . . (9) 

which pass through the axis of rotation, and consequently 
intersect all the surfaces (7) and (8) orthogonally. The 
surfaces of the systems (7) and (8) also intersect orthogonally: 
for the confocal conics in which they intersect the (x, 2) plane 
are orthogonal, and the conicoids are obtained from these by 
rotation about the c-axis. The curvilinear system of co-ordin¬ 
ates ( r , 6 , <f> ) is therefore an orthogonal system, as can easily 
be verified by means of the formulae (3). 

To express the co-ordinates of all points uniquely in terms 
of r, 9 , and </>, r is made to vary from e to 00 , 9 from 0 to it, 
and <f> from 0 to 2n. Then to each point of space there corre¬ 
sponds one and only one set of values (r, 9 , <f>), except that 
^ = 0 and <f> = 2 n give the same points. When r — e, 
x = y = 0, 2 = e cos 9 , which gives the points of the line 
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joining the foci; this line may be regarded as a member of 
the system (7) whose equal axes have zero length. When 
8 = 0 , x = y = 0 , 2 - r, and this gives the 2-axis between 
z *= e and 2 = + 00; 8 = - n likewise gives the 2-axis 
between 2 = - e and 2 = - 00 . These lines form the two 
sheets of the member of the family ( 8 ) whose equal axes are of 
length zero. Similarly the angles 6 and tt - 9 give, not 
distinct hyperboloids, but the two sheets of the same hyper¬ 
boloid. Finally, when 6 = 17/2, the hyperboloid becomes the 
( x , y ) plane, both sheets coinciding in this plane. 

Elliptic Co-ordinates. In (6) <f> is the same angle as the 
corresponding angle in the system of polar co-ordinates: r is 
the semi-major axis of the ellipse in the plane y = * tan <f> 
whose foci are (0, 0, ± e) and which passes through the point 
(x, y, 2); - e -) is the semi-minor axis of this ellipse, and 

6 is the eccentric angle of the point (x, y, 2). For this reason 
these co-ordinates ( r , 8 , <f>) are known as elliptic co-ordinates. 

§ 3. Laplace’s Equation in Elliptic Co-ordinates. From 
(2) we have, for the co-ordinates given in (6), 


l _ JL?) vl , = _ e - cos- 9 ), n = - tr) sin 8 , 

(IO) 

and consequently, from (5), 

^ - F-- .isj - '*>*>*£} 

+ Hs in 0* v i ^ j..r'-r_^ cos :' e a Y\1 

5 ) 0 1 


1 

(r 1 - e- cos* 9 ) _<)r 


2>0 J h(f> {{ r- - <r)sin 9 7xf> J J 

Y - r ' ) tj + s{ sin# 

<") 


Hence Laplace’s Equation can be written 




11 s in 9 (: 


C y l v 

- r) tx£ a 


0. 


(12) 
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To solve this equation put V - VjV 3 V s , in ( 12 ), where 
V„ V a and V s are functions respectively of r, 8 , and <f> alone, 
and divide by VjVjVj ; then 




V 2 sin# 


it* 2 } 

(sin 2 8 + r 1 - e 2 ) 


1 cf 2 V 
V, 


d<f>- 


0 . (13) 


Now the first and second terms in this equation are 
independent of <f>, and therefore so is also the third ; hence 


1 d*V 3 _ c 

v, df 


(14) 


where C is a constant. On solving this equation, we get 


V 3 = A cos {,/( - C). + B sin { v /( - C) ■ <f>\, 


where A and B are arbitrary constants.. 

Since V 3 is uniform, and has the same value for <f> — 0 and 
<f> = 2 it, J{- C) must be an integer; m say: thus (14) can 
be written 

d ~rr + wi V 3 = 0, . . . (15) 

{Up"* 

and 

V 3 = A cos m<f> + B sin w<£. 


Again, from (15) and (13) it follows that 



_I_ d_( ■ g dV.\ , m ' l _ 

V„ sm d Uti\ dO ) sin 2 # 


Now the right-hand side of this equation is independent of 
r, and therefore so is also the left, the value of which must 
therefore be constant. It is convenient to put this constant in 
the form a(a + 1); thus 


£ 

dr 


.{('* - - {<« + 0 + ■ 0i (,6) 

b it*^) * { a< “ + 0 - si} v > * °- 


and 
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In (17) put cos 5 = ft, and the equation becomes Legendre’s 
Associated Equation— 



of which the general solution is 

V 2 = AP*(/i) + BQrQ4 

Now V 2 is finite when /x = 1 ; but, from Ch. VI., ex. 9, 
and (VII., 4), it follows that Q"(/x) is not finite when fx — I : 
thus B must be zero. Again, from Ch. VI., ex. 10, and 
(VII., 3), we deduce that P”(- 1) is only finite when a is an 
integer. Hence a must have an integral value, tt say, and 
therefore 

V. = AP;W, or V, = A'TrGO, 

where vt .< n : if /« were greater than n , V._, would vanish 
identically. 

Again, in (16) put a = «, and write x for r,e ; the equation 
is then transformed into Legendre’s Associated Equation 



of which the general solution is 

v ‘ = AP -0 + b q"G)- • • (« 8 ) 

If now a potential is required which remains finite for all 
points within the ellipsoid r = a, and, in particular, on the 
line r = 1 r, B must be zero, since, as shown above, Q” (1) is 
infinite: hence 



Thus a solution of equation (12) is 

V = P*(^T"(cos0){A cos m<f> + B sin 
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where A and B are arbitrary constants; the most general 
solution obtained in this way for the region interior to the 
ellipsoid r => a is 

v, - 2J 2 P:Q T »( cos0 )^ cosm< f> + B - sin ’*&’ (*9) 

n 0 m »— 0 

where the constants A", B" are arbitrary, provided only that' 
they are chosen so that the series is convergent. 

For the region external to the ellipsoid r — a the constant 

A in (18) must vanish, since P”^^ is infinite when r is infinite. 

Accordingly, the most general solution obtained in this way 
for the region exterior to the ellipsoid r — a is 

V ‘ = S 2 Q:Q T "(c° s 0 ){C: cos tn<f> + D: Sin »«*), (20) 

n — 0 m ~ 0 


where the constants C” and D” are arbitrary. 

Finally, the most general solution for the region bounded 
by the confocal ellipsoids of rotation r = a, r = a, is of the 
form 



C os«^[a:p:Q + b:q:Q} 
+ sin m^ y c:p:Q + d:q:Q} 


(21) 


Example 1. If the value of the potential V on the surface of the 
prolate ellipsoid of revolution r = a is V = F(0, <f>), where the function 
F( 0 , 4 >) can be expanded in the form 


F(«, i) 


= ^ 2 T ” (C ° S0){A ” C ° S ^ + B ” 
n » 0 tn —• 0 


sin m 4 >). 


and if V satisfies Laplace’s Equation at all points within the ellipsoid, show 
that its value at these points is given by 


V 




T”(cos 0 ){A” cos m<f> + B” sin mj*}. 
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Example 2 . Find the surface density of an electrical charge M on an 
isolated conductor bounded by the prolate ellipsoid of revolution r = a, 
and subject to no external forces. 

The internal and external potentials V, and V e are given by (19) and 
( 20 ) respectively. But V,- is constant, so that in (19) all the constants 
except that for which n and m are both zero must vanish : thus 

V, = A„. 

Again, V, is constant on the surface of the conductor ; t.e., when 
r = a. Thus, in (20), all the constants vanish unless when n is zero; 
therefore 

V' = c 0 q„Q. 

But, on the surface r = a, V« = V,: hence 
C0Q0 ^ ^ = A 0 , 

and therefore, at any external point, 



Now let o be the surface density at the point {a, 8 , <f>) ; then 
1 /JiV* JV,\ A„ 1 d_ tr\ 

° = " 4 ADN ' dSj - 4 " 0 rfN y °W» 

Q# U 

where N denotes a distance along the normal measured outwards from the 
surface. But, by (3'), 


rf.NT 

dr 


~ /, where l = yj ^ C “ : -), 


by (10), and the positive sign of the square root is taken since N increases 
with r ; hence 


Q# (e) 

and, since (Ch. VI. § 1, ex.). 


to ■ 


e 

r- - e 1 ' 


and therefore 


A 0 e 


j v {d‘ - e % ) \/{tP - e 5 cos ,J fl) 
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Now the total charge on the conductor is 
M - SSorfS, 

the integral being taken over the surface of the ellipsoid. But, by (3') 
and (io), this can be written 

Aa / 1 

M 00 J \<nnnd^d^> — -——l J sin 6 dOcty 

4 " Q *(f) ' ° 

A„e 

'Wr 

Hence, finally, 


M 1 

4 n V'(« s - c 2 ) \f (a 2 - r 2 cos 2 6 )' 



Example 3. Show that the density at any point on the surface of the 
ellipsoid of ex. 1 is proportional to the length of the perpendicular from 
the centre to the tangent plane at the point. 

§ 4. Expression for the Reciprocal of the Distance 
between two Points in Elliptic Co-ordinates. Let R denote 
the distance between the points P, P„ whose rectangular co¬ 
ordinates are (x,y, s), (x v y v £,), and whose elliptic co-ordinates 
are (r , 8 , cf>), (r p 8 lt </>,) respectively ; then, from (6), 

x = y/i** - e 2 ) sin# cos <f>, a, = - e 2 ) sin#, cos <f> lt 

y - s/i** - **) sin # sin^i, = y/irf - e 2 ) sin#, sin<£„ 

z = r cos 8 , c, = r, cos#,, 

and 

R J - (X - xtf + {y - ytf + (s - sj 2 
*= r 2 + r { 2 - e 2 (sin 5 # + sin 5 #,) 

- 2 y/(r 2 - e 2 )y/{r 2 - e~) sin # sin #, cos ( <f> - ^,) 

- 2 rr x cos 8 cos #, .... (22) 

Now, assume that r > r,; or, that there is a value r t of r 
such that r, < r t < r; so that P lies outside and P, inside the 
ellipsoid r = r.,. Then, since 1 /R satisfies Laplace’s Equation, 
it can be expressed in the form (20) 

03 * 

^ “ S 2 < 3 *© T »( cos0 ){ C » cosm <f> + EC sin (23) 

a — 0 » — 0 
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For, on the surface r = r a , i/R is a function of 8 and <f>, and 
may therefore, by (VII., 41, 42), be expressed in the form 

qo n 

22 T?(cos 0 ){AJJ* cos m<f> + B* sin 
0 « “0 

But, if the constants C“, D" are chosen so that 

q:(' 2 )c: = a:, q:0d: = b- 

the series on the right of (23) and i/R are equal on r = r.,; 
hence, as both these functions tend to zero when r tends to 
infinity, they are equal (Ch. IX., § 1, Theorem 1) for r ^ r. t 
Now, from (22), it is clear that in (23) </> only occurs in the 
combination - <j> x , and that i/R is an even function of this 
quantity; hence 

3 G n 

^ = 22 e »q”Q t »( cos ( 2 3 ') 

n C m — 0 

where E* is independent of r, 6 , <f >, and < j> lt but may be a 
function of r x and 0 X . 

Again, if i/R is regarded as a function of r v 9 h <f> x , it can 
be expressed in the form (19) 

<r> ** 

r = 2 2 k^C)^ 00 *®*) cosw( ^ - ^ (24) 

n ». 0 m » 0 

where K" is independent of r h 9 V <f> x , and <f>, but may be a 
function of r and 9 . Also, if 9 and 8 X are interchanged, r, r lt 
<f>, and <f> x being kept constant, the value of R is unaltered. 
Hence, from (23'), if EJT = f(r lt 9 X ) 

A r v OTCcos 9 ) = /(r„ 9 ) TT(cos 8 X ), 

so that 

f(r v BQ = fA6) 

TTCcos 9 x ) T:(cos 6 ) 

Now the right-hand side of this equation is independent of 
0j, and consequently the left-hand side is also independent of 8 X ; 
hence 


E! 


- t:(co S ^)f:, 
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where FJJ' is a function of r x alone. Similarly, 
k: = t:(cos6)l:, 

where L” is a function of r alone. Thus (23')' and (24) 
become 

00 n 

r “ 2 2 FrQ: © T ” (cos 0)T:(cos 6]) cos m(4> ~ ^ (25) 

n 0 m «- 0 

and 

00 « 

^ - 2 2 L » p »(?) t -( cose ) T ”( c ° s ^1) c ° s ( 26 ) 

n *«• 0 w »0 

Equations (25), (26) give, for any values of r and r lt expres¬ 
sions for 1 /R in terms of series of harmonics of 8 and <f>. But, 
since these must be equal for all values of 8 and <j>, the 
spherical harmonics of equal orders must be identical, and the 
coefficients of each cosine must be equal; thus 



Now the left-hand side of this equation is independent of r, 
and therefore so is also the right-hand side , similarly each side 
is independent of r v Thus each fraction is equal to a constant 
H“, and 

kq:Q = kk'Q) = H:g:Qi>rQ). 

Accordingly 
00 n 

2 2 h:q: © p: (7) t:(cos * )T " (cos *> )cos «+ - 

»*0»-0 

The function H” may be a function of e. Let e tend to 
'zero, and the ellipsoids become spheres, while the co-ordinates 
become ordinary polar co-ordinates, and 
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2;& Pn(cosy) 


R s/it* + r? - 2 rr x cosy) f __ (j 
- 2 ^Vi{ I> n( COS 0) P n( COS 6 l) 

n-0 

» 

+ 2 2 (H"?)'! T:(COS0)T:r(COS01 ) cOS ^-^}’ 

m ■” 1 

by (VII., 34 ): thus 

Ji™ {h-q^D^G’) ) - 


y, n (» - *#)! 

2 ^n+ 1 + m ) | 


or 


Lim (h :S‘ + 'Q:Qrr n K‘ 

t -> 0 t ' e/ 


r _i\\ __ A” - »)J 

(w + w)! 


the 2 being omitted when m is zero. But, from (V., 11) and 

(VII., 3) 

and, from (VI., 6) and (VII., 4), 


p (i » + 0, 


(» + ?«)! 


■5 0 <?0 


^ 0 

Hence 


Lim HyC)’ 

t -> 0 v f 


O: 


■0 


. Lta(HMC- *<£&*»,.♦ ■> 

- Lim(H^X- =Vr 

and therefore 

Lim(H M - (- ,)- 2 (=» + 

the 2 being omitted when m is zero. Denote this constant by 
X", and it follows that 

h: = jxr/rto 
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where/?(<) is a function of t which has the value 1 when e is 

zero. The formula for ^ can now be written 
R 

■0 w 

I “ 2^ X:/;,(£)Q: © P:r (?) T:(c0S ^(cose^cosm^ - f) 
n-0m-0 (27) 


But, from (22), 
rR\ s '•* 2 


(?) - ©♦ (?) - *** - - M 0 - ■} 

x “ J j sin 8 sin 0i cos (</> - <£,) - 2^ cos 6 cos d v 


from which it is clear that e/R only contains e in the combina¬ 
tions r/e and r^e, and this must be true of the expression in 
(27). The functions f^(e) must therefore be independent of e, 
so that, for all values of e, it has the same value unity. Thus, 
finally, we have the result 


0 


Example i. Show that 

90 

^ (2 ” + ’O P " (C ° S ^ 

[Put r, = e, 0 a = 0 .] 

Example 2. From the previous example deduce that, if y > 1, 
x 1 & 1, 

00 , 

~~ x = ^ (2« + OQ»OOP»W- 

»-0 

Example 3. Show that 

_ £3 s j n a 0) “ + OPjnWQjn^Pjnfcos 9 ). 

*•0 

[Put n =■ e, - in.] 


Qn O Pn (?) Pn(cos0)Pn(cos0i) 

x T"(cos #)T”(cos flj) cos w (<^ - <^,) 


(28 
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Example 4. Find in elliptic co-ordinates the potential at an external 
point of the attraction of a prolate ellipsoid of revolution of uniform density 
a bounded by the surface r = a. 

Let V be the required potential at the point (r, 6 , <j>) ; then, from (3'") 
and (10) 

V _ ~ r 5 cos 2 8,)sin 0, d$ x d 8 x dr x 

J e J 0 1 0 F 


If the series in (28) be substituted for i/R in this integral, and each term 
integrated with regard to </>, it is evident that the integrals of the terms 
in which m is not zero will all vanish ; thus 

CO 

v = (2» + »)Qk(^) r »(cos 0) 

**■ 0 

x j j P "(?)l > "{cos 0 i)' , i' ~ cos'-#,) sin tV/thzzV,. 
Now, if fii = cos#,, 

r\ - *'-cos 5 #, =, (r] - J<»j1Vmi) - l^PsOO. 

so that 

v _ '■•(?) ('■ - l")** 1 ! 

' l - sq.(;) ■■.<»> »){>.(?) 

- - o{q«( 3 ~ Q:(^)IMcos0)}. 


If for these Legendre Functions their values as given in Ch. VI., 
§ 1, ex ., § 4, ex. 1 are taken, this formula can be written 


V = 


jto<z(« 3 - e*)r 1 


■nca(a‘ i - r 5 )[-[ 
c 


U log 


"I){r 3 ^ f ' (3 cos=£»- 1 )} +J(3 cosa0 

r+r\ f 2F- cos 2 8 (r 3 - e-) sin 3 0) 


i 

r( 2 cos 5 8 - sin 5 8 

+ - - 


■>] 

']• 


Example 5. For the ellipsoid of ex. 4, find the potential at an 
internal point. 

In this case the integral with regard to r is divided into two parts 
with limits e and r, and r and a respectively. In the case of the second 

of these integrals r and r x are interchanged in the expression (28) for =7 ; 


thus 


V 


VfOfc - i-)* 


dr x - ^ aP3 (;) P3 ( cos e ) J r Qi(p) rf 'i, 


14 
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On integrating it is found that 

V - 17 - ^)Q«(f){i - P 3 (j) p a (cos «)} 

(<P - r 2 _ , „ fa*r* i 3 \1 

+ 2 ™{ -J~ + p a(c°s - -* ~ y*) )• 

Example 6. A point-charge m of electricity is placed at a point on 
the s-axis at a distance r\ from the origin, and is situated outside an 
isolated conductor bounded by the prolate ellipsoid of revolution r = a, 
where a <£ ry : find the surface density of the distribution of electricity on 
the conductor. 

The potential of the point-charge at the point (r, 8 , p) is 



where, by (28), since r\ > a > r for points within the ellipsoid r - a, and 

fi. = 0, 

OO 

R = 7 ^ 2n + ,)Q ’*(e , ) P ’*0 P ”( cos °)' 

n =» 0 

Now let V, be the potential due to the surface distribution at an 
internal point; then 

V, + u = c, 

where C is a constant; so that 

CO 

V < ■“ C ~ e ^ + , )Qn( f ! ) Pn (“ ) Pn( c OS 8) ; 

n — 0 

and, in particular, at a point on the surface r = a, 

00 

( V <) r = a = C - 7^( 2n + 0Qn(^)P n (“)p„(COS<9). 

n =* 0 

Again, if \ e be the potential of the surface distribution at an external 
point, then, by (20), 

00 

v« = CnQn (^j P„(C 0 S 8), 

n = 0 

the terms in which m is not zero being omitted, since, from the symmetry of 
the distribution, V e is independent of 4 >: in particular, on the surface r = a, 

* 

„ a ** C nQn ^ j I J n(cos 0). 

n - 0 
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But, at all points of the surface r = a, 

(V.) r _ a = (V.) r _ a , 

and therefore the coefficients of the Legendre Coefficients in this equation 
are equal ; thus 

Cn< Mi) = " 'e^ 2M + ” - L 2 > 3 , ; • • 

and 

«0'C-W!K)- 


It follows that 


, «<). 


-;s<~ 


Now, let a be the density at the point (a, 0 , j>) on the surface of the 
conductor ; then 

i pV, aV t t _ t p\’ e _ JV,) dr 
47risN J)N / ’ 4 jt( £r Jit- )idS’ 

where N denotes a distance along the normal measured outuards. Thus, 
as in § 3, <rt. 2, 


g m _ 1 l( * - «* \ 

4" , \ Vu= - e- cos 2 SJ 

[c ® o '0) 


C (2»+ OQJ-)PJ-) Q '‘^K H (COS») 

‘ q.(;) n u; [e '^(~) 

00 

+ 7i 2 (2 ” + l)Qu 0 p “ (e ) P " (C0S fl) , 


But (Ch. VI., § 5, Cor.), 


Q "(e) P "G) " Q *(?) P "(?) 


e= 

a 2 - r 2 ’ 


and therefore 


l j t a 2 - e 2 \ fC 
47t\ Vo 5 - e 2 cos 2 0 / \ e fa\ 

V°[,) 


m ^ 0 * 0 ) s 

+ a’ --sZ (2n+ ')-^rPn(cose)}. 

Q "W 
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If M is the total charge on the conductor, it can easily be verified 

that 


m = - -{a? - fi) 


<) O 


§ 5. Oblate Ellipsoids of Revolution. The system of 
co-ordinates employed in connection with oblate or flattened 
ellipsoids of revolution is given by the equation 

x = ^/(r 3 + r) sin 9 cos <f>, 

y = + ^)sin 0 sin^>, 2 — r cos 9 . (29) 


The elimination of 6 and <f> from these equations leads to 
the equation 

■ ( 30 ) 


X' + y z- 

n -« + ■> => I , 

t~ + e~ t~ 


which represents an oblate ellipsoid of revolution, obtained by 

•’ '2 

revolving the ellipse -„ + = 1, y = 0 about the 2-axis : 

-f- e* y 2 

these ellipses have all the same foci (± e, 0, 0), and, on revolution, 
these foci trace out the circle 

x 1 + y 1 = e 2 , z - 0. 


On eliminating r and <f> from (29), we obtain the equation 
x 3 + f 2 2 _ 

e 2 sin 2 9 e l cos 2 9 ~ 1 ' • (3 


which is the equation of the hyperboloid of one sheet obtained 
by revolving the hyperbola 


x- 

sin 2 9 


22 


e l cos 2 9 


1, y = 0 


about the 2-axis: this hyperbola is confocal with the ellipse 
mentioned above, so that these curves, and consequently the 
ellipsoid (30) and the hyperboloid (31), intersect orthogonally. 

If r and 9 are eliminated from (29), the resulting equation 
is 

y =» x tan <f>, 

which represents a system of planes through the 2-axis, cutting 
the ellipsoids (30) and the hyperboloids (31) orthogonally. 
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The system of co-ordinates (r , 6 , <f>) forms a special case of 
the elliptic co-ordinates, and can be obtained from those of § 2 
by replacing e 2 by - e 1 . 

The co-ordinates of all points of space are obtained by 
making r vary from 0 to 00 , 8 from 0 to n, and tf> from 0 to 
2 n : then, to each point of space, except those mentioned 
below, there corresponds a unique set of co-ordinates of the 
system. 

When r — 0 , the corresponding ellipsoid has no thickness, 
and reduces to that part of the (x,y) plane which is bounded by 
the circle traced out by the foci; the equations (29) then 
become 

x — e sin 8 cos <j>, y = c sin 6 sin <f>, z = 0, 

and two values of 8 , namely, 8 and n - 8 , give the cartesian 
co-ordinates of the same point; the values of 8 from 0 to 
are regarded as corresponding to the upper surface of this 
flattened ellipsoid, those from jn to n as belonging to the 
lower surface. 

For 8-0 and 8 - n the hyperboloid (31) degenerates into 
the positive and negative parts of the c-axis respectively: for 
each point on the a-axis <f) may have any value. When 8 — 
the hyperboloid reduces to the part of the (.r, y) plane external 
to the focal circle. In general, the values 8 and n - 6 of 8 give 
points on the same hyperboloid, values of 8 from U to jn giving 
points for which z is positive, and values of 8 from in to n 
giving points for which z is negative. 

§ 6. Transformation and Solution of Laplace’s Equa¬ 
tion. For the co-ordinates discussed in the previous section, 
formula; (2) give 


'(r 2 + c 2 cos 2 8 ) , , 

l = -- 1 vi = y/(r- + r cos - 8 ), 


s/{r + e 1 ) 
and, from (5), it follows that 


n = + e 2 ) sin 8 , (32) 


V S V. 


’ r + e- cos - 8 \ 


a 

lr 


{(^’ + ^} + sinfl if 1 " 0 


(sin 2 8 r 




IVY 

i)8j 

a-v 


+ cV W 


( 33 ) 
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so that Laplace’s Equation becomes 
+ + sin 6 ^{ sin6 S} 


/i / _\iy 

Vsin" 2 6 r 1 + e~) t)>P 


0. (34) 


As in § 3, let V = V1V2V3, where V v V„, V ;i are functions 
of r, 6 , <f> alone; then, proceeding as before, we find that 

V 3 = A cos vi<f> + B sin m<f>, 
and V 2 = CT“ (cos 0 ), 


where m and « are integers and n m ; while the differential 
equation for V! is 



( 35 ) 


In this equation put x = - , and the equation reduces to 

e 

Legendre’s Associated Equation 

}v.-a 

The general solution of (35) is therefore 


Vi = Ar:('£) + bq:Q 

From formula; (V., 6) and (VII., 3) it is clear that P"^^ 
is either real or purely imaginary, so that, by a proper choice of 
the constant A, it is always possible to make AP"' ^ real; 
similarly it follows from (VII., 7) that B can always be chosen 
so that BQ' s real. 

For the region exterior to the ellipsoid r = a, A must be 
zero, since P*(~^> being the product of Q* + 1 j' and a 

y 

polynomial in -, tends to infinity when r tends to infinity; on 
e 

the other hand, if m g n, Qn(~^ tends to zero when r tends 
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to infinity. Thus the most general solution of this kind for the 
region outside r = a is of the form 

QO » 

V ‘ = 2 2 Q” 0 T n(cos 9 ) [a: cos ^ + iy; sin «*}, (36) 

where the constants are arbitrary, apart from the condition that 
the series must be convergent. 

For the space between the ellipsoids r = a, r = a v the 
general solution is 


v-N^T;r(cos0) 


cos «^|a:p:(^ 

) + b : q :£ 

0) 

+ sin ;«^|c:p;(^) 

+ d:q:(* 

0)_ 


(37) 


For the space interior to the ellipsoid r = a, it is not 

the case that QnC^j is infinite when r = e, since is finite 

(cf. ex. 9, p. 118); it will, however, be shown by a different method 
that, in order that the solution 

V = T"(cos 6 ) cos m<f> j A V" ( ^ 

should be valid for this region, B must be zero. For the 

solution to be valid, it is necessary not merely that V, but also 

that the derivatives of V should be finite throughout the 
region. The same proof applies when cos ftnj> is replaced by 
sin mcf>. 

Let N and N, denote distances along the normals to the 
ellipsoid and hyperboloid through the point (;\ 9 , <f >), measured 
in the directions of r and 6 increasing respectively. Then 

dV I SV y/(^ + e-) 0 , 

-Vf = j — - —. ,r -> . a A »(cos 6 ) cos m<f> 

dN l Zr (r-+ e-cos- 9 ) ' T 

* { A i '"0 * »£«(;)}• (58) 

and 

W I DV i d 

bNj m 7,9 + e 1 cos 2 9) d6 Jn (c ° S ^ C ° S ^ 


(aP:Q + BQ:Q}. (39) 


X 
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Now, consider the points for which 8 = ^ir ; i.e., the points 
on'the (x, y ) plane. If n - m is odd, T"(cos 0 ) has the value 

zero, since cos 8 = 0 , while ^T”(cos 6 ) is not zero. On the 

dd 

other hand, if n - m is even, T”'(cos 6 ) is not zero, while 

~T*(cos 6 ) vanishes. Thus, when 6 = ■Jtt, if n - m is odd, 
dp 

(38) vanishes; for n - m even, (39) vanishes: on the other 
hand, when 8 = ^tt, and n - m is even, (38) does not vanish, 
but becomes 


av 

aN 


^~^ )t ^(0) cos m *{ A Tr ? 






1 

}• 


(38') 


while, when n - m is odd, (39) does not vanish, but becomes 


av 1 
aN, r 


a T ." ( cos0 ) 


9 — Jir 


cos 


“#{ AP “(v) + B 2-(J)}- 


( 39 ') 


Now (Ch. VII., ex. 9), Q™(^) and do not 

vanish when r - 0 : on the other hand, and P”in 


(38') and (39') contain r as a factor. Hence, since 1 is a 

r 

factor both of (38') and (39')> these functions will be infinite 
when r = 0 and 6 = \tt unless B is zero. But A need not 
vanish. Now, for any point on the focal circle, r — 0 and 8 = \ir; 
and, since this circle lies entirely within the ellipsoid r = a, for 
the solution to be valid throughout this region B must be zero. 
Thus the general solution for this region is 


V, - PJ'QtSXcos 0 ){Cr cos + Dr sin (40) 

»-0w-0 


§ 7. Expression for the Reciprocal of the Distance 
between two Points. The distance R between the two points 
whose elliptic co-ordinates of the type given in § 5 are (r, 6 , <f>), 
(r, jflj, is given by the equation 
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R J a r 2 + + ^ S (sin 2 6 + sin s 0 3 ) 

- 2 s /(r 2 + + e 2 ) sin 6 sin 0, cos (<£ - $ 3 ) 

- 2 rr 3 cos 6 cos 6 V 

If we assume that r > r„ then, as in § 4, we find that 


I 

R 


= 2 S H (j) P" (7) T”(cos 0 )T:(cos 0,) cos m(4> - * 3 ). 


If now e tends to zero, this equation leads to the identity 


2 ^Vl{ P »( COS 0) P n(COS 0 >) 

n — 0 


n 

+ (^+^) ! T ” ( C ° S 6 ) T " ( cos 0 ‘) cos m {<f> ~ <£i)} 

m — 1 




X T"(cos 0 )T"(cos 0 3 ) cos m(<f> - f), 


from which it follows that 


Lim ( H "0-^P"PU = 2 (w -~„ w)! j£_ 
,-*o "WJ (n+tH)lr* + v 

the factor 2 being omitted when m = 0 . But, 

TSm ( e \ n v m ( iri \ _ ( 2 ”) ! ** 

f ->o W " / 2 n . »! (« - m)\' 

and 

h?„(D" +, «G - (- 


Lim = 

«->o 


(- l) m 2«(2« + I 



so that 
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Hence, as in § 4 , we find that 
• 06 

R = 2 (2 * + 1 ) [ q »(t) p »( 7 ) P ^ cos *) p «( cos *0 

H — 0 

♦* 2 <- F$}’«£) p -(r) 

«i “ 1 

X T"(cos 0)T"(cos 0i)cos m(<f> - ( 41 ) 


The formulae obtained in this and the previous section for 
the oblate ellipsoid of rotation can be employed in applications 
to potential problems just as were the corresponding formulae 
for the prolate ellipsoid of revolution in §§ 3, 4. 

The problems connected with ellipsoids all of whose axes 
are unequal can be treated in a similar manner, but the functions 
involved, known as Lamp’s Functions, are much more compli¬ 
cated than the Legendre Functions. 



CHAPTER XII 

ECCENTRIC SPHERES 

§ i. Dipolar Co-ordinates in Two Dimensions. Consider 
the orthogonal systems of coaxal circles 

x 1 + y- + c" = zxc coth t, . . (i) 

and .r 2 + y- - c 1 = 2yc cot u, . . . (2) 

where c is constant, and t and u are real variable parameters 
of the two systems. The first system is of the non-intersecting 
type, with the 7-axis as radical axis; the equation (1) may be 
written 

(x - c coth if + y 7 = r cosech 2 1 , . (1') 

so that the centre is the point (r coth/, 0) and the radius is 
| c cosech /1 : when t is positive the circle lies to the right 
of the origin, when t is negative, to the left. If t = ±00, 
the radius is zero, and the corresponding centres, L(r, 0 ) and 
L'( - r, 0), are the limiting points of the system. As t varies 
from + 00 to 0, the radius increases from 0 to + x> , and the 
centre moves from I. to -f 00 on the j-axis; while, as / varies 
from - 00 to 0, the centre moves from L' to - 00 on the 
x-axis, and the radius increases from 0 to 00 . 

Example 1. If P is any point on circle (1), show that PL/PL' = e - *. 

Example 2. Show that L and L' are inverse points with regard to 
circle (1). 

Example 3. If A is the centre of circle (1), show that AL./AL' = t - *, 

The second coaxal system (2) is of the intersecting type, 
with the ar-axis as radical axis: the common points of the 
system are L(r, 0 ) and L'( - c, 0 ), the limiting points of system 
(1). Equation (2) may be written 

+ (7 - c cot uf = r cosec 2 u, 
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(2') 
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so that the centre is ( c cot u, 0 ) and the radius is j c cosec u |. 
As 

(i c cot uf + (c coth tf = (c cosec a) 2 + (c cosech tf, 

or the square of the distance between the centres = the sum of the 
squares of the radii , it follows that each circle of system (l) is 
orthogonal to each circle of system (2). When u = $tt, the 
circle (2) has its centre at the origin, and its radius is c; when 
a is zero the radius is infinite, and the centre is at + 00 on the 
j'-axis, while if u = n the radius is again infinite, and the centre 
is at - 00 on the j/-axis. 

It is possible to express the co-ordinates of any point 
P(x,y) in terms of t and u, the parameters of the circles of 
systems (1) and (2) which pass through that point. To do this, 
multiply (1) and (2) by tanh^and tana respectively, square, 
and add; then 


K-r 2 + yf 4 - ^}(tanh 2 1 +■ tan 2 a) + 2 c\x- + / 2 )(tanh 2 1 - tan 2 a) 

= 4 c\xd + /), 

or 

. , q\n * 0/ .. o cosh 2 1 + cos 2 a 

C** + /)> + r - 


= 0 . 


On solving this equation, it is found that 


x- + y- 


,,(cosh t + cos uf ,cosh t + cos u 


^ cosh 2 1 - cos'u ^cosh t - cos a’ 


or 


x l + y 2 = d 


,(cosh/ - cos a) 2 , cosh t - cos a 


cosh 2 1 - cos 1 u c cosh t + cos a ' 


( 3 ) 


(4) 


If now the value o { x 2 + y 2 given in (3) be substituted in (1) 
and (2), it is found that 

sinh t sin a 


X ~ ^cosh t - cos u' y = r cosh t - cos a ’ 
while equation (4) leads to the values 
sinh t 


( 5 ) 


x = c- 


cosh t + cos a ’ 


sm a 

y f cosh t + cos a - 


These two sets of equations give the co-ordinates of the two 
points of intersection of the circles (1) and (2): the co-ordinates 
of the point (6) may be obtained from those of the point (5) by 
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substituting u - it for u: thus, by letting / vary from - oo 
to + oo, and u from - it to + n in (5), the co-ordinates of 
every point in the plane are given once and once only. The 
variables (/, u ) are called the Dipolar Co-ordinates of the point 
P(x, y) given by the equations (5). 

Example 4. If P is a point on that part of the circle (2) which lies 
above the *-axis, show that L'PL = «, where 0 ^ u <: n, while if P lies 
on the lower part of the circle, /_ L'PL = u - w. 

Example 5. Show that the equation 

ft - »« + 1 
x + t'y — t -- 

J ft - tu - x 

is equivalent to the pair of equations (5). 

§ 2. Dipolar Co-ordinates in Three Dimensions. Now 

let the figure composed of the parts of the circles of systems (1) 
and (2) which lie above the x-axis be revolved about the 
x-axis: for this figure t varies from - » to + » and u from 
0 to it. Then circles (1) trace out eccentric spheres whose 
equations are 

x• + y- + z l + t? — 2 xc coth t ; 

the circles (2) trace out surfaces of revolution of degree 4 
which intersect these spheres orthogonally ; and a third system 
of surfaces, orthogonal to both these orthogonal systems, is 
given by the planes which pass through the x-axis. Then, if v 
be the angle turned through by the rotating plane, the co¬ 
ordinates of all points of space are given by the equations 

sinh/ c sin u cost’ csinttsinf 

X 5=5 c coshf - cosw’- ,/ ~ cosh/-cos«’ " ~ cosh / - cos«’ 

where /, u , v are the parameters of the surfaces through the 
point P(x,_>', z) and - 00 ^/<+oo,Og«g7r, 2 -n. 

The variables /, u, v are Three-dimensional Dipolar Co¬ 
ordinates. 

From equations (XI., 2) it follows that 

, c rsinw 

/ = m = —-, n = — r—. -. . (8) 

cosh / - cos u cosh / - cosm v ' 

Also, if R is the distance between the points whose rectangular 
and dipolar co-ordinates are (x, y, s), (x,, y u sj and (/, u, v), 
(/ 1( «j, Vj) respectively, 
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R 2 «. X* + y + r 1 + + y? + z? - 2{xx l + yy l + sz x ) 

cosh? + cos« cosh?v + coswi 

cosh? - cos« cosh?) - cos«i 

sinh ? sinh ?j + sin u sin u\ cos (v - Vi) 

_ Or* — - — — - - 

(cosh ? - cos «)(cosh ?i - cos u{) 

cosh? cosh?i - sinh? sinh?i - cosy 
— --— 

(cosh ? - cos »)(cosh ?j - cos »i) ’ 
where cosy = cosm cos«j + sin« sin**, cos(z< - v,). 

But 

cosh ? cosh ?j - sinh ? sinh ?j = cosh (? - ?j) 

= ~ h + * ~ " f,, (. 

and therefore 

cosh ? cosh ?! - sinh ? sinh t 1 ~ cos y 

= ~ '»{I - 2e ~ (£ ~ '») cos y + hij 

or = \e ~ ~ '*){[ - 2 c (-, 'cosy+ c 2 l‘ ~ *»>j. 

Thus 

I i ^/(cosh ? - cos u)y/(c osh ?i - cos u x ) 

R = 7 e ±Ah - _t 0 ~ 

l 

X ,^/j I - 2 e ^'“Ocosy + e + 

the upper sign being taken if ? > t v the lower if ? < ?j; in the 
first case e ~ < I, in the second e 1 ~ tl < i, so that 

a o 

^/{i - 2e + l* _ ‘ J )cosy + f + 2 ( ( ~ ( , ^ > »( cos >')> 

n - 0 

and 

= -„/(cosh? - cos^^(cosh ?i - cos«i) 

K f 

90 

x ^ g + (" + i)( ( - ( ‘>P n (cosy). ( 9 ) 

n = 0 

§ 3. The Problem of Two Eccentric Spheres. The 

surface-distribution on two electrically charged insulated con¬ 
ducting spheres external to each other, and not subjected to 
any external forces, will now be considered. Let the line of 
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centres be taken as x-axis, with the origin O at its point of inter¬ 
section with the radical plane of the spheres ; A and B denote 
the centres of the spheres to the right and left of O respectively, 
and L and L' are the limiting points of the system. Then the 
dipolar co-ordinates are given by (7), where c = OL, while 
the values Z, and Z 2 of Z which correspond to the spheres 
whose centres are A and B are given (§ 1, ex. 3) by 
AL/AL' = e ~ 5,1 and BL/BL' = e ~ 5 '*, t y of course being 
positive, Z 2 negative. 

Let («,, v j) be the dipolar co-ordinates of a point on the 
sphere Z„ (« 2 , z/ 2 ) of a point on Z 2) cr(«j,, a(u.,, v.,) the densities 

at these points, V and W the potentials at (Z, u, v) of the 
surface distributions on Zj and t., respectively. Then 

V . 


the integral being taken over the surface of t l - > or, by (XI., 3') 
and (8) 

Y _ p f 2 ' fM//i. i’i) sin u\ duidi\ 1 

Jo J0 ( cosh ~ cos R’ 


Now assume that 


a («i> V\) 


(cosh Z ( 


cos 


oo 

= 2 Xm( “ b 1,1)1 ■ • (,o) 


where X m (»|, fj) is a surface harmonic of degree m ; and for 
l/R employ the formula (9) in which, if the point (Z, u, v) lies 
inside the sphere A, Z > Zj, while if it lies outside, Z < Z,. 
Then, for an internal point 


V< = ^(coshZ - cos 


so 

«)J j sin u x du x dv j| ^ X m (u lt ^)j 

m — Q 

to 

X | 2 ^-( n + 4 )< t -' 1 )P, 1 (cosy)| 


If these series are multiplied, and the product integrated term 
by term, it follows from (VII., 29) and (VII., 33) that 


V* = 4m\/(cosh z - cos«)|j^ 


1 


2 n + i 


* •* 0 


r(» + i)(«-VX^,®); 

' (n) 
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and similarly, for (/, u, v) an external point, 

V, = (cosh / - costt) ^- \-—e ~ <” + iX'i ~ hX„(w, v). , 

fl -« 2M+1 («) 
Again, for an internal point of the sphere B, since t t is 
negative, t < t,>, while, for an external point, / > : hence, if 

-= S YJu„ v t ), . . ( 13 ) 

(cosh t., ~ cos u.,y 

m -= 0 

00 

W< = 47Kv/(cosh/~ cosa) ^— - — e(‘ l+ 4 K e ~ OY n (w, v), (14) 

2« + I 

n - 0 

and 

00 

W, = 47rc v /(cosh r - cos u) 'S* — 5 —c<' ! + 4 X', - 'IY n («, v). (1 5) 

2 ti+ 1 

»*= 0 

Since the potentials of the spheres A and B are constant, 
say h and k, it follows that 

V,- + W e = h, (t>tO, and V, + Wi = k, {t < /„); or, if 

0 4 

w(co,h,- cos«)i? . ■ -(»~- *. 

2n + 1 1 + c {n + JW* ~ t] Y n (u } v)f 

0 

(16) 

and, if / < t v 

4mj(c osh 1 - cos«) v + "H - *. 

<*4 2 « 4 - I ( + r ( " + 4>( f ~ yY n («, t<)/ 

n — u 

( 17 ) 

In order to determine the functions X„, Y„ by means 
of these equations, we divide by ^/(cosh t - cos u) and express 
the reciprocal of this function in terms of Legendre Co- 
efficients: thus 

_I_ ___ J2 

^/(cosh t - cos u ) + e ~ 1 - 2 cos u) 

\J 2 . e ~ 


or 


+/( 1 - 2e ~ 1 cos u + e ~ at ) 

Ji . _ 

-s/C 1 - 2£* cos« + e lt ), 


nrv ( l8 > 

(19) 
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the expression (18) being employed in (16), since there 0, 
so that e ~ ‘ < i, and (19) being applied to (17), since when 
0, e l < 1. From (16) and (18) it follows that 


47rr V — - {e ~ <» + i><‘ - ‘i>X„(*, z/) + «(» + *H‘* - ‘>Y B («, w)} 

2« + I 

« - 0 

CO 

= hj2 e ~ ,n + P„(cos «), (20) 


and from (17) and (19) that 

co 

47 TC V ----{e- <» + i)<‘i - ‘>X n (a, z>) + tf(» + i)(‘ - ( a>Y n («, z>)} 

^ 2W + I 
n - 0 

OO 

= X.’ v /2 ^ *< n + i)‘P n (cos u). . . (21) 

n =- 0 


If now the corresponding terms in the identities (20) and 
(21) be equated, the resulting equations are 


■ . 4y .,{ g (» + i)«,x M («, ») + *(" + 4>hY„(«, z>)} = V 2P n(cos«), 

2« + I 

( 22 ) 

— 4 --- {, - (n + i)' t X n (u, v) + e~ (»+i)',Y „(«, Z»)} = V 2P n( COS «). 
“I - I 

(23) 

which, on solution, give 

x n (u, V) = x/2P„(cos^-(^^ - + (24) 

2 ft + I 2 sinh {(» + - A)} 

and 


4 zzc y , „ V 2 P„(cos « ){* -//<?-(" + jX. } 

2« + 1 " 2 sinh{(« + 4XA - 401 


( 25 ) 


By substituting these values of X„ and Y„ in (10) and (13), 
a(u v v{) and cr(u, 2 , v 2 ) are obtained in terms of A and k : the 
constants h and k can then be determined by integration if the 
total charges on the spheres are known. 

Note 1. If the sphere B is earthed, k - 0 . 

Note 2. If t, = 0 , the sphere B becomes the planer = 0, 

15 
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so that the corresponding formulae give the solutions for the 
case of a sphere and a plane. 

§ 4. Solution of Laplace’s Equation. From (8) and 
(XI., 5) it follows that, for dipolar co-ordinates, 

^ 2 y (cosh t - cos uf 
<? sin u 

csin» DV’l 2) T csmu 
<>/\cosh t - cos u It J JwAcosh t - cos 2 t iu J , 

X + ,r *V ^ ' 

sin«(cosh/ - cos u) iv 2 

Here let V = V ]X /(cosh t - cos u ), 

then 

H_I_ 3 Vj 

J>/\cosh t - COS U it f 


= 3 J_L_ 

^(.^(cosh t ~ 


sinh t y 
t - cos*-)? J 


cos u) it 2(cosh 


“ ^/(cosh t - cos u ) 

rW, f cosh t _ 3 sinh 2 / |y "j 

L 3 /* \z(cosh/ - cos u) 4(cosh7 - cos«) J J 1 J’ 


1 D f sin u dV) 
inj< t)«\cosh/ - cos u iu / 

1 D( sin u DV, + sin 2 u y \ 

sin« (cosh t - cos u) iu 2 (cosh T- "cos «)* J 

= _ 1 _r__i i f sjnu 3V,1 

^/(cosh/ - cos«)Lsin« Du j 


+ j_cos u _ _3_sin^«_ _\vl 

(cosh / - cos u 4(cosh/ - cos?*) 2 / ‘J’ 

that 

V-V - Ci£!ilLr J 2 ii)'p% + W.l 

tr L 3 / sin u iu ( iu J 

and Laplace’s Equation becomes 

4 , 2 - iLW^U > ? V J - iv, - 0. (28) 

it 1 sin u iu ( < )u} sin 2 « it/ 4 *' ' 


and Laplace’s Equation becomes 
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Now let V! - WjWjWj, where W 1( W 2 , W 3 are respectively 
functions of t, u, v alone; then, from (28), 

■ fW, ■ . *f, in /W.U . ■ «PW ,.,. 0 

W, dP W,s\nudu\ du J sin 2 2/ W 3 4 


1 rf 2 W, 
V, dv 1 


In this equation the first two terms and the last term are 
independent of v, and therefore so is also the third term; thus 

the value of — must be constant, so that 

W 3 dir 

^- cw >' 

and therefore 

W 3 = A cos( WN /" r ~C) + B sin(V“C). 

But W 3 is periodic, of period 2 -n ; hence +/( - C) must be an 
integer, and we may write 

W 3 = A cos {mv) + B sin ( mv ), 
where m is a positive integer. 

Again, in (29), replacing i- by its value - nr, and 

W 2 (i'V 

noting that the first term is independent of a, we see that 
1 1 d [ . <AV,] nr 

W 2 sin a du ( du J sin 2 a 

is constant. Denoting this constant by - a(a + 1), we obtain 
the equation 

1 d f . d\V „) f . v vf 1... _ 

sin u du f du \ f sin* u) 

which, when cos a is taken as independent variable, becomes 
Legendre’s Associated Equation. The general solution 

W, = CT”(cos «) + DQ”(cos a) 

must be finite for a = 0 and u = n, and therefore D must 
be zero and a must be an integer. Hence, if a = «, 

W 2 W 3 = T"(cos a)(A cos mv + B sin mv). 

Equation (29) now reduces to 

^gr - M« + 0 + « 0, 
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of which the general solution is 

Wj = Ee<" + + F< ~ < n + *)*. 

The most general solution of (29) obtained in this way is 

00 

{*<" + *>‘X n («, v) + e ~ <» + *>‘Y n (a, v% (30) 

» = o 

where X„ and Y„ are arbitrary surface harmonics of degree n. 

For a space which contains the point L, where / = + 00, 
X B («, v ) must be zero, while, for a space which includes L', 
where t = — 00 , Y n (*, 7/) must vanish. 

Boundary Problems .—In order to obtain the potential 
function V for the space bounded by the spheres t = t x and t — t t 
when the values of V on these spheres are given to be f(u, v ) 
and rf>(u, v ) respectively, expand f(u, ^/^/(cosh r - cos*) and - 
w)/ v /(cosh t - cos u) in terms of surface harmonics, and, 
in the first case equate the expression so obtained to (30), with 
t = t x , in the second case to (30) with t = From the two 
resulting identities X„(m, v) and Y n («, v) may be determined. 
This method of solution holds either when one sphere encloses 
the other or when the spheres are external to each other. In 
the latter case the region extends to infinity: but the condition 
that the potential should vanish at infinity is fulfilled in 
consequence of the fact that, at infinity, t = 0 and u = 0, so 
that ^/(cosh t - cos u) = 0. 

To solve this problem for the interior of a sphere, say 
sphere A, within which t is positive, put every X n (w, v) = 0 . 

Other problems connected with pairs of spheres can be 
solved in a similar manner. 

§ 5. Ring Surfaces. If the figure discussed in § I, 
instead of being revolved about the ar-axis, be revolved about 
the y-axis, the circles u = constant generate spheres, the circles 
t = constant generate anchor rings. These surfaces, with the 
planes through the y-axis, form three orthogonal systems of 
surfaces, and the co-ordinates of any point in space are given 
by the equations, derived from (5), 

sinh t cos v sin u sinh t sin v 

x - c — -, y - c —;-, e - c — ; -, 

cosh t - cos u cosh t - cos » cosh t - cos u 

(30 



CH. XII.] 


ECCENTRIC SPHERES 


229 


where v is the angle turned through by the rotating plane. 
Since it is only necessary to revolve the part of the (x, y) plane 
for which x is positive, / varies only from 0 to + 00, u varies 
from - it to + n, and v varies from 0 to 2n. From (XI., 2) 
it follows that 


l = m 


cosh / - cos u 


c sinh t 


cosh / - cos u 


( 32 ) 


Thus, from (XI., 5), 


v 2 v 


(cosh / - cos uf 
c 1 sinh / 

2 > f sinh / 


-iXU 1 

u it J 2 )u 


a/(cosh/ - cos 
+ 


J sinh/ 2 )V] 
(cosh t - cos u 2 u J 

a 2 v 


sinh / (cosh / - cos u) iv 2 
Here put V = V llV /(cosh e ~ cos «)> an d then 

aV, 

) it 
sinh 2 / 


if sinh/ aVl <) f_ sinh/ 

a/\cosh/ - cos« it J ^/(^(cosh/ - cos u 

\ 


^/(cosh/ - cosw) 


sinh/" - 1 + cosh/i— 1 

a/- it 


it 1 

sinh / cosh / 


V r 


- V i, 

2 (cosh / - cos«)’ J 
3 sinh 3 / 


sinh / 


_ av^ a 
# a« J a u 


a u (cosh / - cos 


cosh t-cosu 1 4(cosh /- cos uf 
sinh / aV x 


Vi 


a uj v /(cosh / - cos k) a u 

sinh / sin u 


(cosh / - cos u) 


sinh 


2(cosh / - cos «)^ 
sinh / cos u 


V, 


/?^H 

a u- 2(cosh / - cos u) 

3 sinh / sin 2 u 


xVl 


so that 

n2 y _ (cosh / - cos uf 
V - 


4 (cosh / - cos u) 


y, 


[ . V —(sinh/— 1 ) + ^ + -1- ^ + iv.l 
Lsinh/ a/( a / / a « s sinh 2 / az' 2 4 J- 
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Thus Laplace's Equation becomes 

!/sinh^U^ + 


sinhr 


_ _ 

"it J ‘ <>« 4 sinh 4 / di> 4 


+ i v ‘ 


0. (33) 


Here put V x = W 1 W S W 3 , where W v W Sl W s are functions 
respectively of t, u, v alone; then, as in § 4, we find that 
VV 2 = A cos nu + B sin nu, 

W 3 = C cos mv + D sin ntv, 


where m and n are integers. Equation (33) then reduces to 


sinhr W, dt\ 
or, if A = cosh t, 
d 
Ik 


± ~ «> - 


+ - - 0 , 
sinh 4 1 4 


i{ ( * 


0 - {(«- IX" + 4 ) + 


A 4 


1 -V 

rT- - 


which is Legendre’s Associated Equation with n - ^ in place 
of n. Thus its general solution is 

w, = EPr.^A) + FQ;_ t (A). 

The functions j(A) and Q”_ j(A) are sometimes described 
as Ring Functions 
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CLERK MAXWELL’S THEORY OF SPHERICAL 
HARMONICS 


§ i. Theorem. If f n (x, y, s) is a homogeneous rational 
integral function of degree n, the function 


r H 

L 2(2 n - 





3 - 4 ( 2 «- i)(2«- 3 ) 


7 4 ■ 


fn(x>y>8), (I) 


where V ar 





is a solid harmonic of degree n. 


Let w = 0 (x, y, z) be any function of x , y, z, and let F(a>) 
fae any function of w : then 



a 3 a\ 

lx ly is) 


F(jx') = x 


d n F 
Vw» 


+ 


rf»-’F 
- + 


dF 

+ X '~'fa¬ 


te) 


where Xi . X» _ , are functions of x . y, c which are 

independent of the nature of the function P'(ct'). 

Now for K(w) take the function to*, where j is an integer 
<; «; then 


/«! 

f a 

l l \ 

r - ' C I 

% 

11 

<0 

■ Xn- 

s 

+ 71 

1 

j Xn - t + L U ’ 

+ . . . 



ViXr 

ay a z) 



1 










s\ 

+ (s - I) 

, Xn - 1^ " 

1 

( 3 ) 


But, if «/ 

= ®(x, 

y< < 

). 





/■( 

'l 

\lx’ 

a a\ 
ay a-/ 

Wy,y< 

-)r= 

=/n (aT 

si)** 

+ A.J' + X-, 



where 

h, k, l 

are all 

put 

equal to zero after 

the operation 

has 


been carried out: also 


{j>(x + h, y + k, s + /)}' = 

[<P(x, y, z) + { 0 (x + h, y + k, s + l) - 0 (x, y, z)}]" 

5 

t - 0 


231 



232 


SPHERICAL HARMONICS [ch. Kill. 


Hence 

Hh h iy 


where 


s 1 , s ! 

7i ~* + 17(7 - i)! 


(s - i)! i ! 


WU n _ ( + i + ... 


- w* - _ x> ( 4 ) 


»n-t =/»(^> + h, y + k, s + l) - &(*, y, *)}', 

and h, k , l finally become zero. 

Now compare equations (3) and (4) for s = I, 2, 3, ... , 
n ; we find that 

I ! Xn - 1 = y-j «n - 1 . 


21 Xn - 2 + Xn - jW = «n - s + -pp “» ~ 


3 ! X» - 3 + X n - a w + ^ i Xn - X 

3 ! 


I 


3 ! 


J ! U,i ~ 3 + Tl2l"'-* U,+ 2 U\ Un - lVr ’ 


Hence, from the first equation, x» - 1 = j ,« 

second, x« _ 2 = —_ „, from the third, \n - j 
so on: thus 


„ _ „ from 


1 



the 

and 


* “ jrTo! “• 

where h , £, / finally become zero. 

Again, let <P(x, y, z) = x 2 + y 2 + z l ; then 

* - ( irV4' h a) {2 ^ + * +&)+(i ‘ +k ' +n ' - ‘ 

(A, A, l - 0), 

" («- /)'/ n w/ St’ Yi)yr^ 2 f) u\ 

X \2(hx + ky + lz)\ n - 2 \h 2 + k 2 + / 2 ) ( , (A, /&, /, - 0) 
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since the only term which gives a non-zero value is the one 
that is a function of h, k, l of degree n. 

But, if ^r n (A, k, P) is a homogeneous rational integral 
function of h, k, /, of degree «, 




hence 


Xt = 


(«- 2 t)\ 
Also, 


/ a , a , a 

— I *■—r + y -T + 

/! \ D/z N/ - 


U a/. 


ay 

a// 


(i + Si) 


( 4 + 4 + 4 ) ' m *■ 0 ■ s! *<*- ->’■ -•> ; 

for, if one term of k , /) is Ch^k?/* ~ v ~ 1, the only term of 

(x~ + y ~■ + £-4 , which, when applied to it, gives a non-zero 

\ a« ax. - a// 

value is 

.... </•__ wj-p-ilLlL 

p ! q ! (s - p - q )! a// r a£? a P~p~i 

Therefore, since 


& 


+ * + 
w a/- 


,)/»(>&. *, 0 


is a homogeneous rational integral function of degree « - 2/, 

2" - 2t 

X, = 


where 


V 


V *'/»(*. -)- 

_* + *y 

Vax 2 a/ 2 aW 


/! 

a 2 


Next put this value of x, in (2), where Z£' = ^ + y 2 + ~ s = r*, 
and in place of F(r*) write <f>(r) ; thus 


a (5- - 2 1$F K*- r ' *> 

+ TT -') 


2 « - * - U( f ) 

+ -TT + ' ' ' (H 
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Finally, replacing <j>(r) by r~\ we find that 


i 3\i 
/n W’ ly lz)r 

r r* 

X L~ 2{2tt— i) 


(- O’ 
v 2 + 


( 2n )! I 


2 n . n l r m + x 
r* 


w^j: f'-'-yj*** 


2.4(2 n- i)(2n- 3) 


( 6 ) 


But the function on the left-hand side of this equation is a 
solid harmonic of degree - n - 1. Therefore, multiplying 
the equation by r 1 " + we see that the expression (0 is a solid 
harmonic of degree n. 

Corollary. From (5) it follows that, if Y„(x, y, z) is a solid 
harmonic of positive integral degree n, 

and, in particular, that 

V 4' ,7 D'r ' ( - ‘MM <« 

§ 2. Poles of a Spherical Harmonic. Consider a sphere 
of radius r with the origin O as centre and let R be a point on 
the sphere ; the direction OR may be called an Axis, and the 
point R is then known as the Pole of the axis. 

If the direction-cosines of OR are (/„ »«,, «<), the axis OR 
is denoted by hy If, moreover, P is any point (x, y, z ) on the 
sphere, the cosine of the angle POR is denoted by A„ so that 

4 * + my -t- = cos PR, . 


A, 


( 8 ) 


where PR is written for the angle POR. The cosine of the 
angle between two axes k * and hj is denoted by /Xjy, so that 

= Wi + m i m i + n * n j ■ • • ( 9 ) 

Finally, the operation - + *»,■— + «, — is called “ different!- 

Sy S" 


ation with respect to the axis hi ” and is denoted by 


symbol 




The 


D n 


^h^dhtj . . . ~bh n 

represents differentiation by n of these operators in succession. 
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Potentials due to Singular Points. The potential at the 
point P(ar, y, 2) due to a point charge e 0 of electricity at the 
origin is 



this function satisfies Laplace’s equation, and, consequently, so 
does every function formed from it by differentiating with 
regard to any number of axes in succession. A point at which 
a point-charge e a is placed is called a Singular Point of degree 
zero and strength 

To form a singular point of degree one at the origin a 
charge - e 0 is placed there, and a second charge + e v is placed 
at that point on the axis A, whose distance from the origin is 
ocq. The product ^ o a 0 is denoted by e lf and this quantity is 
kept constant, while a„ tends to zero and e 0 tends to infinity. 
The origin is then a Singular Point of the first degree of 
strength e, and axis fq. 

Similarly by taking singular points of degree one and 
strengths - e 1 and e, at the origin and at the point on the axis 
A 2 distant «, from the origin respectively and making a, tend 
to zero and e l to infinity so that e x <x x = e.,, where e., is constant, 
a Singular Point of the second degree of strength e 2 and axes hj 
and h 2 is obtained. This process can obviously be continued 
indefinitely. 

Now assume that 

V, _ , = ,(.r, y, 2) 

is the potential at P due to a singular point at the origin of 
strength e, _ „ degree s - 1, and axes //„ A.,, . . . , h t _ ,; then 
a singular point of degree s and strength e, — e t _ _ 1 can 

be formed by taking a singular point of strength - e, _ l at 
the origin O, and a singular point of strength e, _ , at a point 
Q distant a, _ , from O along the new axis A f , and keeping e, or 
a, _ x e, _j constant while a, _ , tends to zero. The potential at 
P due to the singular point of degree s - I at O is 

- e,_ fi>, _ i(.r, y, 2), 
and that due to the singular point at Q is 

e i - ]$» - iC*r _ x q< y p - Pq< Bp ~ 2 q) 

= e, _ _ ,(.r - /,«, _ J, y - m,x s _ „ 2 ~ n,x,_ x ). 
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Hence the potential at P due to the singular point of degree s 
at O is 

Lim (e.-xfa-fa - l,*, - „ y - nt,a. t _ „ z - «,«, _ ,)) 

*• - 1 ~*°\ - i(*, y, *)■ J 

• + m 4 + S' 

= ■ z) - 
But <f > 0 = - ; therefore 


V. = (- l)'e. 


. . . hh, r 

is' the potential at the point ( x , y, z) due to the singular point 
at the origin of strength e s , order s, and axes //,, h 2 , . , , , h r 
The function V, is a solid harmonic of degree - r - I ; it 
is found convenient to express it in the form 

Y, 


V. 


s ! e, 


'fj> + i ’ 


where Y, is a surface harmonic of degree s ; thus 
y = (~ 1 y f* + j ^ _ j _ 

s ! }>h{bh, . . . t>h, r 


(IO) 


Y, is an expression involving the angles which the axes 
Ai, hz, . . . , h, make with the co-ordinate axes. 

The Poles of the spherical harmonic Y, are the poles of its 
axes. 

Expressions for the Surface Harmonics. From (6) and (io) 


y,** S??) L 

2 ‘.(s !)* 


where 


1 I __I__y2 + _'_y4_ 

PL 2{2S-1) 2 . 4(2J- I)(2J- 3) J 

s 

n [JyX + m v y + n p z), (n) 

Y = ( 1 _ 1 

* s ! . . . 7>h, r 


Now let E(p? A* “ 2p ) denote the sum of all possible products 
of p fils and (r- 2p ) A’s [cf. (8) and (9)] taken from the p’s and 
A’s arising from the axes k v h# .... h,\ in each product 
every suffix occurs once and once only. Then 
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n ( 4 * + fn p y 4- riyZ) =« r* 27 (A 8 ), 

p -1 

s 

V 3 JJ (4* + WpJ' + «^) = r*-*. 2 £(\‘ ~ J /x), 

P - 1 

S 

V 4 JJ (4* + + «p^) = ^ - 4 . 2 2 . 2 ! TYA* - yi ! ), 

p-' 

since in 2 , (A‘ _ V) products such as fi l2 . ji u may be obtained 
in 2 ! ways, 

S 

V* JJ (IpX + m p y + n p z) =■ r* - 8 . 2 3 . 3 ! TfA* - y), 
p -1 

since the product ^ 12 . /i 34 , may arise in 3 ! ways. 

Proceeding in this way we obtain 

5 

V 2 ? JI(4r + Wft y + n p z) = r* ~ 2 * . q \ Z(\' ~ V)> 0 2 ) 

t> -1 

where ^ = 1,2.j. 

Accordingly 


Y - - »L-r r(A " V) 


( 2 J - I)( 2 J - 3)' 


~m‘-y) -. 


}• (13) 


Thus, for example, if P is the point (x, y, z) on the sphere 
of radius r, and A, B, C, D are the poles of the axes k h h, lt k 3 , h v 

Yj = cos PA, 

Y, - J(cos PA cos PB - J cos AB), 

Y s «= 5 {cos PA cos PB cos PC 

- J (cos PA cos BC + cos PB cos CA + cos PC cos AB)}, 

Y< = 

'cos PA cos PB cos PC cos PD 

/ cos PA cos PB cos CD + cos PB cos PC cos DA\ 

, - -I + cos PC cos PD cos AB + cos PD cos P A cos BC I >• 
^ \ + cos PA cos PC cos BD + cos PB cos PD cos AC/ 

+ ^y(cos AB cos CD + cos AC cos BD + cos AD cos BC) J 
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§ 3. Poles of Zonal, Tesseral, and Sectorial Harmonics. 

In (x 1) let all the poles be coincident on the £-axis; then 


(- *)% » + i* n I _ O) 1 - i_ 

n 1 bz n r 2 n . (« !) 2 r" 

r, _ ** & 

*L 2 ( 2 «-l) 3 ^ 


2 ( 2 / 

= ( 2 ”) ! 
2 n ■ («!) 2 


- 


2.4(2 n - r)(2« - 3) bz* 

”(” ~ O n-. 

2(2M - 1/ 

, «(* ~ I)(» - 2)(« - 3),.»- 4 

■r -S-—-Tf 


2.4(2* - l)(2» - 3) 


P»(/ 0 . by (V., 6). 



( 14 ) 


Hence a zonal harmonic of integral degree n has all its n 
poles coincident on the r-axis. [For an alternative proof of (14) 
see ex. 9, p. 105.] 

Again, let n - m axes coincide with the "-axis, and let the 
remaining m axes lie in the (x, y) plane and make angles 
a, a + 7 r/rx, . . . , a + (m - i)njm with the x-axis; if these 
nt axes are h u h a . . . h„„ 


b m 


bh^h. . . . bh v 


n{ c “( a+ s)i +sin ( a+ s) 4 >} 




Here let £ = x + iy, r) = x - iy, 

so that 


then 


a a .a a a .b 

2 -- = _ - , 2 =.+?_; 
b£ bx by bt] bx by 


bh{bh 2 . . . bh m 
Now the equation 




r™ — y m e 


has solutions 

X - ye ~ *<• + rr l m ), r = 0 , 1, 2, . . . , m - j ; 
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x m - y m e ' 


*» — l 

n 


{x - ye - **<• + 


or 


m — 1 

e \ma x m _ e - % nuxytn = e - (m - 1 ) + m ) _ ^ ^ a + m)l 


Accordingly 

M{bkl • ■ • Mm t W/ V V ) 1 J 

But, by (6), 

±;l\ m 1 = r _ n » (^)' 1 

3c“ _ "* \3.r iy) r '' 2 11 . n \ r in + ' 

1 - - —- v 2 + --j — ^ ,7 -.v 4 

2(2« - I) 2 4(2« - l)( 2 « - 3; J 

x s’* ~ m (;r ± iy) m 


= (- I)" (2W)I 1 (.v ± ?»-'• 

^ ' 2 n . « ! r- >n + ‘ v ' 

x _ (» - >«X” - W - 0 „n - m - yi 
L 2(2 tl - l) 

(» - >«)(« - w - l)(« - ;« - 2)(« - »i - 3) 


2.4(2» - I)(2« - 3) 


r.n — m — 


v - 


= ( - I - 1 (cos mi> ± * sin mi>) sin”’ 9 

X /«" - ™ - W r_ 1 )„n - » - i 

t 2(2« - l) ^ 

(» - w)(« - m - 1)(« - m - 2 )(« - w* - 3) 


2.4(2« - I)(2» - 3) 


n — m — 4 


v W ^ \ | 

( - 0” V ffi+x ( cos *»<f> ± i sin 




[Cf. Ch. VII., § 3 , ex'. 
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Therefore 

I _ (- 0" (» - W )’ . - imijm, ) 

r ~ 2 m ** + 1 nW ’ ' 

and _ 1 - L_!£ fe - 7> J . 

l2 n - m lr) m r 2 m r M + l bVP ' 


Two cases will now be considered. 

Case I .—In (15) assume that a = 0 ; then 


(16) 

( 17 ) 



so that, from (16) and (17), 

___ - = Cr J JT. W I L 2 sin wf ~ - 

- ”*^ 34 . . . r- 2 m r" + 1 \2 V 


//.—In (1 5) assume that a = w/(2«z) ; then 
3 m 


_ 0 __i = «(* - 

. . . <>/*,„ r 

so that 


+ e ~ im "( ^ \ 1 1 

\W Ur,; j r' 


<>z n ~ m MMi ■ ■ ■ 


1 _ ( — i) n («- w)_! 
r ■“2»~ ">r+r 


2 cos «(r-*)i:w. 


If m is even, the harmonics sin m<f> T"(p), cos m<f> T*(p.) are 
given by (18) and (19) respectively, while if m is odd, they 
are given by (19) and (18) respectively. If the factors 
sin nt(\-n - <f>), cos - <f>) are equal to - sin mj> or - cos m<f>, 

the direction of one of the axes h v h 2 . h m should be 

reversed. With this restriction the poles of the harmonics are 


those of the axes h lt /t 2 , ... , h m , and n - m coincident poles 
on the positive z-axis. 
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BESSEL FUNCTIONS 


§ I. Bessel’s Equation. If Laplace’s Equation 
V’V + + iJ v . 0 

t)V~ 

be transformed to cylindrical co-ordinates (n, <£, by means of 
the equations 

x = u cos tf>, y - u sin <f>, ir = x 1 + y“, tan <£ = y t x, 
it becomes 

v-"v^ v + 1 >v + I,^ + ^v.o . (I) 

In this equation put V = U<PZ, where U, and Z are 
respectively functions of u, <f>, and z alone, and divide by U<£Z ; 
then 

i ( d RR 1 1 1 d l 0 1 f Z ~0 (2\ 

UWr u (in) + u l <P cty 1 + Z dsr 

Here the first three terms are independent of z, and conse¬ 
quently so also is the last; tins term has therefore a constant 
value C, and 


d 1 Z _ r7 

IP ” ^ 


• ( 3 ) 


Again, since the first two and the last terms are inde¬ 
pendent of <f>, so must also be the third ; hence 


■ • 

where D is a constant. Thus (2) can be written 


• ( 4 ) 


+ u d R + (D + Gr)U = 0 . . ( 5 ) 

du‘ du 
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If now in these equations we put C — x 2 and D = - « 2 
(3) and (4) become 

d 2 Z 27 

1?-- Z . <6 > 

and ™ - - »> 4 > . . . . 00 

of which the general solutions are 

Z = Ae* z + Be~* z , . . . . (8) 

and <P = E cos n<f> + F sin n<f>; . . (9) 

while (5) takes the form 


od‘\J dU / n i)\rr 

ur ——- + «— + (k-u- - «-)U = 0 , 

du i du 


or, if v = ku, 


,d 2 U d U w . „ UT n 

v-t-t + v—~ + [v- - »-)U = 0 . 
dv 1 dv 


(10) 


This is known as Bessefs Differential Equation, and the solu¬ 
tions of it are called Cylinder Functions or Bessel Functions of 
order n. 

If R n (r/) is a Bessel Function of order «, the function 

V = R• • • (i 0 

is a solution of Laplace's Equation. A function of this kind is 
called a Cylindrical Hartnonic. If « — 0 , the Harmonic is 
symmetrical about the ^-axis. 

§ 2. Solution of the Differential Equation. To solve 
Bessel’s Equation 

x 2 } 1 " + xy + [x 1 - n'-’)y =0 . . (12) 

CO 

put y=xO^C r X r . . (13) 

r - 0 

in the left-hand side of the equation, and it becomes 

00 CD 

x*'S? c r (p + r)(j) + r- I y + ^ ^ + r)x r 

r — 0 r - 0 

to 

+ iff - CrX* 

r- 0 
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or *%(P 2 ~ « 2 ) + x" + Vj{(/5 + 1 f - n 2 \ 

00 

+ [c r {(p + rf - « 2 } + c r _ 2 ]r ,r . (14) 

r -» 2 

In order that the series (13) should satisfy (12), it is 
necessary that the expression (14) should vanish identically; 
that is, that the coefficients of all the powers of x in (14) should be 
zero. Thus c 0 (p 2 - n 2 ), the coefficient of x“, must vanish, and 
as <r 0 is the coefficient of the first term in the series, it cannot be 
zero; hence 

ft* - n> = 0 . . . . (15) 

This equation is known as the Indicial Equation, since the 
values of p given by it determine the index p. These two 
values, of course, are ± n. 

If now the coefficients of x“ + \ x“ + *, . . . in (14) are 
equated to zero, the equations 

*i{(p+ i) 2 - «'} = 0 c l (p + n+ i)(p- n+ 1)= 0 

c 2 {(p + 2 'f - n 2 \ + <r 0 = 0 c 2 (p + « + 2 ){p - n + 2)= - c 0 

.or.(16) 

+ r )' - « 2 } + q —j = 0 c r (p + n + r){p - n+ r)= - c r _. 


are obtained, and from them the coefficients c 1( cc s , . . . can 
be found in terms of c u . From the first equation it appears 
that = 0, and consequently c 3 , c s , . . . and all the coefficients 
with odd suffixes are zero. From the remaining equations it 
follows that 




C 3r 


_£0__ 

(p - n + 2 )(p + n + 2)’ 

___ _ c o _ ___ t 

(ft - n + 2)(p - n + 4)(p + n + 2 )(p + n + 4)’ 

_(.- 0 %___ 

r(p - « + 2 )(p - n + 4) . . . (ft - n + 2 r) 

L x (p + n + 2 )(p + n + 4) . . . (p + n + 2r). 


(17) 
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When the coefficients are given in terms of c 0 by (17), the 
equations (16) are satisfied, and the expression (14) reduces 
to .*%0> 8 - « s ), so that the function (13) now satisfies the 
equation 

x*y” + xy + (x- - n 2 )y = x r%(p 2 - » 2 ). . (18) 


If now in (17) and (13) we put p = ± n, the function (13) 
is a solution of (18) with p => ± «, that is of Bessel’s Equation 
(12), provided that the series in (13) is convergent. 

For instance, if p = «, the solution obtained is 


y = 



_£L_ 

2(2K + 2) 


+ 


X* 

2.4(2K + 2)(2« + 4) 



provided that n is not a negative integer. If we here put 

_ 1 

C<i 2>T(« + I ) ' 

we obtain the function 


J »(-*) = 


2 n r(; 


r" (l - 

«+ol 


jr- 


+ - 


2 ( 2 «+ 2 ) 2 . 4 ( 2 « + 2 )( 2 » + 4 ) 


} 



(- Q r /^\ n + 5r 

r! r(n + r+ l)\2/ 


( 19 ) 


which is known as the Bessel Function of the First Kind of order n. 
The series on the right of (19) is absolutely convergent for all 
values of x. 

If n is not an integer, a second solution is obtained by 
putting p = - n in (17), (13), and (18); it is 


J - «(*) = 


2 -»r(- n + I) 


{■- 


2( - 2B+2) 2.4( - 2» + 2)( ~ 2n 

( — I y rx\ ~n + iIT 


T - 0 


>1 re- « + 


7TT>© 


+ 4 ) “■} 
( 20 ) 


Thus, if n is not an integer, the general solution of Bessel’s 
Equation is 

y = AJ„(x) + BJ _ nix'), 
where A and B are arbitrary constants. 
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On the other hand, if n is zero or an integer, these 
two solutions are not distinct. If n is zero, they are obviously 
identical; while, if n is a positive integer, since i/T( - p) is zero 
if p is zero or a positive integer, the first n coefficients in (20) 
vanish, and 

(- 0 ' 


r I r(- n + r + 1) 


-0© 


— n + ar 


J-»(*) = 2 

r — n 

or, if r = n + s, 

(- lY /jr\ n + u 

J _ „(*) = ( - 0 ” 2 (« + *)!*! (2) 

= (- .(21) 

To solve the equation completely it is therefore necessary, 
in these cases, to find a second solution. 

Case I. : n = 0 .—When n = 0 , equation (18) becomes 

xy" + xy + xy = x“qp\ . . (22) 

of which, from (13) and (17), a solution is 

I 1 (p +~2f + (pT^/(pT 4 ) 2 “■■■}' (23 ^ 


y = w 


(p +2)* (p + 

Here put p = 0 , and (22) reduces to Bessel’s Equation with 
n = 0 , and, from (23), one solution of this equation is 

f - ‘•( , - 5 + X77 ■ • -) ■ cMx) - 

Now differentiate (22) with regard to p, and it becomes 

*■£© + 4 © + 4 D - ^ + <■ iogx) - (24) 


of which, from (23), a solution is 


©- - 


v> + 


(j> + 2)- {p + 2 )\p + 4) a 




+ 


Y 

1 

4 

f 2 + 2 \ 

lO>+ 2 )V+2 0 +2^/,+ 4 )* 

\p + 2 ?+ 4 / 


(25) 

But, if p = 0 , (24) reduces to Bessel’s Equation with n - 0 , 
of which (25) gives the solution 

9 - 0 





246 

where 


SPHERICAL HARMONICS [CH. xiv. 


Y„(x) = J 0 (x) log* + 


2 *- 4 ' 


4(’ + i) 


2 2 . 4 2 


: 6 >(' + l + ; (26 > 


this function is known as Neumann s Bessel Function of the 
Second Kind of order zero. 

Case II. : n a positive integer. —In (18) put c 0 =* c(p + «), 
and it becomes 


x*f + xy + (x 3 - ri l )y = x*c(p - n)(p + nf 
Of this, from (13) and (17), a solution is 

* 2 


( 27 ) 


y = Kp + - 


(p - n + 2)(p + n + 2) 


(p-n+2)(j> - n +4)(p+n+2)(j> +n + 4) J 

( x- 

= c(p + I - --—-—---+ . . . 

I (p - n + 2 )(p + « + 2) 

+ _( - 1)" ~ - 2 _ _ 1 

(p-n+2) . . . {p + n- 2 )(p + « + 2) ... (p + 3«~- 2)J 
(- l) n ^ + 

(p-«+2) . . . (p+n- 2)(p+«+ 2) . . . (p+3w) 

f I 

t (p + «T2)(pT~3«“+ 2) 

+ ** \ 

(p + « + 2)(p + « + 4 XP + 3 » + 2)(p + 3« + 4) ' J • 

(28) 

Here put p = - n, and (27) reduces to Bessel’s Equation, 
while, from (28), we obtain the solution 


y = 


- c 


J»M- 


2 n “ \n - 1 )! 

Again, differentiating (27) with regard to p, we obtain the 
equation 

*Ul )*4© * - O 

=* *'<p + n){ip - n + (p- - «*) log*}, 
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of which, from (28) a ^o'ution is 

— = y log x + ex* [ 1 - - - - 

7 >p { (p - n + 2)(p + n + 2) 


+ • . . 


(- I ) n ~ 'x m ~ 5 

1 

(p- n + 2) . . . {p + n - 2)(p + » + 2) . 

. (p + 3 » - 2)/ 


+ (p + **)[• • • ] 


(- 1 ) n ~'cx* 


+ 271 


(p - n + 2) . . . 0 + n - 2)(p + n + 2) . . . (p + 3 ») 
x 1 .1 


p - n + 2 p - n + 4 
I 1 


+ 


X A 


I - 


p + n + 2 p + n + 4 

ar 2 

(p +~>TT 2)(p + 3« + 2) 
.r* 


■+ ■ • + 


p + w - 2 
I 


p + 3 « 


+ r 


l (p + K + 2 )(p + « + 4 )(p + 3 « + 2)(p + 3 « + 4)' 
(- 1 fex* + 271 

(p - « + 2) . . (p + « - 2)(p + w + 2y. . . (p + 3«) 




L - ) 

,»+ 2 / 


(p + «+ 2)(p+ 3 «+ 2)\p+ «+ 2 p+ 3 « + 


-c 


(p + n + 2 Xp + « + 4 )(p + 3 « + 2 )(p + 3 « + 4) 

1 1 


1 1 

+ 


+ -- 


+ 


\p + w+ 2 p + w 4 - 4 p + 3 ^ 2 p+ 3«+ 4/ 

If we now put p = - n, the equation becomes Bessel’s Equation, 
and the solution is 
e7)y 

2 n ~~ > (n ~ ~ 1) ! lo S * 

x i ^ 


W/p 


+ CX ' 


I + 


2(2K-2) 2 4(2«-2)(2«-4) 


+ ... 


+ ik\ Ux) 


2.4... (2» - 2){2n - 2) . . . 4.2J 


cr n 

r ** 

f 1 + 1 \ 

2 sn -‘(« - 1 )! «! 

[2(2« + 2) 

V2 2 ft + 2/ 


2.4(2» + 2)(2« + 4) 

X (I + - +-— + ---) +...}* 

\2 4 2»+2 2 « + 4 / J 
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Here let c = - 2” ~ \n - i)!, and the solution of Bessel’s 
Equation is 

y= W*) \ogx-2 n -\n- i)! + 

■r'” ~ 3 _1 

2.4... (2« - 2)(2« - 2) ... 4.2j 


-*_/! + I + _i_ + —I— - ) 

2.4(2« + 2)(2» + 4)\2 4 2«+2 2« + 4/ J 

From this subtract -f 1 + - + ... + —-— V *»(■*■)> and 
2\i 2 n — 1 / 

the difference is the function 


Y„<» - J„(*) log x - 2 n "(» - i)!^- n {i + + . 


1 2(2 n - 2) 


r 2 } 


2.4... (2 n - 2)(2 n - 2) ... 4 

- i jErferT): * #* + r)l • (29) 


where 


<j>(r ) - and #0) = 0. 


Y n (x) is called Neumann’s Bessel Function of the Second Kind of 
order n. 

Bessel Functions of the second kind have been defined in 
various other ways by different writers. All such functions, of 
course, must be expressible in the form 

A J n {x) + BY„(x). 

The definition of a function of this kind, denoted by G n (x), 
will be found in § 8. 

§ 3. Recurrence Formula for J n (x). When the argu¬ 
ment x of the function J„(x) remains the same throughout, it is 

frequently convenient to write J n for }„(x), and J'„ for 
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Now, from (19), 

(- l) r (n + 2r) /x\ n + ‘ 


r J» = ^ 


r I r(« + r + 1) 


= n] n + x 


© 

(- o r 


• (30) 


1 (r - 1) ! r(« + r + 1) 

r — 1 

wT (- lZ fxY + * + ' 

n r! Y(n + r + 2) V.2 ) 


© 


n + vr — 1 


= ^Jn *^J n + v 

Again, from (30), 


X] n “ WJ " + ^ 2 FrWW) (2) 


• (31) 


n + 2 r — 1 


r -0 

= - «Jn + *}n - i- 


r(« + r) 


* (32) 


Adding (31) and (32), and dividing by x, we get 

2j» “ Jn~i ~ Jn + i> • • (33) 

and, in particular, when n — 0 , since J _, = - J,, 

j; — j, - • • • (34) 

Again, subtracting (32) from (31), we find that 

-J»= J„-x + Jn + 1 - • • . (35) 

X 


If (32) and (31) are multiplied by x n ~ 1 and x~ n ~ l , 
respectively, they can be written 


and 


JrC^Jn) = *”Jn - 1, • 

^(* _ ”Jn) = “ -*~ B J» + i • 


Finally, by differentiating (33), we get 
2 5 J» = 2j;,_, - 2 j; + 1 

= (Jn — a - Jn) — (Jn — Jn + a) 
= Jn — a — 2j B + Jn + a > 


( 36 ) 

(37) 
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and, by induction, it can be shown that 

•yrUr) T „T . r (. r ~ 1 ) 


2r Ji f> ~ Jn - r ~ fjn - r + j + V 2 j ~J" - r + t ~ • • • + ( OMn+r 

(3») 

§ 4. Expressions for J n (x) when n is half an odd integer. 

When n = J, it follows from (19) that 

while, when n = - 
■ -4 


(‘ -■■■)- V© sinxi (39) 




cosx. 

(40) 


Hence, and by means of (35), it is possible to express 
Jt + j(-r), where k is an integer, as a sum of a finite number of 
terms involving sin,r, cos.r, and powers of-r. The formula for 
] n (x) in this case is given in (XV., 57). 

§ 5. The Bessel Coefficients. When t is not zero, the 
functions e& 1 and e ~ ^ x,t can be expanded in powers of t, and 
the product of these expansions is 


2 * GTS;,-(-*)' 

f -0 3-0 

-22&r©” v "- 


r - 0 3 - 0 


If « is zero or a positive integer, the coefficient of f* in this 
expansion is obtained by making s vary from 0 to infinity, 
while r takes the values given by r = n + s ; thus its value is 


2 


s - 0 


(- 0 * 

(« + j) 1 s ! 


O'” 


J »(■*•)• 


If n is a negative integer, the coefficient of t n is obtained 
by making r vary from 0 to infinity, while s takes the values 
given by s = - n + r; its value is therefore 


2 

r-0 


r! ( - n •+• r) ! 



— » + vr 


(- 0 — n J — »(•*") 


J»(*> 
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00 

/*(' ~ ') = 2 ■ • • (40 

n » — » 

Because of their appearance as coefficients in this expansion, 
the functions J„ of integral order are known as Bessel Co¬ 
efficients. 

From (41) many properties of the Bessel Coefficients can 
be derived. For example, put t = e and (41) becomes 

gix sin$ _ + 21 Sinfy^x) + 2 COS 2 (f>] 2 (x) 

+ 2 i sin 3^JaW + 2 cos 4<£J 4 (.r) + . . . (42) 

Equating the real and imaginary parts of this identity, we 
deduce that 

cos (x sin cf>) = Jo(-v)+ 2 cos 2 tf>] i (x) + 2 cos^j^x) + . . ., (43) 
and 

sin(jrsin<^) = 2 sin<£Ji(.r) + 2 sin 3<£J 3 (.v) 

+ 2 sin S 4 >h( x ) + • • • ( 44 ) 

In the identities (42), (43), and (44) replace <f> by - <f>, 
and they become 

gix an# _ J 0 (.v) + 2 i COS <f>]i(x) + 2 V COS 2 <}>}.,{x) 

+ 2 ? cos3^J 3 (jt) + . . . , ( 45 ) 

COS (X COS <f>) = J „(.*') - 2 COS 2 (f>J,,(x) + 2 COS 4</>J 4 (-v) - , (46) 

and 

sin (x cos <f>) = 2 cos 4 ,],{x) - 2 cos 3^J 3 (jt) 

-h 2 cos 5 <j>M-r) - • • • ( 47 ) 

Bessel's Integral. Multiply (43) by cos rnf>, and integrate 
from 0 to 7r; then 

f cos (x sin <f>) cos n<f> d<f> = TrJ„(x), if n is zero or an even integer, 
0 

= 0, if n is odd. 

Similarly, from (44), 

I sin (x sin <f>) sin mj> d<f> - 0, if n is zero or an even integer, 
0 

= wj»(*), >f « > s odd. 
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Hence, on addition, 

J«G*0 = - I cos (tuj> - x sin <f>)dcf>, . . (48) 

Jo 

where n is zero or a positive integer. It was in this form that 
the function J n ( x ) was first obtained by Bessel. 

The Addition Theorem. From (41) 

jjj rj n (u + v)~ 

n — — 00 

ao ao 

= r u u ) ^ ■ (49)' 

r *■ — ao 1 >■ — ao 

Here equate the coefficients of /"; the terms in /** on the right 
are obtained by making r vary from - 00 to + 00 , and taking 
j *» » - r; thus, if n is any integer 

ao 

J„(u + v) = J • ■ (SO) 

r — — ao 

When n is a positive integer, this can be written 

n 

J«(« + *0 = ^ JrMJn - r(ti) 

r - 0 
00 

+ 2 ( '' )r{J,( * )J ” +r(z/) + Jr(v)Jn+(51} 
f " I 

Neumann's Addition Formula for J 0 . When n = 0 , a 
more general form of the addition theorem can be obtained as 
follows. Since 

;(“-y, 4 * 

it can be deduced from (41) that 

#»— —00 tl •« — 00 

Here replace x and k by b and e'* and then by c and e ~ •*, and 
multiply the resulting equations together; thus 
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go 40 

» «- — 00 » — — CO 


-(6 sin 0 — c «n >) 


JJLteW 


Jn(« ~ ‘ Y )^‘ 


CO 

’(6 sin/3 - c ainy) x' , ,, „ 

= eb } n (be'* + ce~"')t n , . . (52) 

W *" — ao 

by (49). 

Here let = be'* + cc ~ * Y , and let ft and y be chosen so 
that b s in ft - c sin y — 0, and consequently a = b cosft + ecosy. 
Then, if a, b and c are the sides of a triangle, y and ft may be 

taken to be the angles opposite b and c, and, if a is the remain¬ 

ing angle, a = rr - ft - y, and 

a 2 = (b cos ft + c cos yf + (b sin £ - c sin y) 2 

= b- + c 2 + zbc cos (/S + y) = b~ + c l - zbc cos a. 


Hence, equating the terms independent of C in (52), we 
deduce that 

00 

JoU/(^ + ~ 2bc cos a.)\ = ^ e' n <* ~ *>J n (b)J _ B (c) 

f» — 30 

30 

= J 0 WJ 0 W + 2 ^ J»0*)Jn(O cos»a. . (53) 

« — I 

§ 6. Expansion of x n in a Series of Bessel Functions. 

If n is zero, or a positive integer, then * 

2 cos ncf) = (2 cos tf>) n - n (2 cos <£)’* ~ 1 + j-^ -(2 cos <£)"~ 4 - . .. 

+ (- r -"- I X»_r r - 2) . . ■ (« - 2T + 1) 

x (2 cos <£)” _ + ... 


* This formula can be deduced from the identity 

1 - x* . . 

-j = I + 2X COS 0 + 2X* COS 2A + 2X* COS 36 + ... 

I - 2* cosip + x i r 

by expanding the expression on the left in powers of x, and equating the co¬ 
efficients of x". 



254 


SPHERICAL HARMONICS [ch. xiv. 


If now this formula be applied to the terms on the right of 
the identity (45), and the coefficients of ( cos<f>) n equated, it is 
found that 

*" - 2 "„! fj. + + 1 + . 

(« + 6)(« + 2)(« + I), 

+ --J-j-Jn + « + ■ - ■ 


(« + 2 r)(n + r - I)! 

" 71 ~ 


Jn + ar 1 


(54) 


where n is zero or a positive integer. 

In particular, when n = 0 , 1, 2, 

I = Jo + 2j., + 2j 4 + 2j B + . . . , 

X = 2 jj 4 - 6J3 4 - I oj5 4 - 14Jr + • • 

** = 2(4j» + i6J 4 + 36J, + ...)• 
The formula (54) may be written 




■f nr t • 


r-0 


(55) 


and it will now be shown that this formula holds for all values 
of n except negative integers. Let 

m - css') 


Then 


/'(•*) 


CD 

r(» + r) n 4- 2 r. 

W 2 i r\ x •'” + : 


(* + 2 r)V{n + r) , 




a 


and, by means of (35) and (33), this can be written 


^ ) -©'2 s vr > 


r-0 


~ 2^ n + ,r —1 Jn + jr + 0 
+ ——-(Jn + lr - j _ Jn + sr + 1) 
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©’2 rj ^FVj. + ,-,-(» + ,)j, + 


IT + ] 


( 2 \ n \V r(«+Oi T{n+r+ i)t 

W ] ^ ( 7TT)T j » + ”■ - 1 2 < — 7 [ - 




+ 2 r + i 


The terms in these two summations cancel, and therefore 
f\x) *° 0 . Thus f(x) is constant, and, by making x tend to 
zero in (55'), we see that this constant value is unity. Hence, 
multiplying by x n , we obtain the identity (55). 

§ 7. Definite Integral Expressions for the Bessel 
Functions, in Bessel's Equation 

x-y" + xy + (x'“ - n-)y = 0 
put y = x n x, and it becomes 

xz + (2 n + i)z' + xz = 0 . . (56) 


To obtain a solution of this equation, we make the sub¬ 
stitution 


s = p(A>^A, 


and the equation takes the form 

|(/j(A)c^{A'-x + (2 n + l)A + x\d\ = 0. 
Hence, if <£(A) satisfy the differential equation 


~{^(A)(A a + 1)} = m(2n + l)A, 


( 57 ) 

( 58 ) 


the left-hand side of (57) will become 

J>WA, 

where 0 (A) = ^^(A)(A 2 + 1), and equation (57) will be satisfied 
if 0 (A) has equal values at the limits of the integral. 

Now (58) can be written 

>w + .)t (M+1)X 

<£(A)(A a +0 " A 2 + 1 ’ 
of which an integral is 

#AXA a + 1) - C(A a + i)" + i, 



256 SPHERICAL HARMONICS [ch. xiv. 

where C is an arbitrary constant; thus 

y = *«J«**(A* + . . . (59) 

is a solution of Bessel’s Equation, provided that 
0 (A) = e^'X 1 + i)" + i 

has equal values at the limits of integration. 

If in (59) i\ is put in place of A, the solution becomes 

y = .r n J<?‘ A - E ( 1 - A‘) n ~ *d\, . (60) 

with 

0 (A) = - A 2 )» + i . . . (61) 

For example, if n >■ - the limits of integration may be 
taken to be ± 1, and 

I <<**(1 - X^y-idX 

is a Bessel Function. To find its value, expand e ,kx in powers 
of A, and integrate term by term. The terms containing odd 
powers of A will have odd integrands, and will therefore 
vanish; hence 

T - 0 

Here put A 2 = /*, and the integral becomes 

t[V~*(i - = \B(r + J, n + l); 

Jo 

so that 

13 2 r - 1 

I - W^L + jy ^ (- 0 r ** r _a'g 2 _ 

T(k + i) 2 * (2r)j (« + I)(« + 2 )...(« + rj 




‘ N / 7T • r (» + l) 2 "JnW- 


Thus 


" ^nT)©I 1 < 62 > 
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In the same way it can be shown that 
On adding (62) and (63), we find that 


JnW = 

1, on wri 

J»W = 


*Jtt . T(« 4- 
and, on writing A = sin^, this becomes 
2 


r)(f) [ cos M(i ~ K 'T ~ idX ; (64) 


(2) | cos (* sin i£)(cos $) 2n d$. (65) 


Jtt . T(« + £)' 

Finally, on replacing <f> by - <f> in the last integral, 
we get 

JnO) = , r 2 ( - - -—J?) f ' cos ( x cos <M sin $T d i>- (66) 

/ IT ■ y \ tl + -ir)\2/ Jo 


§ 8. The Function G n (-r). The function 


G«(x) = 


{) -n(x) - e“ in 'JnW} 


(67) 


2 sin nit 

may be employed in place of Y„(.r) as the Bessel Function of 
the second kind. When n tends to zero or an integer, the 
numerator and the denominator on the right-hand side of (67) 
both tend to zero. The function G n (x) is then defined as the 
limit of the ratio, so that 


G„ = 

Now, from (19), 

c 

] = ^ 
Jin > 


(- ov-J- 

dm 


0 r • 

r- Jm + w, 
bm 


! Wn 

- in — n- 


(- 0 r 


r\ T(w + r + 1) 


0© 


m + 


so that 


_3 

'bm 


J*-J*logg)- ^ 


(- i) r r(»«+r+ \)/x\ m + ir 


r ! T(w + r + I) T(;« + r+ 1 ) \2 


Again, from (19) and (IV., 40) 

n — i 

j __ F(w - r) sin imr (x\j~ m + sr 


X?_ (~ 0 r (X\ 

rl f( - m + r + l)\2/ 


- » + »r 


17 
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and therefore 


i 1 --- - J - los (f) 

« — I 

2 I f tv/ \ sin jfftjr -n/ \ 

_|r(w-r) __ + r(>« - r) 


j:\-m+ tr 


K _ LzJL- _ ( x ) 

r\ T( - m + r + I )\2J 


- m + it p'( _ m + r + j) 

r( - m + r+Ty 


Thus, using (IV., 48, 50), we get 


-WihS’V’GT*' 

r ■* 0 


-J,log(:) + 2^*, *■♦•)-*©* 

r - 0 

+ ^Jn 

■ “ J "'o g 0 + 

r ') 

+ (WM +#" + '■)- 2 vi(C) + + !wJ» 

2 7 V l( ” + ' ) W (68) 

On comparing this with (29), we see that 

G„ = - Y n + J»(log2 - y + jin), (69) 

so that 

Yn = - G„ + J„(]og2 - y + i«r) 

= “ — n- -{J-n - COS«ttJ„} + J n (log 2 - y). (70) 

2 Sin «77 

By means of this equation Y„ is defined even when n is not an 
integer. 

From (67) it is clear that 

G _ n - /"'G„ 


( 71 ) 
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From this equation, along with (69), the value of G„, and 
consequently of Y„, can be found when n is a negative integer. 
Recurrence Formulce. From (67) it follows that 


xG' n = 


2 sin tin 


(*J-« - e-" lir xy n \ 


and, from (32) and (31), that 

xj —» = ■*- n + x] — n — 1> n = n ) n — x] n + ,; 

hence 




- X 


{J -»-l - *-’ (,l + ,) ’ r J„ + 1 } 

. (72) 


2 sin (« + 1 )tt 
” wG n — xG n + ,. 

Again, from (31) and (32), 

x] _» = ~ n) — n ~ ■*]— n + u xj„ = — n J n + X J n _ [, 
so that 

Tt 

2 sin tin 

+ x 


xG n = - n- 


dJ-n - ^ ~ * n>r Jn( 

n 

r—.——- 

2 sin(« - \)n 


{J-» + . - ^ - *<« - _ J 

• • (73) 


= - «G n + xG„ _ .. 

Thus G„ satisfies the recurrence formulae (31) and (32), and 
consequently also (33), (34), (35), (36). (37), and (38). 

Note. —Since any other Bessel Function, such as Y„, is of the 
form 

AJ n + BG,„ 

it will also satisfy these recurrence formulae. 

§ 9. Relations between the Bessel Functions. If P(a) 
and Q(x) are any Bessel Functions of order », they satisfy a 
relation of the form 

PQ' - P’Q = C/x, . . . (74) 

where C is a constant. 

For, since P and Q satisfy Bessel’s Equation, 

~{xV) = («= - x*)l, 

ax x 

£(xQ') = («* - x>)9. 


and 
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Hence P^f*Q*) - Q^»F) - 0 , 

or - F< 2» “ 0 : 

so that 4-(PQ' - P'Q) = C. 

In particular, if P = J n , Q = J _ 


Lim 4r(J„J'_ „ 

x —> 0 

and therefore 


j;j-») 


i 

~ r(«)r(i-'«) + r( 

2 . 

- sin «tt, 

■tt 


J n J — i 


j;j-n = - 


2 sin mr 

TTX 


[CH. XIV. 


I 

«)f(l + «) 


(75) 


It is left to the reader to deduce that 

G,j; - Glj n = J n v; - JX = *, . . ( 76 ) 

J«J—+ . + = - JnJ — n — i - J - n J n + i = 

nx 

(77) 

Gn + iJn " G„J n + , = Jn + iY n — Y„ + ,J„ = ^ (7®) 


§ io. Addition Theorems for Y„ and G n . An addition 
formula similar to (50) will now be established for the functions 
Y n and G n , when n is an integer. 

Since, when n is zero or a positive integer, Y n (.r) is a real 
function of x which is continuous except at x = 0, 


Y»(« + 



r ! du r 


r — 0 


provided that | v | < | u j. Employing formula (38) we can 
write this 


Y „(* + v) 



v\ r (- 0* 

,2/ ^ r(s + or(r - s 

s - 0 


~ j y^n - r + u( u )i 


and, since I fV(x) vanishes when x is zero or a negative integer, 
this can be written 


Y„(# + v) 


% ©' 2 


(- 0 * 


r - 0 


r(j + i)r(r - s + 1) 


Y» - T + u( U )t 
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or, taking the terms in which r is even or odd by themselves, 

2 ©* 2 — 


v - 0 


r i)r(2 r-s+ i) 


L n — 2T + 2*1 


l(») 


4- 


2 (D 2 TxJTT)r(2r - 7TT) Y " - lr + 2 * - l(w) - 

r - 0 ! — - « 

In these summations put .r = / + r, and change the order 
of summation; thus 

Y „0 + v) 

(-0 r 


■ V (- I ) p Y„ + , p (u) 


r(/+ y+ I)l'( -/+ r+ i) 


oo ® 

+ (- i) p Y ll+v - 1 («) ^ ^ 


(- o r 


V(f>+r + i)F( -f>+r + 2) 


o© 
(i) 


»r+l 


and, since I /T(x) vanishes when x is zero or a negative 
integer, 

Y„(« + v) 

- 2 < - 2 r<^ + fe©* 


*-o 

— i 


r-P 


]► (- 0*Y n+ »2 


+ 

P — — oo 


(- O r 


*■- 


r(/+r + I )F(-/>+>' + i) \2 




(- O r 


P “ i 
0 


T-P- I 


+ 2 (~ ^Yn+.P-W 2 


T(/ + r + I )T( — p + r + 2) 
(~0 r 


P ™ — oo 




T(/ + r+ i)F(-/ + r+ 2) 


2)© 


2 Y„ + »p(«) 2 F( 2 7 “+ * + oTcTTT)© 

r(j + i)F( 2/ + s + 0(2) 


3 J> + it 


P “ 0 


f(2/> + j + i)r(j + 1 ) 

+ 2 v -»w2 — 


2p + SJ 


f ~ 1 
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-2 Y —«2iw4wtt)© 


V\ JP + U - 1 


P -* 


^ Y n _ 3J) _ !(«) 


(- 0 * 


1 )\>P+M+ I 


P " = 0 


r(j + or(2/ + s + 2) 


© 


ao OO 

- 2 Y„ + M J 2 » + V Y„_ V («)J 2P ( V ) 

p = 0 p —' 

00 «o 

— ^ + a? - i( a )Jsp — i( z 0 + ^ Y b _ ij) _ i(#)Jsp + i(^) 

P “ 1 p - u 

0© 

= 2 Y »->(“)-»).(79) 


p ■“ — 00 


Since G n is of the form AJ n + BY„, it follows from (50) 
and (79) that 

ec 

G„0 + v) = ^ G„ _ „ 0 )J„(t')> • • (80) 

/> a* — CO 


where » is zero or a positive integer, and | v | < | u |. 

From (71) and (21) it follows that (80) also holds when n 
is a negative integer; consequently (79) will then be valid 
also. 


Examples. 

1. Verify that x ~ 4 ”Jn (2 x) and x ~ i n \ n (2 x) are solutions of 

xy" + (« + I )y + y = 0. 

2. Show that every solution of 

/' + xy - 0 

can be put in the form 

A**J 4 (|t») + B^J_ 1 (SJ). 

3. Show that the general solution of 

xy" - 2xy' + 4(r* - 1 )y 


IS 
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4. Prove that the general solution of 

x*y" + (20 - 2(3 n + 1 )xy' + + o(a - 

is - a { k]n(yx?) + BY„(y^)}. 

5. Show that 

(i) J. - Jo = 2 J" ; (H) J 2 = J" - 

(iii) J> + 3J' + 4J'” = 0. 

6. Prove that 

... d » , 2 . /»,■> n + 1.2 \ 

(0 jfcfln ' x + IJ> 

oi) = -a: - j: + i ). 

Deduce that 

(iii) 1 - j’ + 2j" + 2j'^ + 2j* + . . . , 

(iv) X = 2J0J1 + OJ1J2 + • • • + 2(2« + I)JjJ 

7. If n > - i, show that 

(i) C .r» + ']»(*)</* =. .t 11 + ']« + i(.t) ; 

J 0 

(h) I%-»J B + 1 (.r)^ = ^r^r+T) 

8. Show that AJ„(.t)f *** + BJ„(a) 

J *) „(•»•) 

is the complete solution of Bessel’s Equation. 

9. Show that 

(i) ✓(iw-OJjM = - cosx ; 

(ii) v / (i’'-0J_ 5 (-‘) = - bin a - LC ^ J . 

10. Prove that 

Jn + i(x) = .1 jjn(.ry)y" + 'dy. 

11. Show that 


(ii) f'JiO' sin e )d 9 = — 

J 0 


COS y 


la - y 

12. Prove that, if « > m > - 1, 


ix\ n - ** 


tWb = 0 


»+!+•■•• 




m {r*Ju)du. 
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J 1 uj 0 (xu)du _ sin x 

0VX 1 - « s ) = * 

14. Prove that 

(i) n “(«*“*- * J )Jn + A'Jn + 1, 

(ii) x*G" = («“-»- **)G n + -vG„ + 

15. If P n (*) and Q m (x) are Bessel Functions of orders n and m respectively, 
show that 

{rfi - «*) J b P n (x)Q m (x)~ = [-r{Qm(*)P» - P»WQ>)}]*- 

[In Bessel’s Equation (12) pu£_y = x~ -z, and it becomes 
'" + (•- 0 

Thus, if I’n(-i) = .x ~ iR„0), and Qm(-i) = x ~ is m (x), 


K + (1 - 4 -”^‘) R ». = 0 , and S" + 


4 »t- - 1 


)s m = 0. 


Now multiply these equations by S m and R«, substract, and get 

^;(S m R B - Rn'-> m ) « - — s — RnS„„ 


from which the required result follows.] 
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ASYMPTOTIC EXPANSIONS AND FOURIER- 
BESSEL EXPANSIONS 


§ i. Additional Definite Integral Expressions for the 
Bessel Functions. In (XIV., 59) let A = - 2 v ± i; then the 
functions 

y = x n e~ lX [e~ ir *(v ± tv 1 /' ~ ^dv . ( 1 ) 

will be solutions of Bessel’s Equation, provided that 
e ~ Sp* ± ix^ v + iv-y 1 + i has equal values at the limits of inte¬ 
gration. If n > - we can take the limits to be 0 and + 00 , 
and so obtain the solution 


y ~ ^*“1 Ac'-'J e~ M {y + iv-) n ~~dv 4- Bc~ ,Z J e~ ,rx (v - iv 2 ) n ~^dv^j, 

( 2 ) 

where x >• 0. 

In (2) put v = tan#, and it becomes 

y = ^{ o \ ( cos #)”"+ > - J) * + ,x + B* - <<" - *>' - “ ™*d8■ 

or, if d be replaced by -Jw - 6 , 


y 


(cos ey-h pAc j! " ~ * )wi + *{ x “ <n " W 
J „ (sin 6) m+1 [_ + - J(n - 4)»< - .{* - (n - $)*} 


g-a cot »dd. 


If we here put A = - B = - i)*^ (3) 

we obtain the Bessel Function 

Zn = 2 *"lo(S?^ r+ '* Sin{ * " ( ” “ *) eie ^ CO ‘ V0 * (4) 

where « > - J, x >■ 0. 

It should be noted that, since Z„ is a Bessel Function, it 
satisfies the recurrence formula of Ch. XIV., § 3, so long as 
n> - i [Cf. Ch. XIV., § 8, Note]. 
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It will now be shown that the function Z„ is identical with 
the function J n . When - | < n < £, the integral in (4) is 
still convergent when x tends to zero: hence 


: ~i h. = 2 f J 
0 x n J 0 


(cos 6 ) n ~ 4 sin ——^*0^ 


(sin B) m + 1 


= 2 f ’ (cos 6 ) ~ ’"(sin Bf m ~ 3 sin md dd, 
Jo • 


where m — \ — n lies between 0 and 1 
Now, from (IV., 25), 

a ■ n t'/T + m 1 - 

sin mv = m sin 0 b f , 

and therefore, if u = sin 2 6 , 


I + m 1 - m 3 • .. 

, J , sin- 
2 2 2 


f 1 

1 + m , , 

[ + m 

1 - in 3 \ 

= in\ u m ~\ 

i - ») - F( 

> 

0 

, - , «)■ 

2 2 / 

J 0 

\ 




If this expression be integrated term by term, it gives 


Lim = «B(w, —- m \ 

x-+ox n \ 2 ) 

/1 + m Sl ~ m ) + m ( m + PC 1 ~ w )(3 ■" ”‘ ) + 
* l I -3 "213.5 

r(w)r( 1 -" m ) 

= m —-2— 2 —IFf 1 - w, 3 , 1 ) 

p/ I + \ 2 2 / 

r ( „ ♦ i)r(- r( 3 )r(. - f) 

r ( L T^) r (‘ + t) r (I 

by (IV., 56). But, by (IV., 41), 


(lT_ 

- w 

\ 2 


Y 1 + 

«w 

\ 2 

/V 


therefore 

Lim - 2™ ~ 1 ~ w/ ) - /- + 

r™. i- - 2 v %»r(» + .)• 
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Now, since Z„ is a Bessel Function 
Z„ = CJ n + DJ _ 

and, consequently, 

1 


Lim Zn = C 


_ T1/ x + D Lim 

0 x n 2 n r(« +1) *-*■<> x n 


. ( 6 ) 


But, if 0 < n < -J, the second limit is infinite, and therefore D 
must be zero. Hence, from (5), 

C = Jn . T(« + \)2 ~ ", 

so that Z„ = ,Jtt . F(« + \)2 ~ n J n , and therefore, from (4), if 

0 < * < i 


Ux) - p sin ^ - 2 « - 1 

W + l)] v (sm 8 y* + ' \ 2 ) 


-“™ »dd. 
( 7 ) 


If - £ •< w < 0, the second limit on the right of (6) has 
the value zero, so that, while C has the same value as before, 
it does not necessarily follow that D is zero. To show that D 
is zero in this case also, integrate in (4) by parts, and get 


Z„ = sin (x - 2 *Z_ Le)e~™ 

L(stn oy" - 1 \ 2 / 

+ <„ - - *»(x - "+2*V-““W 

J, (sniff)*-* \ 2 ) 

+ (2 n- 1 )x n _ 1 [’ ^° S ^ * sin (x - ~~ — - 6 \e ~ e * eot *d 6 . 

K A Jo (sm ey* \ 2 ) 


In this equation the first term on the right vanishes if n > 
and the two integrals are still convergent when x vanishes, if 
n < 1. Thus the value of Lim (ad ~ n Z„) is finite if ];•<»•< 1. 

x —> 0 

But Lim (a 4 ~ "J _ „) is infinite when 4 < » < 1 ; hence, for 
*—►0 

these values of n, Z„ is a constant multiple of J„; say 

Z„ « KJ„. 

But, from (XIV., 32) 

r - ”r V 
J » — 1 J n J „ , 


and, since Z„ possesses a derivative when x > 0 , 

z„ _, = "z„ + z; = k|"j„ + j:j = KJ„ _ , ; 
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so that, if - i < » < 0 , Z„ is a constant multiple of J B , and 
therefore (7) holds in this case also. Since both sides of (7) 
are continuous functions of n, this formula also holds when 
ft = 0 , and when ti = \. Also, since Z„ and J n both satisfy 
the formula (XIV., 31) 


J 


« +1 



it follows that (7) holds for £ < n < f, then for f < n rSl f-, and 
so for all values of n > - ■£, provided that x > 0. 

From (7), (4), (3), and (2) it follows that, if x > 0 and 

n > - i 


«*)- 


£*'* ~ (’* + 4 ) 4 ™ J e ~ ivx (y + nPy* ~ 4 dv j 

^ + + 4 ) 4 **J g ~ ' ivx (v — iv~) n ~ 4 dv 


( 2 x) n 


Here put v = uj{ 2 x), and so obtain the formula 


v /(2wx)r(« + 1) 



f* 1 - (» + 4 ) 4 W * f% ~ U u n ~ i (1 

+ n n ~W) 


Jo V 

2 xj 

x • 

+ e -ix+ (n + i)Jwi 

i-YV^du 


. Jo V 

2 x} 


Again, from (1), by writing v = «/(2.r), we see that 

U„(x) = e~ <““4>4»' -- 1 — J (—V* [ e~ u u n ~if 1 + '“A **du, 

V(n + \)y\ 2 xJ J 0 \ 2 x 1 

( 9 ) 

where «>-■$■ and x > 0 , is a Bessel Function, and it will 
now be shown that this is the function G„(x). 

Let U n = AJ„ + BJ _ . . . (ro) 


where - 4 < « < £ ; then, if, in (8) and (9), we put x = 2 pv +p, 
where p is an integer and 0 <^y ^ 27r, we see that 

Lim ^ % /( 2 irx)) n (x)\ = 2 cos \y - (n + 

P oo 

and Lim \ s /(2irx)\J n (x)\ = ne'{v - ( n - 4 ) 4 *}. 

P —> 00 
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Thus, if we multiply (10) by > /( 2 nx), and make p tend to 
infinity, we find that, for - £ < n < 

ne i{y - (« - i)Jir} _ A2 cos {y - (n + + B2 cos {y + (n - 

= A2 sin \y - (n - -\)lir} + B2 cos {y + (n- |)|7r}. 


On equating the coefficients of cosy and sin^ in this 
equation, we obtain the equations 


ire ~ ( n ~ 4 >i w > = - 2A sin 




+ 2 B COS ^ —---7T^, 

4 


tire ~ (" ~ ili"* = 2A cos - 2B sin - I ir'j ; 


and, on solving for A and B, we find that 


A - - 


so that 


U n = 


_ e - »»» B =_-, 

2 sin nrr 2 sin ttn 


0 _ n - e - in 'J n ) = G„ 


2 sin «7T 


where ~ £ < n < £ ; in the same way as for J n , it can be 
shown that this identity is valid for n > - 4 . 

Hence, from (9), 

G^)-«-l-W f ^ rs)A /(’)^JV*«-4(l + -“)*'**. 

(II) 

where n'y> - \ and x > 0. 

§ 2. The Modified Bessel Functions I„ and K„. If in 

Bessel’s Equation (XIV., 12) we put x = it, it becomes 

+ 6 t ~ ^ + ^ “ 0i • • (,2) 

of which J „(tt) and G„(/V) are solutions. Instead of these, 
however, it is usual to take as solutions the functions 

I n (/)-e- 4 «"J n (*V), . • (13) 


K„(/) = ,*»"G „(*/)• 

From (XIV,, 19) and (XIV., 67) it follows that 

‘• W - 2 r ( 7- + -WTTT-7j(i)' 

r - 0 


(14) 

(15) 


and 
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• • c,6) 

so that 

K _„(/) = K„(/). . . . (17) 

By means of (13) and (14) numerous formulae for I„ and 
K n may be deduced from the corresponding formulae for J n 
and G„. The verification of these is left to the reader. 

From (XIV., 21), if n is an integer, 

I - -CO - • • (18) 

From (XIV., 68), if n is a positive integer, 


K»(/)=(-1)- + 'I„(/) log Q + 1 2 JL. 

f *0 




—«+ar 


+ 2 7uiT7f^ y*’ M ’' ) + * < " +2r) - 2rl - 


From the formulae (31) to (38) of the previous chapter we 
deduce that 


N. 

a ' 

11 

^I n -f- ^11 4. 1, 

• (20) 

t\u = 

- n\ n + tin- V 

• • (21) 

21 . = 

In — ] Li + 11 * 

• (22) 

l'o = 

Ip - 

■ (23) 

T 1 - 

In — 1 ~~ In + p 

• • (24) 

- 

t n I 

* J n — p 

• (25) 


/ - *7 

* A n + p • 

• • (26) 

r j_ ri K*” _ Or 

in-rr ' i n _r+j+ ■ , A n —r + 4 ^- • • 

2 ! 

• + l»+r (27) 


The corresponding formulae for G„ (XIV., § 8) lead to 


/K„ = 

wK n — + i» • 

. (28) 

rfC = 

— «K n — — p 

. (29) 

*K = 

“ I^n — j + i> 

. (30) 

k; = 

- K lf . . . 

■ (30 
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2^ T^r __ -If TT 

*= lV n _j_ j JS. n — ■ 

■ (32) 

% 1 *. 

11 

1 

W 

3 

1 

■ (33) 

\ft- n K„) = - /- n K„ + 1 , . 

■ (34) 

■ n _r+ ^K„_ r+ , + —-J— ^K n _ r+4 + . . 

. . + K n+r . 


( 35 ) 


41 

dr 


From (75), (76), (77), and (78) of Chapter XIV. we deduce 


that 


I„I_„ 


i;i-» = - 


2 sin W 7 T 
Tjt 


I»>I — n + 1 I _ h I n - i — 1 11 1 — 11 — 1 I — 11I71 + 1 


• ( 36 ) 

2 si n titt 
7 rt 


( 37 ) 

K n I n - K„I„ = E n+ ,I„ + K n I„ + l ~ ^ ' (3^) 

From (XIV., 50) it follows that, when n is an integer, 


In(» + *') = ^ Ir(«) ! n- r(l'). • ■ ( 39 ) 

r*> —x 

and, from (XIV., 53), that 
W(^ 2 + c 5 - 2 bc cos a)! = I (1 (A)I„(c) 

00 

+ 2 ^ ( - 1 )’’I n (/;)I „(0 cos «a ; (40) 

n —■ 1 

while (XIV., 80) gives, when | i> | < | u | and w =» o, 1,2,... 

» 

K„(« + ?') = ^ (- 1 ) r K„ _ r («)l r (7-). . (41) 

f mu — ao 

Again, from formulae (62) to (66) of Chapter XIV., 

W - T^Td OX.^'C ■ (42) 

• Jn. IX» 4- f )(D J'“ sh < A/ X‘ - (43) 

- v-r^- + -T)(5)"I!” sh( ' sin#Xc “* m (44) 
' 7 ? 7 n^TT)(DT c “ h( ' c “^ Xsin#r# (4S) 
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Finally, from (8) and (i i), we have, if x > 0 and «>-■£, 

i 


J(2Ttx)T(n + |) 


e - x - (n + $)#» 

• 

.« . 

€ ~ u U n ~ i/ 

0 ' 


-w 


•» y 

e- v u n ~b( 

0 ' 

'-5) 

-** 


( 46 ) 


and 

K -«-'-V(£)r ( «-Vi)l/‘’“"■*(■ + *)*'**■ 

The importance of the function K n (.r) in applications to 
Physics lies in the fact, evident from this formula, that it tends 
to zero when x tends to infinity. 

§ 3. The Asymptotic Expansions. In Chapter IV., 
§ 10, it was shown that the binomial expansion can be put in 
the form 


<■- - Stit 


T{m + 1) 


. —.s' + R, 

(»« - r + 1) 


( 48 ) 


where 

K = 


T{m + 1) 


j! T(m - s + 


- 0 * - ’(i + - 'dt, (49) 


u N’-i 


2 x) 


provided that (1 + zf) does not vanish for 0 g f <; 1. 

Now apply this result to the binomial expression^! + 
in (47); then, integrating term by term, we have 

<-* + *■]■ 

t —0 

where x > 0 and 

R. 1 


j! I\n - s + l)( 2 x )* 


x | e - v u n + t - Vaj J(l - 0‘ *dt. (51) 

Hence, if x is real and positive, and s is chosen so large 


that n - s - i is negative, since 1 + — ^ I, 

2 x 
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|R.i 


s\ T(n - s + 0 

Y_(n + J- +1) r 
j! f(« - s + l) ( 2 x)*' 



tf ~ l dt 
• ( 52 ) 


which is the (s + i)th term in the series in (50). But, by 
making x large enough, this remainder can be made arbitrarily 
small. An expansion of this kind, consisting of a finite 
number of terms and a remainder which can be made arbitrarily 
small by increasing the variable is called an Asymptotic 
Expansion. 

The expansion (50) can be written 


K n (.r) - 



4 1 ’ ( 4 " J - I -)(4»- - 3 ') , ] 

1 ! S.r 2 ! (&r)- j 

( 53 ) 


Since K _ „ = K„, this expansion still holds when n is 
negative. 

The expansion also holds for certain complex values of x, 
and, indeed, it can be shown * by the method of contour 
integration that it holds if .r * 0, - ’tt < amp.r< ]n. 

From the formula 


iG„(.r) = e - - Kt), . . (54) 

or directly from (1 1), it can be deduced that the asymptotic 
expansion of G„(r) is 

G„(r) =■ ~ inw ' _r + 

- (4 « 8 ~ C')( 4 »-'- 3 - 1 ) 

2! (&v) J 

(4«' -j')(4« : - 3‘)(4«‘ - 5j)(4«‘ -7 l ) 

+ " 4! ~( 8 x)* ' ’ 

1 4« 2 - 1 2 _ ( 4 n- - 1 - > )(4« 2 - 3 2 )(4«-' - 5') , 1 

III 8> 3 '• {X*T " 

where x * 0 , - it < ampr < 2 it. 



+ i 


•See Bessel Functions by Gray, Mathews, and MacRobert, pp. 55, 56, xtii, 

xiv. 

18 
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Again, from the definition of G n (^r), (XIV., 67 ), 

TriJ„(x) = GJx) - rG n (^"), . ( 56 ) 


and therefore, if x #= 0 , - it < amp x < w, the asymptotic ex¬ 
pansion of J „(.*■) is 


W)- >/(=) •'} 

- yj(~^ s in (x - J-7T - \niT ) 


{ 


4» 2 - i 2 _ (4« 2 - 1 ~')(4 ” 2 - 3 2 )(4 ” 2 ~ 5 2 ) 


1 ! 8 x 


3! (8*) 3 


4 - 




(57) 


while, since J n (x ) = e in ’] n (xe ~ ”*), the asymptotic expansion 
when j; * 0 , 0 < ampj; < 2it, is 


] n {x) = cos(x+ ]n + Inn) 

f ( 4 « 2 - i 2 )( 4 «-- 3 -) + ] 

l 2! (&r)* / 

- ^(-i) sin (r + «jt) 

f 4* 2 - 1 2 _ ( 4« 2 - 0 ( 4* 2 - 3 2 )( 4» 2 - 5*0 

l i ! &«r 3 ! (8*) 3 ‘ " )' } 


If n is half an odd integer, the series in (57) terminates, 
and gives the complete expressions for the functions discussed 
in Chapter XIV., § 4. 

By means of the formula 

■ni\ n {x) = e- •' n ’ r K n (*) - K n (jrc>') (59) 


it can be deduced from (53) that l n (x) has the asymptotic 
expansion 


U(x) 


as C 


«(n + iir) ’_ e 

J (2 TTX) 


{ 


I + 4 * 2 ~ 12 + (4 « 2 - i 2 )(4« s - 


1 1 Sx 


2 ! (&xf 

. _ J__ _ 4” 2 ~ I 2 . (4 « 2 ~ i 2 )(4 ” 2 ~ 3 2 ) _ 

*J(2itx) \ I I 8x 2 1 (&r) a 



if x #= 0, - fw < ampjr < ; while from the formula 

!»(*) = e nri l n (xe ~ **•), 
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it follows that the expansion when x + 0, - in < amp * < fw is 

- i 2 , (4* 2 - i 2 X4^ ~ 3 2 ) _ 1 

" J{2nx) \ I ! 8x 2! (8-r) 3 J 

4. *(» + i)W 1 * - * 

+ « 7 (^) 

x (! + + (4« 2 _-j 2 )(4« 2 _-j!) \ (6l) 

l i ! 8* 2! (8*) 3 J 

§ 4. Lommel Integrals. If « and v are solutions of the 
equations 

x‘u" + xu + (W - m l )u - 0, . (62) 

xrv" + xv' + (p- J x 2 - n 2 )v — 0, . (63) 

then, multiplying (62) and (63) by vjx and u/x respectively, 
and subtracting, we find that 

d. , , ... f/v, n" - wr) 

—- vu)} = | (A* - /x‘)x +-—- juv, 

and that therefore 

| j(A 3 - fi~)x + n ~ | uvdx = ^x(uv - vu) J . (64) 

In particular, suppose that m = n, and let u = J„(Ar), 
w = J„(/ur); then, if n > - 1, 


(A 3 - /x 2 )J^J„(Ar)J„O^Xr 

= x\nJ n(A-r)J) - AJ„(^r)J n (Ax); . . (65) 

■= - „ + ,(#«■) - ^JnG^OJ* + l(A*)}. • ( 66 ) 

from (XIV., 31 j. 

In (65) put fi = A + c, where e is small; then 


(- 2Ac - e 3 )j 4.'J„(A^')iJ„(Ajr) + crJ,(Ajr) + . . . }dx 

= x (eJn(^)J^(Ar) + eAa-J„(Ax)J'(A^')\ i 
I - cArJ,(A^)J B (Ax) + e s ( • • - )f 
so that, if we divide by e, and make e tend to zero, we get 
(»> “ 0 

Jx{J B (Ar)}Vx = ^[{j;(Ax)} 3 - J„(A*)j;(Xr) - ^Jn(Ax)].(Ax)] 
- + (l - (67) 
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Again, in (64) let p = A and u = J m (A#), v = J„(Ar); 
then, if m + n > 0, and m =# n, 

1*1 z/j* i 

~ = w ^_^,Un(A)JUA) - Jra(A)J»(A)}, (68) 

and, if n > 0, 

j)jn(Ar)}^=^{j„(A)|j;(A) - j;(A)^J„(A)}. (69) 

In the same way it can be deduced from equation (12) 
that, if n >• - 1, 


(A- - fi l )\ xl n (te)l n (jju-y.r = Ar{\\ n (ju-)l‘ n (\r) - /iI„(A^-)C(^)}, 

JU 

( 70 ) 

and 

£r{I n (A*)fWx = - ^jftA*)} 4 - (l + ^)(W| J ] ; (70 
while, if R(A + p) > 0 , 

(A 2 - p 2 )J xK n (\r)K„(jjLx)dx 

= ^ipK n (Ar)K',,(pr) - AK n (pr)K'„(A*-)}, (72) 

and, if R(A) > 0 , 

J^{K n (A x-)'rdx = * [{K'^Ar )} 4 - (1 + |K n (Ar)} 2 ]. (73) 


Formulas corresponding to (68) and (69) can also be deduced 
from (12). 

Again, from (64), if 


* *= Jn(^)G„0w) - ] n (fix)G n (ax), 
v = }riay)G n (py) - } r (py)G„{ay), 


where a and b are real and positive, and u and v are regarded 
as functions of p, 

- (74) 

-£*)},_,• • < 7 » 


and 
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and 


Similarly, from (12), if a and b are real and positive, and 
u = l n (ax)K n (px) - I n (px)K n (ax), 
v = l n (ay)K n (py) - l n (py)K n (ay), 

• » 6 ) 

Jr* - sK-*s - s 3 L, - (77) 


§ 5. Zeros of the Bessel Functions. In this section a 
number of theorems regarding the zeros of the Bessel Functions 
will be given. 

Theorem I. All the zeros of any Bessel Function whose 
argument is x are simple zeros, except possibly x = 0. 

This follows from Bessel’s Equation and the theorem of 
Chapter V., § 5. 

Corollary 1. } n (x ) and ]'„(x) have no common zeros, except 
possibly x = 0 . This is also true of any other Bessel 
Function. 

Corollary 2. The functions J ’„(x) and a_rj „(x) + b] n (x) 
have no repeated zeros except possibly x = 0. 

This follows because these functions satisfy the equations 

x 2 (x- - n-)y" + x(x- - 3 n")y' + |(x- - trf - (.r 2 + tr'j'y = 0, 
x 2 {a' : (x‘- - tr) + lr\y" - x{a-(x : + - C\y' 

+ - trf + 2 abx 2 + b%r- - tr)\y = 0, 

respectively. 

Theorem II. Two linearly independent solutions, P and O, 
of Bessel's Equation cannot have any common zeros except 
possibly x = 0. 

For, from (XIV., 74), 

PO' - P Q = ( , 


and, if P and Q both vanished for the same value of x, C would 
necessarily be zero: it would then follow that 

P'/P = Q'/Q, 

so that P would be a constant multiple of Q ; but this is 
impossible, since P and Q are linearly independent. 



SPHERICAL HARMONICS 


278 ' 


[ch. xv. 


For instance, ] n (x) and Y n (x) cannot have any common 
zeros. 

Theorem III. Between any two positive or negative zeros 
of any real Bessel Function of order n one and only one zero 
of any other real Bessel Function of order n will lie. 

This is a particular case of the following general theorem'. 

Let y 1 and y . 2 be independent real integrals of the equation 

ay" + by + cy = 0, 


where the coefficients a , b, c are real continuous functions of x 
in the interval (a, / 3 ); then, if a does not vanish in this interval, 
and if x x and x 2 are two consecutive zeros of y t within the 
interval, there will be one and only one zero of y 2 within the 
interval (x lt x.,). 

For, let y., = vy\ ; then, differentiating and substituting in 
the differential equation, we get 

2txv'y\ + av"y l + bv'y l = 0 , 

so that 

_ b _ 2 y\ t 

V a y x ' 

and therefore 

, C -5" -V 

V = “ , 

}\ 

where C is a constant. 

It follows that v is always positive or always negative as x 
increases from ^ to x,. But, when x has the value x l or x 2 , v 
is infinite : hence, as x increases from x i to x. t , v either increases 
from - ao to + 00 , or decreases from + 00 to - 00 . Thus 
v and therefore vanishes once and only once in the interval 

(•* 1 . x i)- 

For example, between any two consecutive positive or 
negative zeros of ] n ( x ) there is one and only one zero of Y n (x). 

Theorem 1 V. The functions J„ and J„ + j cannot have a 
common zero, except possibly x => 0. 

This follows from the formula (XIV., 31) 

J» ~ n )n! x = ~ Jn + 1 > 
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for, if J„ and J„ + j had a common zero, it would be a common 
zero of J„ and which, by Theorem /., Cor. i, is impossible. 
From the corresponding formuhe for the other Bessel and 
Modified Bessel Functions like theorems can be deduced. 

Theorem V. Between any two consecutive real zeros of 
x ~ “J„ there lies one and only one zero of x ~ n J n + v 

For, (XIV., 37 ). 

~(^- W J») = - + 

and therefore, since x ~ n J n and x ~ n J„ + , are continuous 
functions, it follows from Rolle’s Theorem that between each 
two consecutive zeros of x ~ n J„ there lies at least one zero of 
x~ n ] n + j. In the same way, from the formula (XIV., 36) 

^Or« + ‘J n + 1 ) = x n + 'J n , 

it follows that, between each successive pair of zeros of 
x n+ l ]„ + , there lies at least one zero of x n + *J n . 

Thus the theorem is proved, except for the interval ( - h, h), 
where k is the smallest positive zero of x ~ "J n . But x ~ "J n + , 
has a simple zero at x = 0 , and, if there were another zero A 
of x ~ M J n + , between 0 and h, there would be another zero of 
x~ n J„ between A and k, which, of course, is impossible. Thus 
the theorem is proved. 

Theorem VI. If«> - 1, J„(.r) cannot have any complex 
zeros. 

For, if p + iq were a zero, where p and q are real, p - iq 
would also be a zero, and therefore, from (65), 

f-LMC/ 1 + iq)*\}n\{P - *q)x\dx = 0. 

Jo 

But the second and third factors of the integrand are conju¬ 
gate complex numbers; hence the integrand, and consequently 
the integral must be positive, which cannot be the case. Thus 
the theorem is true. 

Similarly, from (72) it can be deduced that K„(.r) cannot 
have any complex zeros whose real parts are positive. 

Theorem. VII. If n > - 1, }„{x) cannot have any purely 
imaginary zeros. 
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For a purely imaginary zero of would be a real zero 
of I„(jr); and, from (15), it is evident that, when x is real, 
every term in the series for x ~ n I n (jr) is positive, so that I n (x) 
cannot vanish. 

Theorem VIII. K n (x) has no real positive zeros. 

This follows from (47) and (17)- 

Theorem IX. G n (x) has no real zeros. 

For, if G n (x) were zero, the real and imaginary parts 
of G n (x) would both be zero: but, from (XIV., 69), it follows 
that ] n (x) and Y n (x) would then both vanish, which, by 
Theorem II., is impossible. 

Corollary. K n (*r) cannot have a purely imaginary zero. 

Theorem X. The function ] n (ax)G n (bx) - ] n {bx)G n fax), 
where a and h are real and positive, is a uniform, even function 
of x, whose zeros are all real and simple. 

From (XIV., 67) it follows that the function is uniform and 
even. By putting x = p + iq, y = p - iq in (74), it can be 
shown, as in Theorem VI, that the function has no complex 
zeros. Again, suppose that x = iq is a purely imaginary zero ; 
then 

I,■(<*?) = K„(«?) 

1 nipq) K n (bq) 

But, from (15) it is clear that, if n Sr 0 and b > a, \ n {aq)j\ n (bq) < 1; 
while, from (47), K n (aq)!K n (jbq) > 1. Thus, if n ^ 0 , the 
function cannot have an imaginary zero. But, since K _ „ = K„, 
this is also true when n is negative. Finally, the function 
cannot have a repeated zero, x v For, if it had, then in (75) the 
right-hand side would vanish for x = x t , while the left-hand side 
is necessarily positive. 

Theorem XI. If n > - 1, ]„(x) cannot have any complex 
zeros. 

For, if A = p + iq is a zero of } ' H (x), so also is p = / - iq. 
Hence, from (65), 

f *Jn( hx)]„(fjx) = 0, 

J II 

which is impossible, since ] n (Xx)J n (fix), being the product of 
two conjugate complex numbers, is necessarily positive. 
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This is also true of the function ax]' M (x) + b] Jx). For, 
if A =» p + iq, fi =» p - iq are zeros, 

+ b] n (X) = 0 , 

^ J »(/*) = °- 

and therefore, eliminating a and 7 >, we get 

mJ»(A)J 1 (» - AJ n (/i)J^(A) = 0 , 
so that, from (65), 

f x) n (Xx)) r l t vi)dx = 0, 

J 0 

which is impossible. 

Theorem XII. If n S 0 , J.(.r) cannot have an imaginary 
zero. 

For, if it had an imaginary zero iq, then I„(^) would vanish. 
But, from (20), 

T ~ n K(q) = »iq ~ n K(q) + q l ~ H l„ + ,(< 7 ), 

and, if q is not zero, both terms on the right are positive except 
when « = 0, in which case the first is zero and the second 
positive : thus \' H (q) cannot vanish. 

Similarly, if a and l> are positive, and n ^ 0 , ax}„(x)+ b] n {x) 
has no imaginary zeros. 

Theorem XIII. If n > 0 , and if a and b are the least 
positive zeros of J n (.r) and J „(.r) respectively, then a^> b^> n. 

For since, when n > (J, J„(x) is positive for x small and 
positive, J„(/>), the first turning value of J„(.r), is a maximum. 
Hence J „(b) is negative, J„(A) is positive, and JJ,(A) = 0 . Thus, 
from Bessel’s Equation, 

b~) u(b) + (/r - m)J„(b ) = 0 . 

and therefore lr - tr must be positive : hence a > b > n. 

Theorem XIV. If n i> 0 , between two consecutive zeros 
of J n (.r) there lies one and only one zero of J „(.r). 

For, by Rolle's Theorem, there must be at least one such 
zero of ]„(x), and, if there are more, there must be at least 
three. But, for one at least of the three, b say, ]‘„{b) and J„(£) 
must have the same sign. From Bessel's Equation, however, 
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since 5 s > «*, it follows that this cannot be the case when 
n > 0 ; and, when « = 0 , Bessel’s Equation gives 

J» + JoW = 0, 

so that in this case also J'*(£) and J„(6) must have unlike signs. 
Hence the theorem is proved. 

Theorem. XV. If n Se 0 , between two consecutive positive 
zeros of J„(x) there lies one and only one zero of ax]„(x) + bj n (x). 


For, if 


y 


t'3 

J» + 


(■ - 5)* 

= _ x l 

j:' 

Hence, between any two consecutive positive zeros, p and q, 
5 r(”jn) ‘ s ne S at ' ve > since and therefore xJ„/J n 

steadily decreases from + oo to - oo in this interval. Thus 
axj„(x) + b] n (x) has one and only one zero in the interval. 

In the interval ( 0 , /J), where $ is the first positive zero of 
] n {x), there lies either one or no zero of ax]„(x) + b) n {x)- 
For 


~^y) 


2 x) 


3 

n » 


and therefore, since x 2 jy is zero when x = 0, it is positive when 

x is positive. Thus xj M /J„ decreases steadily in the interval 

( 0 , | 9 ). But Lim (x]'j] n ) - n \ hence xj'„!J n decreases steadily 
*—*•0 

from n to - oo as x increases from 0 to /S. 

Theorem X VI. The function J»(x) has an infinite number 
of real zeros. 

This follows from the formula (57); for, when x is large, 
the sign of J n (x) is, as a rule, determined by that of the term 



and this term changes sign when x increases by ir, so that there 
must be one zero in each interval of length n. In fact, when 
x is large, the zeros are given approximately by 

* - ( r + t + 
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where r is a large positive integer. To each positive root there 
corresponds a numerically equal negative root. 

It follows that each of the functions Y n , J^,, ax)'„ + h] n , 
has an infinite number of real zeros. 

§ 6. The Fourier-Bessel Expansions. If we assume 
that a function f(x), which satisfies Dirichlet’s Conditions in the 
interval (0, a) can be expanded in a series 

» 

/to- j AJnM, ■ • ■ (78) 

r «- 1 

where n > - 1 and Aj, A 2 , A 8 , . . . are the positive zeros of 
J„(A<r) taken in order, and if we further assume that the series 
in (78) can be integrated term by term over the range (0, a), 
the coefficients can be found as follows. Multiply by jrJ^A,*-), 
and integrate over this range; then from (65) we see that all 
the integrals on the right except the rth will vanish, and from 
(67) we deduce that 

fV(.t')J«(A^)ohr = fA r |j;(A^)} s . . (79) 

JO ~ 


From this equation the value of A r is obtained. A proof of 
the validity of the expansion lies beyond the scope of the 
present volume, but it can be assumed that, if 0 <.r<;a, the 
series on the right of (78) has the value 

*{/<A + 0) + f{x - 0)|. 


When x = a, the value of the series is obviously zero. 
When in (78) Aj, A,, A 3 , . . . are the positive zeros of 


AJ^Azz) + kJ„(Aa), 

it may be deduced from (65) (cf. § 5, Theorem XI.) and from 
(67) that 


x f{x)) n (Arx)dx = V)}*; (80) 

2 a% 


and, in particular, when k is zero, the A’s are the zeros of J„(Aut), 
and 


jytoJ.(Ar*>fr - ~A r (l - 


(81) 
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These expansions are valid for 0 < x < a. 

Another Fourier-Bessel expansion is 

<o 

fix) = N? A^A^G^A/z) - G^J^A,*)}, (82) 

r «■ x 

where A 1( A 2 , A 3 , . . . are the positive zeros of 
J„(AA)G n (Aa) - G„(AA)j n (A«), 


regarded as a function of A (§ 5, Theorem X.). Here, from 

( 74 ) and ( 75 ), 

f x f( x ){J )G»(A^z) - G n (A r jr)J„(A r a)!^r 

Ja 


= -A, {J»(A r A)G„(A r rt) - G„(A r A)J„(A/i)( 

2 0A r 


Now 

Hence 


Similarly 


X {j;(A^)G n (A/0 - G: ( A^)J n (A^)}. 
Gn(A/l) _ J n (A^r) n 

<W) J„(A^) * y - 

^-!J b (A/)G„(A^) - G„(A/)J n (A^)} 

= ^iJn(A r ^)G n (A r «) - G„(A/)J„(A^)f 
+ a{J n (A/)G^(A^) - G„(A^)j„(A^z)i 

- ^{J.(A/)G„(A r A) - G;(A r A)J n (A r / > )l 

+ ^!J n (A^)G,(A,a) - G„(A/i)J„(A r a)} 

- i - £#■ * (Xlv - 7f,y 

Jn(A/')G«(Ar«) - G„(A^)J n (A^) = /9/(A/> 


(83) 


Hence ( 83 ) can be written 


f x f( x )! J n(Ar- r )G„(A^z) - G„(A r r)J„(A^)J^ 

J a 


A Jl(A^) - J^CA^) 

r “ 2 mw ■ 


(84) 


The expansion holds if a < x < When .r is equal to a 
or b the value of the series (82) is obviously zero. 
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Examples. 

1. Prove that 

(i) =»(«*-« + - tl n + l, 

(ii) f’K* = ( ri‘ - n + /-)K n + /K„ + ,. 

2. Show that 


® - V(i)'"' (,i) G -i" ; - 


vc«) 


sinh /, (iv) I 


■*»-V(i) 


k » (,) “ VO' '• (v ' ) K - i ( ° ■ V (’<)' 


3. tf a- and a are real, prove that 


( x --- 

Jo *• 


[Use XIV., 34.] 

4. If .r is real, and «>■ 41 prove that 


f .t 1 - = 2 1 _ Tin). 

J 0 

[Use XIV., 37 ] 

5. If <i and b are positive constants, prove that 

„ ({x fin,i(a£b, 

Jo sin (^r)Jo(AO ^ 

[Apply (XIV., 48), and change the order of integration.] 

6. If a and b are positive constants, prove that 

® fO, i fa>b, 

j cos )</..= I 1 tf a <b 

[Differentiate with regard to a in ex. 3.] 

7. If R(^ ± id) > 0, show that 

f. = slah-py 

8. If A,, Ay, Aj, . , . are the positive zeros of j 0 (r) taken in order, show 

that, for 0 < x < 1, 

1 = 2 V Jo( M) 

A n J 1 (A n ) 

ft ~ 1 

9. Show that 

(»* - «**)f 

J « x 

“ 2 - sin {n - m)1 - *J m (.r)J' (jt) + Jrj* (jr)J«(jr), 

IT 2 

[Use ex. 15, Chapter XIV.] 
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§ i. Vibrations of a Circular Membrane. In dealing with 
the vibrations of a circular membrane, such as a drum-head, 
we transform the equation (III., 42) to polar co-ordinates by 
means of the equations 

x = r cos 9 , y ~ r sin 9 , 


and the resulting equation is 

DA’ VDF- r Dr r 1 (iff 1 ) 


(0 


Here put r - TR0, where T, R, and 0 are functions of 
t, r, and ff alone, and divide by TR 0 ; the resulting equation is 
cT-T 

dt l «*/£R i_ dR\ j 3 d 2 0 

T RWr 3 r dr) r*0 dff 1 ' 


In this equation the last term must be independent of 6 , 
and, in consequence, the value of ^ j 0 is constant. But 0 
must be periodic, of period 27 r, in 9 ; hence 

</ 2 0 2 ft 

<m - - ” • • • 


(3) 


where n is an integer, and 

0 = A cos n 9 + B sin nd. . . (4) 

Again, the expression on the left of (2) is constant. But for 
a normal mode of vibration we may assume, as in the case of 
a stretched string or rectangular membrane, that 

T =■ C cos pt + D s\npt = K cos (ye + E); (5) 

hence the constant is - p'\ and 


d 2 T 
df l 


- 
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( 6 ) 
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Accordingly, from (2), (3), and (6) we deduce that 

^ + ^Tr + _ ” 2)R = °> * ' ( 7 ) 

where k = p/c. The solution of this equation is 

R - F J n (kr) + GY n (kr), . . . (8) 

and consequently a solution of (1) is 

z = (A cos nd + B sin n 8 )(C cos// + D sinpt)(F]„(kr) . . 

l + GY n (kr)f’ (9) 

where « is an integer, and p — kc. 

For a membrane bounded by the fixed circle r — a, G must 
be zero, since Y n (kr) is infinite when r = 0 ; also ] n (ka) must 
vanish for all values of 6 and /: thus 

z - (A cos nQ + B sin«fi)(C cos pt + D sin//)J„(£r), (10) 
where ] n {ka) = 0. 

Again, if the vibrations are symmetrical, and therefore in¬ 
dependent of 8 , n is zero, and 

z = (C cos// + D sin//)J ,(£/-), . . (11) 

where / = kc and )„(ka) = 0. 

If k v k % , k it . . . are the positive zeros of } 0 (ka) taken in 
order, the normal vibrations of the membrane are obtained by 
substituting their values for k in (11). Since J 0 (k m r) vanishes 
for r = k,ajk ,», k./ijk m , . . k m _, a\k m , the with mode will 
have m - 1 nodal circles, in addition to the boundary r = a. 

If the membrane starts from rest, ^ = 0 initially, and there¬ 
fore D must vanish. If, moreover, the initial displacement of 
the membrane is given by ~ = f{r), we can assume that 

00 

^ ^ C m cos(/ m /)J 0 (/„r), . (12) 

m — 1 

where p m <= ck m ; thus, when / = 0, 

CD 

/(0 = 2 C -» J o (X '"‘ r) - • • - 03 ) 

m — 1 

and the coefficients are given by (XV., 78, 79). All the con¬ 
ditions of the problem are then satisfied by (12). 



288 


SPHERICAL HARMONICS [ch. xvi. 


In the next place, when the vibrations are not symmetrical, 
let the membrane start from rest at t = 0, and let z =» f(r, 6 ) 
initially; then we can assume that 

oo as 

-22 {A Bi „ cos nO + B,, m sin n 6 ) cos (p m t)) n (k m r), (14) 

n — 0 » — 1 

where k v k a , k 3 , . . . are the positive zeros of J n (ka) taken in 
order, and p m = ck m . When t = 0 , 


oo oc 

fir, 0 ) = 22 {A„ m cos nO + !?„_ ,„ sin n 9 t) n (k, n r), 

h O m *» 1 

and therefore, from (I., 2) and (XV., 79), 

2 f f /O'. cos 

A _ *[o J 0 

m — " > 11' / » m » * 


(15) 


(16) 


where, when « = 0 , -rr is replaced by 277. For the same 

formula holds with sin n 9 in place of cos ;/0. 

For an annular membrane bounded by the circles r = a, 
r = b, where a < b, the solution is of the torm 


z 


^ ^ «« 

n » 0 m =«- 1 

X 


cos + B„, m sin >id) cos (/>,„/) 

{J w(^ ,nr)G tl (k (17) 


where k„ k„ . . . are the positive zeros, taken in order, of 


) n(kk)G n (ka) - G n (k/>)) n (ka). 


regarded as a function of k, and p m = ck m . The values of the 
coefficients can be found by means of (XV., 84). 

§ 2. Flow of Heat in a Circular Cylinder. If the 
equation of conduction of heat (II., 7) be transformed to 
cylindrical co-ordinates by means of the equations 


x - r cos 6 , y = r sin d 

it becomes 

it Xdr 1 r ir + P* id‘ + iz l ) 


(18) 


This form of the equation is suitable for the study of the flow 
of heat in a circular cylinder with its axis along the s-axis. 
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Case I. Variable Temperature in an Infinite Cylinder. Let 
the surface r = a of the cylinder be kept at temperature zero 
and let the initial temperature be v = f(r). The temperature 
is then independent of d and z, and the equation of conduction 
becomes 

I tv tfv I ~bv 

k Yt dr 1 r ~dr ' ' 

Here put v = TR, where T and R are functions of t and r 
alone, and divide by TR ; thus 

1 d T 1 /d"- R 1 dR\ 

«T ~dt ~ R \dr- + r dr)' ' ' ^ 


In this equation each side has a constant value, C say; 
so that 


d T 
dt 


— kC 1 , 


and therefore T = A<r* c ‘. Now, from the nature of the 
problem, it is clear that T will tend steadily to zero as t in¬ 
creases, and therefore C must be negative. Put C = - A 2 , 
and we have 


while, from (20), 


T = A* ~ ‘ yil ; 


d* R 


dd 


+ 


1 dR 
? dr 


+ AR = 0 , 


(21) 

(22) 


of which the general solution is 

R => BJ y (Ar) + DY„(Ar). 

But, since Y 0 (A>*) is infinite when r is zero, D must be zero ; 
hence 

v = A< - ^'Jo(Ar), . . • (23) 

where, from the surface condition, A must be a root of the 
equation J 0 (A*j) ■= 0 . 

The most general solution obtained in this way is 

CO 

v ° ^ A,, e ~ “Vj„(A„r), , (24) 


>9 
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where A,, A,, Aj, . . . are the positive zeros of ]„(Xa) taken in 
order. When / - 0 this gives 

05 

f( r ) — ^ A B J 0 (A M r), (25) 


and hence, by means of (XV., 79), the values of the coefficients 
in (24) can be determined, provided that f(r) satisfies Dirichlet’s 
Conditions for 0 ^ r ^ a. Thus, finally, 


v 



, f 


lJi(A n '0! J 


(26) 


In the next place, suppose that the surface is impervious to 

iv 


heat, and that v - f(r) initially; then in (23) - 


0 when 

r = a, so that Jo(Aa) = 0. Thus v is given by (24) 
when Aj, A,, A 3 , . . . are the positive zeros of J'(A«): 
from (XV., 81), 



v = 


VJ*(V) 


v ft 


{)M}* 


Again, if there is radiation at the surface r ■» 

medium at temperature zero, the surface condition is 

and v is given by (24) and (25), where A„ A^, A,, . . 
positive zeros of AJ„(A<z) + AJ 0 (Aa) taken in order, 
from (XV., 80), 



v 



e " 


‘VJo(V-) 


Aj,| xf(x))l\jc)dx 


(28) 


Case II. Steady Temperature in a Semi-Infinite Cylinder. 
We take the axis of the cylinder as the z-axis, and its base as 
the plane z = 0 . The base is kept at steady temperature 
v ** fifi), and radiation takes place at the surface r « a into a 
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medium at temperature zero, so that v is independent of 6. 
Then equation (18) reduces to 


Z 2 v l Zv Z 2 v A 

—tr + " - + -: ** U, . 

Zr- r Zr Zz 2 

and the surface conditions are 

v *= /(/'), when z = 0, . 

Zv 


Zr 


+ hv = 0, when r --- a. 


• (29) 

• ( 30 ) 

• ( 31 ) 


If in (29) we put v — RZ, where R and Z are functions of 
r and z alone, and divide by RZ, we get 


• ( 32 ) 


I (</-R I r/R ] I d '-'L _ „ 

R {dr 2 + r dr J + Z dz‘ 

1 d 2 Z 

so that has a constant value C, and therefore 

Z as- 

Z = AW C ‘ + B^- VC.*. 

-fince Z tends to zero as z tends to infinity, we take A to 
IjlSitfo and C to be positive; thus, if C = A s , Z = e ~ Kz , where 
positive, and (32) becomes 

d 2 R 1 dR 


j , + ' + A 2 R = 0 , 

dr- r dr 


i* 


R = Dj n (Ar) + EY c (Ar). 

ua Now, since Y„(A r) is infinite when r is zero, E must be 



AJ/An) + h)l*a) = 0 : . . . (33) 

therefore, if A„ A,, A,, . . . are the positive roots of (33), a 
solution of (29) is 

CD 

v ~ ^ A m * " Xm 'J 0 (A m r), 

m «■ 1 

and, from (30), when 2 = 0, 

00 

f{r) » ^ A m J 0 (A w r), 
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so that the coefficients are given by (XV., 80). Thus, finally, 


v 





ALj xf(x)] 0 (X nt r)dx 


( 34 ) 


§ 3. Flow of Heat in a Sphere. If the equation of con¬ 
duction of heat (II., 7) be transformed to polar co-ordinates 
(r, d, <f >) by means of the equations 

x = r sin 6 cos <f>, y — r sin 8 sin <f>, z = r cos 6, 


it becomes 


7 >v (tfv 2 1 7 ) / . 1 

7)1 Dr* r 3 r r*sin 8 d#\ m W) r 1 sin- 6 


( 35 ) 


Case 1 . Steady Temperature in a Hollow Sphere. If the 
inner and outer surfaces r = a, r = b are kept at temperatures 
»„ v.j, respectively, the temperature will be independent of t, d, 
and <f>, and (35) becomes 


d : v 2 dv 
dr 1 r dr 


Here put v — ujr, and we get 



with 


u =» av u when r = a. 


u = bv t , when r =. b. 

On solving these equations, we find that 

v = V _M£ ~ r ) + vpjr - a) 
rip - a) 


( 36 ) 


Case II. Variable Temperature in a Hollow Sphere. Let 
the surfaces r «= a, r = 6 be kept at constant temperatures v 
and respectively, and let v = f(r) initially. Then, if 
v = «/r, 

3« _ 

3 / ~ V’ (37) 

u = av lt when r => a, 

« = when r = b, 

u = f/(r), when 1 =0. 


and 
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These equations are similar to those of (II., 15) fora finite 
rod with ends at fixed temperatures, and the solution can be 
at once deduced from that given in (II., 16). The solution 
for a solid sphere can then be obtained by putting <2 = 0. 

Case III. Unsymmelrical Variable Temperature in a Solid 
Sphere. Let the surface r = a be kept at temperature zero, 
and let v = fir , 6 , f) initially. In equation (35) put v= e ~ 
and cos 8 — ft, and it becomes 


Iht + 2 lu 3 > 

3 r 1 r hr P 1 


V L + ... -o. ^ +A "« =0 - (38) 

hfll t~( I — ft-) hp 


Comparing this equation with (IV., 11), we see from 
Ch. IV., § 6, that it will be satisfied by 

u - R»AT:( m ) + BQ?(m)}{C cos + D sin**#, (39) 

provided that R, a function of r alone, satisfies 

+ 2/^ + {AV - n(n + i)}R - 0 . . (40) 


Since u remains finite when ft - ± I, B must be zero and 
n a positive integer [cf Ch VI., exs. 9 and 10]. Also, if in 
(40) we put R = r ~ iy, it is transformed into the equation 


.pT-v dv 


dr 


+ r + JAV - (« + 1)-[_}' = 0, 
dr 


of which the solution is 


P = A J n + 1 (Ar) + BJ_ M _j(Ar). 

Hence 

R = A r~t J„ + j(A r) + Br- J J _ „ _ $(A r). 

But, since R remains finite when r vanishes, B must be zero ; 
therefore 

v = e~ rt * r (Ar) “ JJ n + *(Ar)'IT(p)'A cos tn<j> + B sin m<f>\. 

Since v is zero when r = a, A must be a zero of J„ + |(Aa): 
hence the complete solution of the problem is 


OO " 30 

2 2 + 


0 / — 1 

X T*(fi){A„, m , p cos + B„, m . A sin (41) 
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where A„ A,, Aj, . . . are the zeros of J„ + j(A a), provided that, 
when / = 0, 


Ar>4>) = 222 (V)- 4 J» + i(V)T:w 

« — 0 m — 0 £ -** 1 

X (A,, m , ^ cos m<}> + B* m , p sin 

From (VII., 16, 18) and (XV., 79) it follows that 

f f f f( x > 0> 4 i(V') T r(/i) cos m<j> dx dp <fy 

J 0 wo 


m**V* ( w + w ) 1 

2K + I (» - ///) ! 


(Jit 4 m, 


(42) 


(43) 


being replaced by 2rr when m = 0. In the formula for 
fi cos tn<f> is replaced by sin 


Examples. 

I. Show that e ~ * a1, J«(At){A cos tiB 4 15 sin »£} is a solution of the 
equation 

<>v _ * / S a 7 > 1 iv + 1 ^t/\ 
d/ * Ur 3 r 3r r’ dW’ 

and deduce that, for an infinite cylinder whose surface r = a is kept 
at temperature zero, and whose initial temperature is v = /(>-, <?), 
the solution is 


2 


(A*, m cos 4 B„, m sin nS) J„(X, n r)e ' « i 


where A t , A 2 , A 3 , . . . are the positive zeros of J»(A«), and 


A -I.m “ -p 2 -—- f [ /(x, B)] n (X m i)x co%nBJxdS, 


the 2 being omitted when n = 0, and cos being replaced by 
sin n9 in the formula for B*. m . 

2. If radiation takes place at the surface r =» a of an infinite cylinder into 
a medium at temperature zero, and if v => /(r, #) initially, show 
that 


22 

n *• (1 m — 1 


(A», m cos ■+■ B«, m sin n9)Jn(*mr)e m » 


where A* A,, . . . are the positive zeros of AJ^(Aa) + AJ,»(Aa) 
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and 


A* m 


( f f(x, 8)] n (>mx)x cos n8 dxd9 
J < 1 •'o __ 

n(fi {Kn + k* - {Jn(Afnfl)} s 


the 2 being omitted when n = 0 , and cos being replaced by 
sin »8 in the formula for B„, m . 

3 . A finite cylinder is bounded by r = a, z = + /, and these surfaces 
are kept at temperature zero. If the initial temperature is 
v = f ( r , 8, z), show that 




S111 2/ ^ ^ ^ 


h j (I m°~ 1 p 1 

X {A„,m, f cos nd + B n,m,p sinn0}, 
where A h A 2 , A a , . . are the positive zeros of J„(Aa) and 


2 

M (V)P 

n l f a tnir 

j f(i, 8 , r).i-J n (Apa-) sin —(r+/) cos n8 dxdzdd, 


the factor 2 being omitted when n = 0 , and cos n8 being replaced 
by sin nd in the formula for B„ m ,p. 

4 . Show that for an infinite hollow cylinder bounded by the surfaces r = a, 
r = b, where it < A, and with initial temperature v =/(r), the 
solution is 


JO 

‘' A,„C * m {J,t(A n ,/',G y (A, rt tf) — Gi^An^^JofArntz)}, 

m 1 

where A,, A a , A a , . . . are the positive zeros of 
J„(AA)G 0 (Au) - G„(W)Jo(Art) 


regarded as a function of A, and A m is given by (XV., 84 ) with 
« = 0. 

5 . For an infinite wedge bounded by the surfaces r = a, 0 = 0, 8 = a 
all kept at temperature zero, and with the initial temperature 
v = f(r, 8), show that 




, An, m £ * w sin - 

a —• 

1 a 

where Aj, A,, A 3 , . . . are the positive zeros of J«»(Aa) and 


R -B I m « i 
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6 . For a wedge bounded by the surfaces r = a, 0 =» 0 , 9 = a, s => ± /, 
all kept at temperature zero, and with the initial temperature 
v = f (r, 9, r), show that 


A^f-'W + ^'sin^ + /) 


n - i - i /•— f 


x sin n -~ ]„ w (Xpr), 
a — 


where A s , Aj, A,, . . . are the positive zeros of J B >,(Aa) and 


J 7 (*. f>, 


n ' m ' p aVa|J„„(Apa)| 


mit ttnti , , 

x sin . (r + 0 sin — dxdzdO. 

2 / a 


7 . The temperature of the surface r — a of a solid sphere whose 
temperature is steady is v = f{9, 4 ); show that the temperature at 
any point of the sphere is given by 


8 . 


v * i {in + 1 )^) J J /(S', ^')Pn(cosy) sin 9' dtfdV. 

n - 0 

[Use formulae (VII., 41 , 42 )] 

Show that, for steady temperature in the cylinder bounded by r » a, 
z » ± /, where v = f{9, zr) on r = a, and 1 / - 0 on z a ± /, 




22 

n — 0 m — 1 

where 


(A, cos n9 4 - B n , 


sin n9) sin ~J(» + 0 - 


M 


mnr\ 

~2lJ 


/mna\ 

\ 2i ) 


I [1 rrirr 

An, m = J £•) cos sin ^ (z + !)dzd9, 

n being replaced by 2 n when n = 0 , and cos »9 by sin n9 in the 
formula for B„, 

9 . Show that the solution for the cylinder of ex. 8 , 

(i) when v - f[r, 6) on the surface s = /, and v = d on s 

/= 

(ii) when v <= f{r, 0) on s = - /, and t/ = 0 on r ■ /, r =• a, 
is of the form 


00 , » 

® * - 2 2 <A - co *” ,+B - **•> 

»-f) 1 

00 00 

(«)«- 2 2 <c - - * D - si ””*> IS.'sSU*«»-). 

n - ft m — j 
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where A„ > 5 , A,, . . . are the positive zeros of J„(Aa), and find the 
values of the coefficients. 

10. Show that, for the system of spheres 

+ >» + z* = - 

with their centres on the x -axis, and touching each other at the 
origin, a suitable orthogonal system of co ordinates is given by 
t _ u cos v u sin v 

x = A"+ U*' y = t*+~u? ' Z = AT ’ 
and that Laplace’s Equation then becomes 

d / ! JVi 1 / u , 1 D»V 

5>V\/» + U? ! T JI SttV 51 + U" du ) + + 1 ,i) iv* ~ ’ 

or, if V = V, s/(t 7 + u 1 ), 

c> 3 V, 1 ,> / SV,\ 1 D»V, „ 

i>/' J U i>U\ t )U / U‘ iv* 

Deduce that, if V[ — eP ‘(A cos nv+ B sin rtv) U, where (J is a function 
of u only, then 
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Discontinuity, point of, 7, ir. 
Duhamel’s theorem, 38. 

Eccentric spheres, 191, 222, 297. 
Electrostatics, 179. 

Ellipsoid ot revolution, oblate, 194, 198, 
2x2. 

prolate, 198, 202, 203, 209, 210. 
Elliptic co-ordinates, 199, 213. 
reciprocal of distance in terms of, 204, 
216. 

Emissivity, 2g. t 

Equivalent distributions of masses, 167. 

Euler’s constant, 82. 

Fourirr-Bbssel expansions, 283. 
Fourier series, 1. 

convergence of, 11, 12. 
differentiation of, 12. 
sine and cosine, ra. 
summation of, 10. 

Fourier's double integral, id, 48, 4g. 
Fourier’s expansion, X, 13. 
at a point of discontinuity, 11. 
Dirichlet's conditions for, 6. 
for odd and even functions, 3, 4. 
validity of, 5. 

Fourier’s ring, 36, 

Gamma function, 82. 

Gauss’s equation, 77, til. 

Gauss's theorem for the hypergeometric 
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Gauss's theorem on attractions, 146. 
Green. 72. 

Green’s function, t86. 

Green’s theorem, 27, 

Harmonics, 59. 
cylindrical, 242. 
sectorial, 132. 

spherical. (See under Spherical har¬ 
monics.) 
tessera!, T32. 
zonal, 131, 137. 

Harp string, vibrations of, 60. 

Heat. (Set under Conduction, Convec¬ 
tion, Radiation.) 
specific, 24. 

Hypergeometric equation, 77. 
Hypergeometric function, 77. 
asymptotic expansion of, 80. 
four forms of, 79. 

Gauss’s theorem for, 83. 
Hypexgeometric series, 77. 

Indicul equation, 78, 109, 243. 

Initial conditions, 29. 

Inverse points, 161. 

Isothermal surfaces, 24. 
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89. 

Kelvin, 73. 

Kelvin’s theorem, 74. 
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Laplace, 72, 73. 

Laplace’s coefficients, 73, 75, 136. 
addition theorem for, 137. 

Laplace's equation, 74, 147. 
transformation of, 74, 195, 199, 213, 
226, 230, 241, 297. 

Laplace’s integrals, 101, 102, 127, 129. 

Legendre, 72. 

Legendre coefficients, 72, 76, 85, 131. 
applications to potential theory of, 144. 
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axes of, 131. 

Cliristoffei’s summation formulae for, 
too, 115. 

expansions of, 86, 87, 88, 89, 104, 
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expansions ol functions in series of, 
too, 102. 
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148, 150 
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1 53- 

expressions for polynomials in terms 
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integrals involving, 91, 93, 94, 96, 
104, 105, tob, 107, 117. 

Laplace s integrals for, tor, 102. 
poles of, 131, 238. 

potential of circular lamina in terms 
of, 152, 

potential of magnetic shell in terms 
of, 156. 

potential of magnet in terms of, 155. 
recurrence formulas for, 98. 

Rodrigues' formula for, 88. 
summation formula for, 100, 115. 
zeros of, 91, 131. 

Legendre functions, associated. (See 
under Associated Legendre func¬ 
tions.) 

Legendre functions of the first kind, in, 
119. 

integrals involving, 117. 
recurrence iormula for, 112. 

Legendre functions of the second kind, 
108, 116, 117, 118. 
recurrence formula for, 113. 
relations connecting with Legendre 
functions of the first kind, 114, 115, 
116, 117, 118. 

Legendre's associated equation, 76, 122. 

Legendre 8 equation, 76. 90. 
solution of, 10S, ill. 
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Legendre’s expansion, 72 ,8s. | 

Lommel integrals, 275. 

Loops of vibrating strings, 59. 

Magnet, 155. 

Magnetic shell, 156. 

Membranes, vibrations of. (See under 
Vibrations of membranes.) 

Modes, normal, of vibrating strings, 56. 
fundamental, 58. 

Neighbourhood of a point, 6. 
Neumann’s addition formula for J„, 
252. 

Newton's law of attraction, 144. 

Nodal lines. 71. 

Nodes of vibrating strings, 59. 

Overtones, 59. 

Piano string, vibrations of, 65. 

Point source of heat, .jg. 

Poisson’s equation, 148, rg5. 

Poisson's integrals, 163, 169. 

Poles of spherical harmonics, 234, 238. 
Poles of zonal harmonics, 131, 137, 238. 
Polynomials, Legendre. (Sec under 
Legendre coefficients.) 

Potential, 72, 145, 146, 157, 138. 
derivative of, in terms of spherical 
harmonics, 150. 

in terms of spherical harmonics, 148. 
of circular lamina. 154. 
of circular wire, 151. 
of concentric spheres, 169. 
of eccentric spheres, 191, 222. 
of ellipsoid of revolution, 203, 209, 
210. 

of hemispherical shell, 152. 
of magnet, 155. 
of magnetic shell, 156. 
of singular point. 235. 
of sphere, 166, 180-188. 
of spherical shell, 158167, 168, 18S- 
igi. 

of spheroid, 172, 175, 191-194. 
of spheroidal shell, 177. 

Radiation of heat, 23. 

at surface, 29, 34, 37, 39. 41. 
Recurrence formulae, for Bessel functions, 
248, 259, 270. 

for Legendre (unctions, 98, 112, 113, 
124, 142, 143. 

Remainder in binomial expansion, So. 
Ring, Fourier's, 36. 

Ring functions, 230. 

Ring surfaces, 228. 


Rodrigues’ formula, 88. 

Jacobi's proof of, 89. 

Rodrigues’ general formula, 89. 

Sectorial harmonics, 132, 238. 
Singular points, 235. 

Source of heat, point, 49. 

Specific heat, 24. 

Spheres, boundary problems for, 168, 
170. 

Spheres, concentric, 169. 

Spheres, conduction of heat in, 292, 
296. 

Spheres, eccentric, 191, 222, 297. 
Spheres, potentials of, 166, 169,180188. 
Spherical harmonics, 73. 
axes of, 234. 

Clerk Maxwell's theory of, 231. 
expansions in terms of, 138, 141. 
expression of potential in teimb of, 
148. 

expressions for, 236. 
integrals involving, 135, 137. 
in terms of zonal, tesseral, and sec¬ 
torial harmonics, 133. 
poles of, 234. 

potential of shells and spheres in 
terms of, 158, 166. 
solid, 74, 77. 

surface, 73, 75, 77, 131, 132, 133. »35. 
236. 

Spherical shells, potentials of, 157-168, 
188-191. 

Spheroidal shells, potentials of, 177. 
Spheroids, potentials of, 172-178, 191- 

T94- 

Stirling’s formula, 83. 

Strings, vibrations of. (S«f under Vibra¬ 
tions of strings.) 

Surface conditions, 29. 

Tait, 73. 

Tesseral harmonics, 132, 238. 

Thermal conductivity, 23. 
Theimometric conductivity, 28. 
Thomson, 73. 

Tone, fundamental, 59. 

Vibrations of membranes, 69. 
circular, 286. 
rectangular, 70. 

Vibrations of strings, 52. 

differential equation of, 52,55- 
energy of, 54, 60. 
forced, 54, 66. 
for semi-infinite string, 55. 
for string fixed at ends, 56. 
for unlimited string, 55. 
free, 54. 

fundamental tones of, 59. 
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Vibrations of strings (cont .)— 
harmonics of, 59. 
loops of, 59. 
nodes of, 59. 
normal modes of, 56, 
of harp, 60. 
of piano, 65. 
of violin, 63. 
overtones of, 59. 

Violin string, vibrations of, 63, 


Waves, 55, 56. 61. 

Wedge, conduction of heat in, 295, 396. 

Zeros of Bessel functions, 277-283. 
Zeros of Legendre coefficients, 91, 131. 
Zonal harmonics, 131. 
addition theorem for, 137. 
axes of, 131, 137- 
general, 137. 
poles of, 131, 137, 238. 
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